Chapter 2

Second Order
Differential Equations

2.1. Linear Equations

2.1.1. Preliminary Comments

1. A homogeneous linear equation of the second order has the form

Fa(2)yes + [1(@)ys + fo(2)y = 0. (1)

Let yo = yo(x) be a nontrivial particular solution (y # 0) of this equation. Then the
general solution of equation (1) can be found from the formula

—F

y:y0<C1+C2/ “o-dz),  where F:/%d:ﬂ. (2)

Yo

For specific equations described below in 2.1.2-2.1.8, often only particular solutions are
given, while the general solutions can be obtained with formula (2).

2. The substitution u = g/, /y brings equation (1) to the Riccati equation

fa(@)uly + fo(x)u® + fi(z)u+ fo(z) =0

which is discussed in Section 1.2.

3. Assuming

_ L [ h
y = u(x) exp(—E mn d:z:) (3)
yields from equation (1) the canonical (or normal) form
fo L/ fN2 17y
1
Wk flau=0,  where f=-% - (f2 ) -5 ( - ). (4)

Substitution (3) is a special case of the more general transformation (¢ is an arbitrary
function):

f1()
fa2(p)

1
r =), y) :u(5)1/|gp’§(§)| exp(—g/ dgp)’
which reduces the original equation to the canonical form.
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4. A nonhomogeneous linear equation of the second order has the form
@)y + f1(@)ys + folx)y = g(x). (5)

Let y; = y1(x) and ya = ya(z) be two nontrivial linearly-independent (y;/y2 # const)
solutions of the corresponding homogeneous equation with g =0. Then the general solution
of equation (5) can be found from the formula

g dx g dx
y=Cuyp +Coyo+v2 [ 1~ —wn1 [ Y2~ 6
f2 W f2 W (6)
where W' = y1(y2); — y2(y1)5-
Given a nontrivial particular solution y; = yi(z) of the homogeneous equation with
g =0, formula (6) can be used for the construction of the general solution of equation (5)
with the second solution yo = ya(z) taken in the form

e ¥ f1 F
Yo = Y1 / 5 dz, where F = [ Z=dx, W=e", (7)
Y1 f2

In Subsections 2.1.2-2.1.8, mainly homogeneous equations are given; the corresponding
nonhomogeneous equations may be solved by means of the formulae (6) and (7).

2.1.2. Equations Containing Power Functions

1. 4y’ +ay=0.

Solution:
Cy sinh(zy/]al ) + Ca cosh(xz4/]a]) if a <0,
y=4 C1+ Cox ifa=0,
Cy sin(zv/a) + Ca cos(z/a) if a > 0.

2. yt —(ax+b)y=0, a # 0.

The substitution &€ = a=2/3(az 4 b) leads to the Airy equation

Yie — &y =0, (1)

which is often met with in various applications. The solution of equation (1) can be
written as

y = C1 Ai(§) + C2 Bi(¢),

where Ai(€) and Bi(€) are the Airy functions of the first and second kind, respectively.
The Airy functions admits the following integral representation:

Ai(¢) = %/OOO cos(%t3 + ft) dt,
Bi(¢) = % /Ooo {exp(—%t?’ + §t) + sin(%t?) + ftﬂ dt.
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The Airy functions can be expressed in terms of the Bessel functions and the modified
Bessel functions of the order 1/3 with the formulae

Ai(€) = 5 VE [L1ys(2) — Tys(a)] = =\ = Kugs(2),

Bi(¢) = \/% [1_13(2) + I3(2)],
Ai(—¢) = %\/E [J1/3(2) + J1ys(2)],

Bi(—¢) = \/% [J-1/3(2) = Jiy3(2)]

where z = 2£3/2.
For large values of &, the leading terms of the asymptotic expansions of the Airy
functions are

Ai(g) = #51/4 exp(~2),

Ai(=¢) = %5_1/4 Sin(z + %)7

Bilg) = —=¢ !/ ex(2)
Bi(—¢) = %5_1/4 cos(z + %)

The Airy equation (1) is a special case of the equation 2.1.2.7 with n = 1.

y” — (a*z®* 4+ a)y = 0.

(MC2

Particular solution: yo = exp(T).

Yy — (az? + b)y = 0.

The transformation z = z?\/a, u = ¢
equation 2.1.2.65:

/2y leads to the degenerate hypergeometric

zul), + (5 —z)u’z - Z(% +1)u= 0.

y! +a*z(2 —ax)y =0.

ZIQCC

Particular solution: yg = exp(—T + am).
y” — (ax? + bz + c)y = 0.

b
The substitution £ = = + > leads to an equation of the form 2.1.2.4:
a

2 b2
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7. yt, —ax"y=0.

1°. For n = —2, this is the Euler equation 2.1.2.118, while for n = —4, this is the
equation 2.1.2.198 (in both cases the solution is expressed in terms of elementary
function).

2°. Assume 2/(n +2) = 2m + 1, where m is an integer. Then the solution is
Y= ;g(;clfqu)erl {Cl exp(ﬁxq) + Cs exp (ﬁxqﬂ if m >0,
q q

y=x(z'722D)"" {Cl exp(ﬁxq) + Cy exp (—ﬁxq>} if m <0,
q q

d n+2 1
here D = —— ¢ = - .
where dz’ 7 2 o+ 1

3°. For any n, the solution is expressed in terms of Bessel functions and modified
Bessel functions of the first or second kind (see 2.1.2.122):

y=valey (o) oy (Y0 ira<o

2q 2q

y = \/E[CllL (%xq) +CoK 1 (ﬁxq)], ifa >0,
2q

2q q

where ¢ = +(n + 2).
8. y” —a(az® +nz" ')y =0.

Particular solution: yo = exp( :E"'H).

n+1

9. yr . — az" 2%(az™ +n+ 1)y = 0.

. . a n
Particular solution: gy =« exp( )
n

10. y2 + (az?™ + bz 1)y = 0.

The substitution £ = 2"*! leads to an equation of the form 2.1.2.103:
(n+ 1)2§yg£ +n(n+ 1)y; + (a€ +b)y = 0.
11. y2” +ay., +by =0.

The equation of damping oscillation.

1°. Solution with A2 = a2 — 4b > 0:

A— e
yzC’lexp< ax) +026Xp(7ax).
2 2
2°. Solution with A2 = 4b — a2 > 0:
ax . AT \x
y = exp(—7) (01 sin —- + C5 cos 7)
3°. Solution with a? = 4b:

y = exp<f%) (C’lm + 02).
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12. y” +ay. + (bx 4 c)y = 0.

This is a special case of equation 2.1.2.103.

13. yl, +ay, — (bz® 4 c)y = 0.

The substitution y = uexp(%ﬁ\/g) leads to an equation of the form 2.1.2.103: u/ +
(2Vbz + a)u’, 4 (avbz — ¢ +Vb)u = 0.

14. y” +ay), +b(—bz?+ azx+ 1)y = 0.
b 2

Particular solution: yg = exp(—%).

15. y” + ay), + bx(—bx® + ax + 2)y = 0.
b 3

x
Particular solution: yo = exp(—T).

16. y2 +ay, + b(—bz?™ 4+ ax™ + nx™ 1)y = 0.

Particular solution: yo = exp(f—xnﬂ).

n—+1
17. y +ay, + b(—bz?™ — ax™ + nx" 1)y = 0.

b
P fax).
n+1

Particular solution: yo = exp(f
18. y/ +zy., +(n+ 1)y =0, n=1, 2,3, ...
am 2
Solution: y = exp(—x—) [Cl + Cg/exp(x—) dw} .
dx™ 2 2

19. yl, —2xy, +2ny=0, n=1,23,...

dn

Solution: y = exp(z?) T {exp(xQ) [C’l + OQ/CXP(IE2) dx} }

20. yZ + 2axy, + (bz* 4 a*z® + cx + a)y = 0.

This is a special case of equation 2.1.2.46 with n =1, m = 2.

21. y” + (ax +b)y., +ay=0.

a
Particular solution: yo = exp(—;x2 — bx).

22. y” + (ax +b)y., —ay =0.

Particular solution: yo = ax + b.

23. y” + (ax +b)y., +clax+b—c)y =0.

Particular solution: gy = e~ ".
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24. y2 + (ax + 2b)y. + (abx —a + b?)y = 0.

Particular solution: yo = ze™b*.

25. yy, + (az +b)y, + (cx + d)y = 0.

This is a special case of equation 2.1.2.103.

26. y” + (ax + b)Yy, + c[(a — ¢)z? + bz + 1]y = 0.

CI2

Particular solution: yo = exp(—T>.

27. y;:Im + 2(0’1: + b)y; ((12(172 + 2abx + C)y = 0.

The substitution u = yexp( ax? + bx) leads to an equation of the form 2.1.2.1:
u’. +(c—a—"b*)u=0.

rT

28. y2 + (az + by, + (cx® + Bz + v)y = 0.

Assuming y = uexp(sx?), where s is a root of the quadratic equation 4s?+2as+a =0,
yields an equation of the form 2.1.2.103:

uy, + [(a+4s)x + blul, + [(B + 2bs)z + v + 2s]u = 0.

29. y” + (ax + b)Yy, + c(—cx®” + az™ T + bx™ 4+ nz" 1)y = 0.

c
Particular solution: yo = exp<f—x”+1>.
n+1

30. y” 4+ a(x®—b?)y, —a(zx+b)y=0.

Particular solution: yo =x —b.

31. yl + (az? + b)y. + c(az® +b—c)y =0.

Particular solution: yg = e~ “".

32. yll, + (ax® 4 2b)y., + (abz® — ax + b%)y = 0.

Particular solution: yo = xe **.

33. ymw+(2:c + a)y., + (z* + ax?® + 2z + b)y = 0.

The substitution u =1y exp(gx ) leads to a constant coefficient equation: u, +au’, +
bu = 0.

34. y” + (az®+ bx)y’, + (3az + 2b)y = 0.

Particular solution: yo = xexp(fiax - —bx )

35. y” + (abx® + bx + 2a)y’, + a?(bz? + 1)y = 0.

Particular solution: yo = (az + 1)e™*".
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36. vy’ + (az? + bz + )y’ + x(abz?® + bc + 2a)y = 0.

a
Particular solution: yo = exp(—gx3 - cx)‘

37. yl, + (az® 4+ bz + )y, + (aba® + aca® + b)y = 0.

b
Particular solution: yg = exp<—§x2 — cx).

38. y” + (ax®+ 2b)y. + (abxz® — ax?® + b?)y = 0.

Particular solution: yo = ze™b*.

39. y” + (az® + bx)y), + 2(2az? + b)y = 0.

b
Particular solution: yo = Jcexp(—%ac4 — 5302)

40. y” + (abx® + bxz? 4 2a)y’, + a*(bz® + 1)y = 0.

—ax

Particular solution: yo = (az + 1)e

41. y! +ax™y. = 0.
This equation is encountered in the theory of diffusion boundary layer.

a$n+1
Solution: y = Ci + Cy /exp(— ) dx
n+1

42. y” + azx™y. + bz 'y =0.

For n = —1, we obtain the Euler equation 2.1.2.118. For n # —1, the substitution
z = "1 leads to an equation of the form 2.1.2.103:

(n+1)22y”. + (n+ 1)(az + n)y. + by = 0.

43. y” 4+ 2az"y! + a(ax®* 4+ nz" ')y = 0.

Particular solution: gy = xexp(— x7”+1>.

n+1

4. y! 4+ ax™yl + (bz?™ + cx™ 1)y = 0.
The substitution ¢ = 2™*! leads to an equation of the form 2.1.2.103:

(n+1)%¢yee + (n+ 1)(a& + n)y; + (b + c)y = 0.

45. y! 4+ ax™y! — b(ax™t™ + bz?™ + max™ 1y = 0).

b
Particular solution: yo = exp( xm+1).
m+1

46. y” + 2az™y! + (a®z** 4 bx®™ + ana™ ' + ca™ 1)y = 0.

The substitution w = yexp(—x”“) leads to an equation of the form 2.1.2.10:

n+1
w? + (bx®™ + cx™ Hw = 0.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Yow + (az™ + b)Yy}, + c(az™ +b — c)y = 0.

Particular solution: gy =e™ "

yll, + (azx™ + 2b)y), + (abz™ — az™ ' + b%)y = 0.

Particular solution: yo = ze™b*.

yu. + (abz™ 4+ bz~ + 2a)y), + a?(bz™ + 1)y = 0.

Particular solution: yo = (az + 1)e™**.

Y, + (abz™ + 2ba™~" — a®x)y), + a(abz™ + bz" ! — a’z)y = 0.

Particular solution: yo = (az + 2)e™**.

y” + x"[axz?® + (ac + b)x + by, — z™(ax + b)y = 0.

Particular solution: yo = x + c.

y’ + (az™ + bxz™)y!, — (ax™ ' + bxz™ 1)y = 0.

Particular solution: yo = x.

Yy’ + (az™ + bz™)y), + (anz™ ' + bma™ 1)y = 0.
Integrating, we obtain a first order linear equation: y,, + (az™ + ba™)y = C.
Yo + (az™ + bz™)y, + [a(n + 1)z~ + b(m + L)z™ ']y = 0.

a b
$n+1 x7n+1) )

Particular solution: y = (—
articular solution:  yo = wexp| ———— m+1

yo . + (ax™ + bx™)y! + c(ax™ + bx™ — c)y = 0.

Particular solution: yg=e

Yy’ + (az™ + bz™)y’, + [abz™ " + b(m + 1)z™ ! — az™ ]y = 0.

b xm“).

Particular solution: yo = xexp(f—
m+1

Yy’ + (az™ + bz™ + c)y’, + (abz™F ™ + bex™ + anz™ ')y = 0.

a
a2t — c:r) .

n+1

Particular solution: yo = exp(—

YL + 7Y, +ay = 0.

Solution:

_J CycosvViax + Cysinviax if ax > 0,
| € cosh \/4[az] + Cy sinh \/4[az| if az < 0.

xy” + ayl., + (bx + c)y = 0.

This is a special case of equation 2.1.2.103.
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60. zy + ny. + bzx' 2"y =0.

For n = 1, this is the Euler equation 2.1.2.118. For n # 1, the solution is

Clsin( v xl_">+C’gcos< vb xl_"> if b>0,
n—1 n—1

Ch exp( b xl_") + Cy exp< —v=b xl_"> if b < 0.

n—1 n—1

y:

61. zy” + (1—3n)y, — a®n?z? "1y =0.

Particular solution: yo = (az™ + 1) exp(—az™).

62. xzy! 4+ ay. +bx"y =0.

If n = —1 and b = 0, we have the Euler equation 2.1.2.118. If n #£ —1 and b # 0, the
solution is expressed in terms of Bessel functions:

d—a 2vb ntl 2vb ntl 1-—
y=x 2 |CiJd, Vb x 2 + CLY, Lx 2 , v= | a|.
n+1 n+1 n+1

63. zy” + ay), + bz (—bz"t! +a+n)y =0.

b
Particular solution: yg = exp(f—x”H).
n+1

64. zy! 4+ axy. +ay=0.

Particular solution: yg = xe™ **.

65. xzy” 4+ (b—2x)y., —ay=0.
The degenerate hypergeometric equation.

Ifb#£0, -1, =2, =3, ..., Kummer’s series is a particular solution:

®(a, by x) =1+§: (@) o*
o = (b k7

where (a); = ala+1)...(a+k —1), (a)o = 1. If b > a > 0, this solution may be
written in terms of the definite integral

<I>(a, b; {L‘) _ F(a)l—];((l;))_ a) /0 ewtta—l(l _ t)b—a—l dt,

where T'(z) = [;* e~'t*~ ! dt is the gamma-function.
If b is not an integer, then the general solution has the form
y = C1®(a,b;x) + Cox* ®(a—b+1, 2—b; x).
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TABLE 2.1
Special cases of Kummer’s function ®(a,b;x).

a b Z P Conventional notation
a a T e’
1 2 2x —e*sinh x

X

Incomplete gamma-function

a a+l | —x ax~*y(a, ) ’y(a,m)z/ oty gy
0
Error function
= 5 z? AR erf x 2 ‘ 2
2 2 | erf:z::—/ exp(—t<) dt
2 VT Jo
-n 1 $_2 nt (7i)_n Hy, () Hermite polynomials
2 2 (2n)! \ 2 2 d" >
Hn:(_l)nex _(e—a: )7
- — S —— nt1(x _
n 9 5 2niD)l \ 2 2n+1 n=0,1,2, 3, ...
Laguerre polynomials
| (@) _ e"z™" d" —z_ nto
A 1Y ) L) = — o g (€772,
(b)n a=b—1,

(b)n =b(b+1) ... (b+n—1)

1 2 T\7Y
V+§ vl 2 P(14v)e (5) Ly(x) Modified Bessel functions
3\ L/ -n—3 I,(x)
n+l | 2n+2 | 2z F(n—&—?)e (5) In+%(x)

In Table 2.1 are given some special cases where ® is expressed in terms of simpler
functions.
Function ® possesses the properties

d" (a)n
P 1) = e D(b — 5 —x); P 1T) = o ;T).
(a,b;z) = " ®(b—a, b; —x); o (a,b;x) OB (a+n, b+n; x)
The following asymptotic relations hold:
I'(b) —b 1
d(a,b;x) > —=e"z7" |1+ O —
(a,b;x) F(a)e x [ + (|J7|)}7 as T — —+00,
. I'(b) a 1
@(a,b,m) — m(—x) |:1+O<m):|, as r — —OQ.

The following function is a solution of the degenerate hypergeometric equation:

I(1-b)

r'b-1)
I'la—b+1)

U(a,b;x) = ®(a,b;x) + () 21 7®(a—b+1, 2—b; ).
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66.

67.

68.

69.

Calculate the limit as b — n (n is an integer) to obtain

(-1

U(a,b;z) = m{¢(a,n+1;x) oz
+§o%w(a+r)—¢(l+r)—¢(1+n+r)]i_:}
(n - 1)' n! (a _ n)r 2
' Ha) (1-n), =~

r=0

where n = 0, 1, 2, ... (the last sum is omitted for n = 0), ¥(z) = [InT'(2)], is the
logarithmic derivative of the gamma-function:

n—1

(1) ==y, ) =—v+Y k7,
k=1

v =0.5572... is the Euler constant.

If b is a negative number, then function ¥ may be presented with the formula
U(a,b;x) =2 PV (a—b+1, 2—10b; )

which holds for any value of x.

For b#0, —1, —2, —3, ..., the general solution of the degenerate hypergeometric
equation may be written in the form

y=C19(a,b;z) + C2¥(a, b; x),
while for b =0, —1, —2, —3, ..., it may be written as
ylefb[Cl(I)(a—b—Fl, 2—b; )+ Co¥(a—b+1, 2—b; x)].

The functions ® and ¥ are described in the books by Abramowitz & Stegun (1964)
and Bateman & Erdélyi (1953, vol. 1) in more detail (see also Suplement 2).

zy,, + (ax + by, + c[(a — )z + bly = 0.

Particular solution: gy = e~ .

zyl 4+ (2ax + b)y., + a(ax + b)y = 0.
Solution: 3y = e~ (C} + Chz'™?).

mylwlcc + [(a+b)x+n+ m]y’w + (abx + an + bm)y = 0,
where n and m are positive integers; a # b or n # m.

Solution:

dmfl dnfl

y = Clefaz xfne(afb)w + Cgeibm e

—m (b—a)x
g elb—a)z

X

xy + (ax 4+ b)y!, + (cx + d)y = 0.

This is a special case of equation 2.1.2.103.
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70. zy!” — (ax + 1)y, — bx*(bx + a)y = 0.

. . ba?
Particular solution: yo = exp(fT).

71. zy!” — (2axz + 1)y, + (bx® 4+ a’z + a)y = 0.

Solution: y = e [Cl sin(%z\/g) + Cy cos(%z\/g)} .

72. zyl + (ax 4+ b)y, + cx(—cz? +axr+b+1)=0.
2
c

Particular solution: yo = exp<f%>.

73. zy!. — (2ax® + 1)y, + baxdy = 0.
Solution: y = C} exp[%(a ++va? — b)xﬂ + Oy exp[%(a —Va? — b)xQ].

74. zy” + (abz? + b — 5)y., + 2a%(b — 2)x3y = 0.

Particular solution: gy = (az? 4 1) exp(—az?).

75. xy! + (ax? + bx)y!, — [acx® + (a + be + )z + b+ 2c]y = 0.

Particular solution: yg = xe”.

76. xy” + (ax®+bx +2)y, +by =0.

Particular solution: yy =a+ —.
x

77. xy? + (axz® + bx + )y, + (2ax + b)y = 0.

This equation can be integrated to obtain the first order linear equation: zy) +
(az? +bx+c—1)y=C.

78. zy” + (axz® + bz + )y, + (¢ — 1)(axz + b)y = 0.

Particular solution: yo = !¢

79. zy” + (az® + bz + )y, + (Az?* + Bx + C)y = 0.
1°. Let A =ak, B =k(b— k), C = ck, where k is an arbitrary number.
Particular solution: yg =e "%.
2°. Let A=a(b+ k), B=alc+1)—k(b+k), C=—ck.

Particular solution: yo = exp(—% + kx)

3°. Let A=a(b+k), B=2a—bk—k* C=0blc—1)+k(c—2).
2
Particular solution: gy = !¢ exp(—% + ka:).
4°. Let A= —ak, B=a(c—1)—k(b+ k), C=blc—1)+k(c—2).
Particular solution: yo = x! %",
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80. zy!, + (ax®+ bz + 2)y), + (cx® + dx + b)y = 0.
The substitution u = zy leads to an equation of the form 2.1.2.103: ., + (ax+b)ul, +
(cx+d—a)u=0.

81. =xzyZ + (ax3 + by, + a(b— 1)z2y = 0.

Particular solution: g = z17°.

82. wzy” + z(az®+ by’ + (3az?® 4+ b)y = 0.

ax3

Particular solution: yg = xexp(—T — bx).

83. xzy” + (ax® 4+ bx?® 4 2)y. + bxy = 0.
Particular solution: yy =a+ —.
x

84. zy! + (abx®+ bx? + ax — 1)y, + a’bz®y = 0.

Particular solution: yo = (az + 1)e™*.

85. xy” + (axz® 4+ bx? 4 cx + d)y., + (d — 1)(ax® + bz + c)y = 0.

Particular solution: gy = 179,

86. zy” + az™y! + (abz™ — az™ ! — b2z + 2b)y = 0.

Particular solution: yo = xe™b%.

87. zy” + (az™+2)y., + az™ 'y =0.

Particular solution: yo =z~ .

88. zy” 4+ (z"+1—n)y, + bx®>""ly =0.
For b # %, the general solution has the form
y=0C exp(&x") + Cy exp(&x”),
n n

where 3; and (3, are the roots of the quadratic equation 3% + 3+ b = 0.

For b = %, the solution is

y = (Cp + Coz™) eXp(—%).

89. zy” + (az™ 4+ b)y. + anz™ ty =0.

az”
Particular solution: g = '7° exp(— )
n

90. zy” + (az™ +b)y. 4+ a(b—1)z" 'y =0.

Particular solution: yo = z' 7.
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91. zy” + (ax™ +b)y., +a(b+n — z" ly =0.

. . ax™
Particular solution: yo = exp<f )
n

92. xzy” + (ax™ + b)y., + c(ax™ — cx + b)y = 0.

Particular solution: gy =e™ "

93. zy” + (abz™ +b—3n+ 1)y, + a’n(b — n)z®"~ly = 0.

Particular solution: yo = (az™ + 1) exp(—az™).

94. zy! + (ax™ + b)y. + (cx?*~1 4 dz" 1)y = 0.

This is a special case of equation 2.1.2.141 with v = 0.
95. xzy” + (az™ 4 bx™ "' + 2)y. + ba" "2y = 0.

Particular solution: yo =a+ —.
x

96. xzy” 4+ (az™ 4 bx)y. + (abz™ 4 anz™ ! — b)y = 0.

97. xzy! + (abz™ + bx" ! + ax — 1)y, + a?bz™y = 0.

axr

Particular solution: yg = xexp(—

—ax

Particular solution: yo = (azx + 1)e

98. zy” + (az™ 4+ bx™ + )y, + (¢ — 1)(az™ ' + ba™ 1)y = 0.

Particular solution: yo = !¢

99. zy! + (abz™t™ + anz™ + bz™ + 1 — 2n)y, + a’bnz*>" Ty = 0.

Particular solution: yo = (az™ 4 1) exp(—az™).

100. (x4 a)y., + (bx + c)y., + by = 0.

bx +c—1 d:c).

Particular solution: yo = exp(— /
rT+a

101. (aix + ao)y., + (brix + bo)y,, — mbyy = 0.

Ifm=1,2,3,...,apolynomial of order m in z is a particular solution of the equation,
which may be presented as

m

1 \%k
Yo = Z(__) {Scmfx_m_l[(alx—l—ao)DQ —‘rboD]}ka’m7
by
k=0
d v+1
h D= — TIx¥ = ith —1.
where PR 1/+1W1 v #
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TABLE 2.2
Solutions of equation 2.1.2.103 for different

values of the determining parameters

Solution: y = " 2(¢), where £ = %

Constraints h A w z Parameters
©r0 | Dwm | @ | b Seng | A= P0AG),
D 75 0 2(12 A(h) as T b= (azbl—albg)GQ_Q
az =0, _ Qo ) _ 2bsh+by (@, L:ke?) a= B(h)/(2a1),
a1 #0 a1 ay n2e k= —al/(2b2)

o 1 2bsh + by
a2 7& Oa ai b2 a - ? B 2 ’

a? =4dagas B 2as 2 7a_2 £ Zsa (ﬁ\/g) @

8=2,/B(n)

az =a1 =0, b1 4bobs — b? 1/2 3 2 7/ ag 1/2

- 1 —02 Zy 3 (ke3? k===
ap £ 0 20y Aagbs €75 205 (KET) 3 ( by )

Notation: D? = a? —4agag, A(h)=2ash+a1, B(h)=byh*+bih+by

102.

103.

104.

105.

106.

107.

(ax + b)y”_ + s(cx + d)y,, — s*’[(a + c)xz + b+ dly = 0.

Particular solution: yo = e**.

(azx + b2)y” + (a1 + b1)y’, + (aox + bo)y = 0.

Let J(a,b;x) be an arbitrary solution of the degenerate hyperheometric equation
zyl 4+ (b—x)y, —ay =0 (see 2.1.2.65), and Z, (x) be an arbitrary solution of the Bessel
equation (see 2.1.2.121). The results of solving the original equation are presented in
Table 2.2.

(z+ Ny, + (az™ + bx™ + )y, + (anz™ ! + bmaz™ 1)y = 0.

ar” +bx™ +c—1
dm).

Particular solution: yo = exp(— / —
T

z?y!” +ay =0.

This is a special case of equation 2.1.2.118. The substitution x = e* leads to a constant
coefficient equation: y;, — y; + ay = 0.

:czy;’w + (ax + b)y = 0.

This is a special case of equation 2.1.2.127.

2,1

wyww+[a2$2—n(n—|—1)]y:0, n=0,1, 2, ...

Che® + Che™ 2% )

Solution: yz"t! = (CESD)H( p2n—1

d
here D = —.
where I
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108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

2?y” —la®z? +n(n+1)]y=0, n=0,1,2, ...

Cicosar + Cysinax )
b)

d
. . n+1 _ 3 n _
Solution: yz" " = (z°D) ( T where D = e

T

z2y” — (a®z? + 2abz + b® — b)y = 0.

Particular solution: yo = z’e®®.

mzy;’w + (ax? + bz + c)y = 0.
The substitution y = z*u, where X is a root of the quadratic equation \> — A +¢ =0,

leads to an equation of the form 2.1.2.103: zu!/, + 2)\u’, + (ax + b)u = 0.

For a = f%, b=k, c= % —m?2, the original equation is reffered to as Whittaker’s

equation.

5
x?y! — (ax® + 35 )y = 0.

2
Particular solution: yg = x4 exp(g\/g 3/2).

z?y” — [a?z* 4+ a(2b — 1)z? + b(b+ 1)]y = 0.

2

ax
Particular solution: yo = z~° exp<77).

z2y” 4+ (az™ 4+ b)y = 0.

This is a special case of equation 2.1.2.127.
z?y” — [a®z®" + a(2b+n — 1)z™ + b(b— 1)]y = 0.

. . a
Particular solution: yo = exp(—x").
n

z?y” + (ax®" 4 bx™ + c)y = 0.

This is a special case of equation 2.1.2.141.

2, /1 3n 2n 1- ’I’L2
%y, + (az”" + bx +T y=0.
n—1
The transformation £ = ax™ +b, w=yxr 2 leads to an equation of the form 2.1.2.7:

wie + (an) 26w = 0.

2.1 2n n m 1_n2
zy, . + |ax“" (bz™ + c) —I-T y = 0.

n—1
The transformation £ = bz"™ +¢, w=yx 2 leads to an equation of the form 2.1.2.7:
wee + (an)~2mw = 0.
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118. z%y” + axy) + by = 0.

The FEuler equation.
Solution:

l1—a

2|72 (Culal” + Celz ™) if (1— a)? > 4b,
l1—a

Y= lz"2 (Cr+Colnlz)) if (1 —a)? = 4b,
l—a

lz| 2 [Cisin(uln|z|) + Cycos(uin|z|)] if (1 —a)? < 4b,

where = +|(1 — a)? — 4b|Y/2.

119. z%y? +xyl + [2®> — (n + 5)%]y = 0, n=0,1, 2, ...

This is a special case of equation 2.1.2.121.

e (TS T

120. =%y’ +zy! — [22 + (n + %)z]y =0, n=0,1, 2, ...
This is a special case of equation 2.1.2.122.

o e )

121. 22y’ + zy), + (2® —v?)y = 0.
The Bessel equation.

1°. Let v be an arbitrary noninteger. Then the general solution is
y = C1J,(z) + CLY, (2), (1)
where J, and Y, are Bessel functions of the first and second kind:

Jy(x)cosmv — J_,(x)

x© kl’ v+2k

KT(v+k+1) @)

Y =
v(2) sin v
k=0

Solution (1) is denoted by y = Z, (x) which is reffered to as the cylindric function.
The cylindric functions possess the following properties:

2vZ,(x) = 2[Zy-1(2) + Zy41(2)],
%[x”ZV(sc)] =a"Z,_1(x),
%[m‘”ZV(x)] =—2""Z,41(x).
Functions J, and Y, may be presented in terms of definite integrals (with = > 0):
wJ,(z) = /OTr cos(zsin@ — v0) df — sin v /000 exp(—zsinh ¢ — vt) dt,

7Y, (x) = / sin(zsinf — v0) do — / (e’t + e V! cosm)e TSinht gt
0 0

© 1995 by CRC Press, Inc.



122,

2°. In the case v =n + %7 where n =0, 1, 2, ..., the Bessel functions are expressed
in terms of elementary functions:

2 a1 1 d \7sinzx
@ =y (- o) o
Tyl =y Lt (L Ly s
2 i X

Ve (@) = (~1)", (@),

3°. Let v = n be an arbitrary integer. The the following relations hold:
Jon@) = (1" al@), Youl@) = (—1)"Ya(a).
The solution is given by formula (1), wherein function J,(z) is obtained by substi-

tuting v = n into formula (2), while function Y,,(z) is found by taking the limit as
v — n and for positive n becomes

Yn(ﬂf)Z%Jn %_%Z n— —1 <i>n—2k

where (1) = —v, ¥(n) = =y + >_p_ Tk7Y 4 = 0.5572... is the Euler constant,
P(z) = [InT(z)]}, is the logarithmic derlvatlve of the gamma-function.

For nonnegative integer n and large x, we may write

7z Jon(2) = (=1)"(cos x + sinz) + O(x?),
VT Jopy1(z) = (=1)" " (cosx — sinx) + O(z~?).

Function J, may be presented in terms of the definite integral

1 s
Jn(z) = —/ cos(zsint — nt) dt; n=0,1,2,...
0

™

The Bessel functions are described in the books by Abramowitz & Stegun (1964)
and Bateman & Erdélyi (1953, vol. 2) in more detail (see also Suplement 2).

z?y! +xy! — (2® + vy = 0.
The modified Bessel equation.
It can be reduced to the equation 2.1.2.121 by means of the substitution x = iZ.
Solution:
y=C11,(z) + Co K, (),

where I, and K, are modified Bessel functions:

0 (x)2)Ht T I, —1,

Iy(z) = L HT(+k+1) Ky (=) =

2 sinmv
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I,(z) may be expressed in terms of Bessel function:
I,(z) = e_”i/QJl,(J;e”/z), i? = —1.

The case v =n+ 5, where n =0, 1, 2, ..., is given in 2.1.2.120.
If v = n is a nonnegative integer, we have

1 n—1

Ko() = (1" (@) 5+ 5 3 (—1)”1(%)27“7”%
1 n =\ 2 p(n+m A1) +(m+ 1
JrE(il) 2(5) ( m!(n)—i-m)f ); n=0,1,2,...,

where 1(z) is the logarithmic derivative of the gamma-function (see 2.1.2.121); for
n = 0, the first sum is omitted.
As x — 400, the leading terms of the asymptotic expansion are

I,(x) ~ \/%, K, (x) ~ VT e ",

The modified Bessel functions are described in the books by Abramowitz & Stegun
(1964) and Bateman & Erdélyi (1953, vol. 2) in more detail (see also Suplement 2).

123. 2%y + 2zy), — (a®z? +2)y = 0.
Solution: 2y = Cy(az — 1)e®® + Caazx + 1)e 2.

124. 2%y — 2axy), + [b*z® + a(a + 1)]y = 0.

Solution: y = z%(C} sinbx + Cs cos br).
125. 2%y — 2azy’ + [-b*z® + a(a + 1)]y = 0.
Solution: y = xa(C’lebx + Cge_bz).

126. z?y! + Azy!, + (ax® + bz + c)y = 0.

The substitution y = z¥u, where k is a root of the quadratic equation k% + (A — 1)k +
c =0, leads to an equation of the form 2.1.2.103:

zull, + (A + 2k)ul, + (ax + b)u = 0.

127. 22y + azxy! + (bz™ + c)y =0, n#0.

The case b = 0 corresponds to the Euler equation 2.1.2.118.
For b # 0, the solution is

1—

v o (2t ) 4 e (2vhat) |

where v = L /(1 —a)? — 4c, J, and Y, are Bessel functions of the first and second
kind.
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128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

z?y” + azy’, + ™ (bz™ + c)y = 0.
The substitution £ = z™ leads to an equation of the form 2.1.2.103:
n&yfe +n(n — 1+ a)y; + (b€ + )y = 0.

z?yl, + (az + by, + cy = 0.

The transformation x = £71, y = £*efw, where k is a root of the quadratic equation
k* + (1 — a)k + ¢ = 0, leads to the equation of the form 2.1.2.103:

e + [(2 = B)E + 2k + 2 — alul + [(1 — b)E + 2k + 2 — a — bkjw = 0.

z2y” + ax?y! + (bxz? + cx 4+ d)y = 0.
The substitution y = uexp(—%ax) leads to an equation of the form 2.1.2.110:

2’y + [(2a® + b)z® + cx + dlu = 0.

z2y” + (az® + by’ + c[(a — c)z® + bly = 0.

Particular solution: yo = e~ “*.

z?y” + (az® + bx)y,, — by = 0.

Particular solution: yo = z e ™%,

z2y” + (az? +bx)y), + [k(a — k)x? + (an+ bk — 2kn)z +n(b—n—1)]y = 0.

Particular solution: yg = x e ke,

axx?y! + (a12? + bix)y., + (aox® + box + co)y = 0.
The substitution y = z*w, where k is a root of the quadratic equation ask?+(by —az)k+

co = 0, leads to the equation of the form 2.1.2.103:
aszwl, + (a1 + 2a2k + by)wl, + (agw + a1k + by)w = 0.

x?yl + [ax® + (ab — 1)z + bly), + a’bxy = 0.

Particular solution: yo = (az + 1)e™%".

2?y! —2x(x? — a)y,, + {2nz? + [(—1)"™ — 1]a}y = 0.

For n =0, 1, 2, ..., particular solutions are polynomials: yg = P, (x), where Py =1,
P =x, P, =21% —1—2a, P3 = 22® — (3 + 2a)z, ... The polynomials contain only
even powers of x for even n and only odd powers of x for odd n.

x2y” + z(ax? + bx + ¢)y), + (Az® + Bz? + Cx + D)y = 0.

1°. The substitution y = zFw, where k is a root of the quadratic equation k2 +

(¢—1)k+D =0, leads to an equation of the form 2.1.2.79 (see also 2.1.2.75-2.1.2.78):
zwll, + (ax? + br + ¢+ 2k)wl, + [Az? + (B + ak)z + C + bk]y = 0.
2°. Let s and r be arbitrary parameters.
For A=ar, B=as+br—1? C=bs+cr—2rs, D= s(c—s— 1), a particular
solution is yg = ™%~ "".
For A=a(b—r), B=a(lc—s+1)+r(b—r),C=bs+cr—2rs, D=s(c—s—1),
a particular solution is yg = z~° exp(—%agc2 —rx).
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138.

139.

140.

141.

142.

143.

144.

145.

z?y” + ax™y! — (abz™ + acx™ ! + b%*x? + 2bcx + c® — c)y = 0.

Particular solution: yo = z°e®®.

z?y” + az™y! + (abz™ 2™ — b2zA™+2 4 amz™ ! — m? — m)y = 0.

b
x2m+1).

Particular solution: o = 2™ (—
articular solution yo X eXp 2m—|—1

z2y!” + x(az™ + b)y., + b(az™ — 1)y = 0.

Particular solution: o = z~°.

2yl + x(azx™ + b)y., + (ax®" + Bx™ + v)y = 0.

The transformation & = 2", w = y£~*, where k is a root of the quadratic equation
n?k% +n(b— 1)k + v = 0, leads to an equation of the form 2.1.2.103:

n?éw! + [na& + 2kn® + n(n — 1+ b)Jw’, + (a€ + kna + B)w = 0.

wzy;’w + x(2ax™ + b)y., + [a?z®" + a(b+n — 1)z™ + ax®™ + Bz™ +~]y = 0.

The substitution w = yexp(ix”) leads to the equation of the form 2.1.2.141:
n
22w! + baxw!, 4 (ax®™ 4 Bz™ + y)w = 0.

z?y” + (axz™t? 4+ bx? + ¢)y!, + (anz™ ! 4+ acz™ + be)y = 0.

a
Particular solution: yo = exp(— i bm).
n+1

1—-—=z?y” +nn—-1)y=0, n=20,1, 2, ..

This equation is encountered in Hydrodynamics when decribing axially symmetric
Stokes flows.
For n > 2, the solution is

Y= Cljn(‘r) + CQHn(x)u

where J,, and H,, are the Gegenbauer functions which may be presented in terms of
the Legendre functions of the first and second kind (see 2.1.2.147) as follows:

P,_o(z) — P,(x)

_ an2('r) — Qn(x) )

In(w) = o1 @) o — 1
For n =0 and n = 1, the solution is y = C7 + Cax.
2 2\, b ’ 6y = 0
(z? — a?)y;, + by, — 6y = 0.
2a—b

2a+b
Particular solution: yo = (4z —b)|z +a| 20 |z —a| 20 .
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146.

147.

148.

(z? — 1)y +zy! +ay = 0.
1°. For a = k? > 0, the solution is
C1 cos(k Arcosh |z|) + Co sin(k Arcosh |z|) if |z] > 1,
- { Cy exp(karccos z) + Co exp(—karccosz)  if |z] < 1,
where Arcoshz = In(z + \/3:2——1)
2°. For a = —k? < 0, the solution is
Cy exp(kArcosh|z|) + C exp(—kArcosh|z|) if |z| > 1,
- { C cos(k arccos x) + Cy sin(k arccos x) if |z < 1.

3°. For a = —n?, where n is a nonnegative integer, partial solutions are the Tcheby-
cheff polynomials T}, (z) = 2'~" cos(n arccos ).

(1—=2?)y”, —2zy, +n(n+1)y =0, n=0,1, 2, ...

The Legendre equation.
The solution is

y = C1 Py () + C2Qn (1),
where the Legendre polynomials P, (x) and the Legendre functions of the second kind
Qn(x) are given by the formulae
1 dr

n!2n dzm

Pn(x) = ($2 - 1)n’

1 1—|—1:
Qn(l') = §Pn( l—x - Z m 1 rL m(x)

Functions P, = P, (x) can be conveniently calculated by the recurrence relations
2n+1 n

1
Py=1 P = Py=—B8z>-1), ..., Ppur=—aP,— ——P, 1.
0 s 1=, 2 2($ )1 s n+1 n+1$L T 1—1
Three leading functions @,, = Q,(x) are
1 1+zx x 1+x 32 -1 1+x 3
=1 =1 -1 = 1 -2
@Qo=75hg—r Q=ghg—-1 @ e R

All n zeros of the polynomial P, (z) are real and lie on the interval —1 < z < +1;
functions P, (z) form an orthogonal system on the closed interval —1 <z < 41, with
the relations taking place

+1 0 if n # m,
P, (z) Py (x)dx = 2

1 if n =m.
2n+1

1—2?)y” —2zy, +v(r+1)y=0.

The Legendre equation; v is an arbitrary number.

The case v = n where n is a nonnegative integer is considered in 2.1.2.147.

The substitution z = z2 leads to the hypergeometric equation. Therefore, with
|z| < 1 the solution can be written as

v 14v 1
y= ClF( 2 3 2 ; 2 )

where F' is the hypergeometric series (see 2.1.2.158).

The Legendre equation is discussed in the books by Abramowitz & Stegun (1964),
Bateman & Erdélyi (1953, vol. 1), and Kamke (1976) in more detail (see also Suple-
ment 2).

1—v v 3
F(—a 1 = )7
x)—l—Cgm 5 + 77 3 T
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149.

150.

151.

152.

153.

154.

155.

156.

157.

(x> - 1)y” +2(n+Vzy., —(v+n+1)(r —n)y =0, n=1, 2, 3, ..
d’n

Solution: y= d—yu(as), where y, is the general solution of the Legendre equation
In

2.1.2.148.

(2 —1)y’ —2(n—1)zy, — (v —n+1)(v +n)y =0, n=1,2,3, ...

mn
— yu(x), where y, is the general solution of the Legendre

Solution: y = |2% —1|"
equation 2.1.2.148.

(ax? + b)y + axy., +cy = 0.

The substitution z leads to a constant coefficient equation: y./,+cy=0.

_/ dx
var?+b
(* + a)yy, + 2bxy, +2(b— 1)y = 0.

Particular solution: o = (2% + a)' .

(az? + b)y”_ + (2n + 1)azy), + cy = 0, n=1, 2, 3, ...
This equation can be obtained by n-fold differentiation of the equation of the form
2.1.2.151:

(az? + b)ull, + axul, + (c — an?)u = 0.

d"u
dzn

Solution: y =

(1 —2?)y”, —zy,, + (2az® + b)y = 0.

This is an algebraic form of the Mathieu equation.
The substitution « = cos z leads to the Mathieu equation 2.1.6.4: y”, + (a + b+
acos2z)y = 0.

(1 — a2y, + (az + by, + cy = 0.
The substitution 2z = 1 4 x leads to the hypergeometric equation 2.1.2.158:

2(1=2)y., + [az+ 5(b—a)ly. + cy = 0.

(az? + b)Yy, + (cx?® + d)y, + A(c — aX)z® +d — bA]y = 0.

Particular solution: yo = e *.

(axz? + b)y” + [A(c+ a)z? + (c — a)z + 2bA]y., + A%(cz® + b)y = 0.

Particular solution: yo = (Az + 1)e %,
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158. z(z — 1)y, + [(a+ B+ 1)z — 7]y, + aBy = 0.

The Gauss hypergeometric equation.
For v #0, —1, —2, —3, ..., a solution can be expressed in terms of the hyper-
geometric series:

b (% Jfk
F(Oﬁﬁa’}/ax):l_kz%ﬁ, (Oé)k;:Oé(Oé‘i'l)(Oé—f-k—l),
k=1 ’

which is a fortiori convergent for |z| < 1.
For v > 8 > 0, this solution can be expressed in terms of the definite integral

o s = F(V) ! B—-1/1 _ p\v—B—-1 —tr)@
FlaB.50) = ppi=gy |, =07 )

where I'(3) is the gamma-function.

If v is not an integer, the general solution of the hypergeometric equation has the
form
y=CiF(a,f,v;2) + Coz' F(a—y+1, -y +1, 2—7; a).

In degenerate cases v =0, —1, —2, —3, ..., a particular solution of the hyper-
geometric equation corresponds to C; =0, Cy = 1. If «y is a positive integer, another
particular solution corresponds to C7; = 1, C5 = 0. In both these cases, the general
solution can be constructed by means of the formula given in 2.1.1.

Table 2.3 represents some special cases where F' is expressed in terms of elementary
functions.

In Table 2.4 are given the general solutions of the hypergeometric equation for
some values of the determining parameters.

Function F' possesses the following properties:

F(a, B,7;7) = F(B,a,7; ),

F(Oé,ﬂ,’}/;l') = (1 _‘T)’Y_a_BF(’y_OQ ’7_67 v LL’),
Flaf.yia) = (1= 2) "Fla, v =B, % ——),

The hypergeometric functions are discussed in the books by Abramowitz & Stegun
(1964) and Bateman & Erdélyi (1953, vol. 1) in more detail.

159. z(x + a)yl, + (bx 4+ c)y., +dy = 0.
The substitution £ = —az leads to the hypergeometric equation 2.1.2.158:

2(1 = 2)y, + [(c/a) = b2]y, — dy = 0.

160. 2z(x — 1)y’ + (2z — 1)y, + (ax + b)y = 0.
The substitution x = cos? ¢ leads to the Mathieu equation 2.1.6.4:

Yge — (a4 20+ acos28)y = 0.
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TABLE 2.3

Some special cases in which the hypergeometric function
F(a, 3,7; 2) is expressed in terms of elementary functions

«o 16} 2 z F
noo k
-n I6] v x ML, where n=1,2,3,...
= (Ve K
noo k
-n I6] —-n—m x (=n)u (B = , wheren=1,2,3,...
(—n—m), k!
k=0
a B B x (1—z)~¢
« | att | 1 2 L{0+e) 2+ (1-2) 2]
1+$)172a7(17x)172a
a 1 3 2 (
ot 2 . 22(1—2a)
e —a + —x? +{] 1+x2+m]2a+[\/1—|——x2—x]2a}
1 [\/1+x2+x]2a_1+[\/14—962—33}2&_1
«a 11—« 5 —x2
21422
« Oé*% 20 —1 x 220472 |:1_|_ /1—_1‘]2_2a
sin[(2a—1)x]
1— 3 -2 il A e diierind I
“ “ 2 St (a—1)sin(2x)
sin[(2a — 2) x|
2_ 3 2
“ “ 2 Su (a—1)sin(2x)
o 1—a 1 <in? o cos[(2a—1)x]
cos T
ol a+1 1a x 1+z)(1—z) !
Ao\ 2«
o Oé—l—% 200+1 x %)
1-2«
o | atl o0 N 1 (1+\/1—x>
1—x 2
1 1 3 2 — i
2 2 2 x — arcsin
1 3 5 1
5 1 5 —x — arctanz
x
1
1 1 2 -z — In(z+1)
x
1 1+z
1 3 2 —1
2 ! 2 * 2z . 1—x
(=D)™(n+m+14+1)! d*tm {(1 i le}
-z —_—
Al | | n+m L[’
ntl | namat | nbmaleo . n!l! (n+m)l. (Tln+l). dx dx
po_ 0D =023,
x

© 1995 by CRC Press, Inc.




TABLE 2.4
General solutions of the hypergeometric equation
for some values of the determining parameters

@ I6; Y Solution: y=y(x)
0 3 v 01+02/|x|ﬂ|x—1|7—5—1dx
o ot 2041 CL(1+vI—z) o2 (1+VI—2)™
a | a—3 3 Cr(1+va) T G (1= V)
o | a+l 3 %[Cl(l+\/§)12a+02(1—\/§)12“]
1 3 5 |g[,=|1—7|g;—1|7—ﬁ—1(01+02/|a,=|'v—2|an—1|5—’y )
e J¢] e |x—1|_5(01+02/|x|_a|x—1|5_1dx>
o 3 a1 |x|—a(cl+02/|x|a—1|x—1|—ﬁda:)
161. (z? + 2az + b)y” + (z + a)y,, — m?y = 0.

162.

163.

164.

165.

Solution: y = Ci(z+a+ Va2 + 2az + b)m + Cy(z+ a+ Va2 + 2ax + b)_m.
(az?® 4+ bx + )y, + (dz + k)y., + (d — 2a)y = 0.
Integrating yields a first order linear equation:
(az? + bx + )y, + [(d — 2a)x + k — bly = C.
(az?® 4+ bx + )y + (kx + d)y., — ky = 0.
Particular solution: yg = kx + d.
(az?® 4 2bx + c)y”, + (ax + b)y,, + dy = 0.

The substitution £ = / leads to a constant coefficient equation:

2 _
Yee T dy = 0.

dx
var? 4+ 2bx +c

(ax? + 2bx + o)y’ + 3(ax + b)y, + dy = 0.

The substitution u = y+/|azx? + 2bx + ¢| leads to an equation of the form 2.1.2.164:

(az? + 2bx + c)u’, + (ax + b)ul, + (d — a)u = 0.

© 1995 by CRC Press, Inc.



166.

167.

168.

169.

170.

171.

172.

173.

(a2z? + bax + c2)yn. + (bix + 1)y, + coy = 0.
Let A; and A2 be the roots of the quadratic equation asA? + ba X + co = 0.

-
1°. For Ay # Ag, the substitution z = H leads to the hypergeometric equation
2 — A1
2.1.2.158:
2(1=2)y. — (Az + B)y. — Cy =0,
b b1\
where A = L p—_mta o G
a2 G2()\2 - >\1) a2

2°. For \; = Ay = A, the transformation z = X\ + ¢~1, y = ¢Fu, where k is a root of
the quadratic equation agk? + (ag — b1)k + ¢o = 0, leads to an equation of the form
2.1.2.103:

ag€uge — [(c1 + Ab1)€ + by — 2az(k + 1)Jug — k(cr + Aby)u = 0.

3°. Let cp = —agn(n—1)—bin, where n is a positive integer. Then, amongst solutions
there exists a polynomial of the degree < n.

(axz® + bz + )y, — (x* — K?)y., + (x + k)y = 0.

Particular solution: yo =x — k.

(az? + bx + )y, + (z® + k®)y), — (2® — kxz + k?)y = 0.

Particular solution: yg = x + k.

z3y” 4+ (ax + b)y = 0.

This is a special case of equation 2.1.2.127 with n = —1.

23y + (ax® 4+ b)y,, + cxy = 0.
The substitution = = 1/z leads to an equation of the form 2.1.2.141:

2y +2(2—a—b2)y, +cy=0.

23y + (az® + bx)y,, + by = 0.
Particular solution: yp=a—2+ —.
T
23y + (az® + bx)y,, + cy = 0.
The substitution = = 1/z leads to an equation of the form 2.1.2.103:
2yl +(2—a—bz)y. +cy=0.

z3y” + (az® + bx)y., + (cx + d)y = 0.
The substitution y = z¥u, where k = —d/b,leads to the equation of the form 2.1.2.129:

22u! + [(a + 2k)x + blul, + [k(a +k — 1)+ cJu = 0.

If c = 0 and d = b(a — 2), a particular solution is yy = /%,
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174. :c3y;’w + (ax® — 2 + abx + by, + a’bzy = 0.

Particular solution: yo = (az + 1)e™%".

175. z3y” + z(az™ + b)y,, — (az™ — abz™ "' + b)y = 0.

b
Particular solution: yg =« exp(—) .
x

176. z(az?® 4+ b)y” + 2(az® + b)y), — 2azy = 0.

Particular solution: yo = ax + —.
x

177. z(2® 4+ a)y”, + (bx® + )y, + szy = 0.
The substitution az = —2? leads to the hypergeometric equation 2.1.2.158:
1 c 1
1— 1 — |:1 —- (1 :| /o =0.
2l =2z + 5 [+ — — A+ b)z)y. — 7sy =0
178. z*(ax + b)y”_ + [cz® + (2b+ aX)xz + bA]Y,, + A(c — 2a)y = 0.

A
Particular solution: yo = exp(—).
x

179. z?*(ax + b)y” — 2z(az + 2b)y, + 2(ax + 3b)y = 0.

011'2 + 02333

Solution: =
Y ar+b

180. z?*(ax + b)y”_ + [a(2 — n — m)z? — b(n + m)z]y.,
+ [am(n — 1)x 4+ bn(m + 1)]y = 0.
Clxn + szm-&-l
ar +b

Solution: y =

181. z*(z + a2)y”, + z(bix + a1)y’, + (box + ao)y = 0.
The substitution y =2z*u, where k is a root of the quadratic equation ask?+k(a; —az)+

ag = 0 leads to an equation of the form 2.1.2.159:

z(x + ag)ull, + [(2k + by)x + 2kag + ar]ul, + [k* + k(b — 1) + bolu = 0.

182. (az® 4 bx? + cx)y’, + (ax® + Bz + 2¢)y., + (B — 2b)y = 0.

2b —
Particular solution: yo =2a —a+ s .
x

183. (az® 4 bx? + cx)y”, + (ax? + Bz + 2¢)y), — (ax + 2b — B)y = 0.

Particular solution:

ca+ (b—3)(2b - ) .

a—a

A
yo=ax +2(8—-b)+ —, where A =
T
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184.

185.

186.

187.

188.

189.

190.

191.

(ax® + bx? + cx)y”, + [—2ax® — (b+ 1)z + k]y., + 2(axz + 1)y = 0.
Particular solution: o = (ak +b— 1)2* + (c + k) (2x — k).

(az3 4 bx? + cx)y! + (nz? + mx + k)y’, + (k—1)[(n — ak)x + m — bk]y = 0.

Particular solution: gy = ' ~*.

(ax® 4 bx? + cx)y”, + [(m — a)x?® + (2em — 1)z — c|y), + (—2mxz + 1)y = 0.
Particular solution: o = (a + m)z? + (2b + 4cm — 1)(x + ¢).

(az® + ba® + cx)yy, + (n2® + ma + k)y, + [~2(a + n)z + 1]y = 0.
With the constraint

22a+n)(c+k)+ (2b+2m+1)[m+1+2k(a+n)] =0,

a particular solution has the form yo = (2a + n)z? + (2b + 2m + 1)(z — k).

(az® + 2% + b)y”  + a’z(z? — b)y,, — a®bxy = 0.

Particular solution: yo = (azx + 2)e™**.
2z(azx? + bx + o)y, + (az? — o)yl + Azy = 0.

X

1/2
7) dx leads to a constant coefficient equation:
ar? +br +c

The substitution & = /(
2yge + Ay = 0.

z(ax® + bz + 1)y, + (az® + Bz + 7)y, + (nz + m)y = 0.

The substitution y = z!~Yw leads to an equation of the similar form:

z(ax? + br + V)w?, + [(a + 2a — 2ay)z? + (B + 2b — 2by)z + 2 — Y]wl,+
{ln+ (1 =(a—ay)e+m+(1-7)(8~by)jw=0.

z(x —1)(z — a)y,, +
{la+B+1)2? — [a+ B+ 1+ a(y+6) — bz + av}y, + (aBz — q)y = 0.

Heun’s equation.
For |a] > 1 and v # 0, —1, —2, —3, ..., a solution can be represented as the
power series

oo
F(a,q; 0, 8,7,6,7) = > _ caz™,
n=0
wherein the coefficients are determined by the recurrence formulae

60:17 aycy = (g,
aln+ 1)(y+n)cpyr = [a(’y—&—é—i—n—1)+a—|—ﬂ—6+n+%}ncn
—[n=1)n=2)+ (-1 (a+B+1)+af]cp1.

The series is a fortiori convergent for |z| < 1.
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TABLE 2.5
Some transformations retaining the form of Heun’s equation

No New variables Parameters of transformed equation for w=w(§)
1* =z, w=y a q 6! Ié; ¥ §
2 §=1-z, w=y l—a | af—q a B 6 Y
3 E=xz, w=|z|""ly a @ |a—y+1|f—y+1| 2—7 5
4 5 a , W |l‘| Y a a o ’Y"‘ ﬂ P)/+]‘ v 76+1
1 1
5 E=—, w=|z|% — g3 o a—vy+1 | a—pF+1 §
x a
=2 w= ! at+fB—ry
6 §= PR o q a s v —6+1
‘ 1 atf—y
:]_——’ = —_——
! ¢ a w=y L a 1 “ b —6+1 7
x _
8 §=—, w=|z|% a ¢ |a—v+l|aty—1]a—p+1|T07
a —6+1
z—1 1
9 E=——, w=|z|% 1-— q @ a—vy+1 § a—pf(+1
x a
a(z—1) a a+B—v
=27 = |x|® 1
10 £ x(a—l) , w=lz|% a1 q «a a—v+ 6 841
1| g=— |z —1[* . 6 1
= = |r— — J—
— v |—| ¢ a |a=6+1| 7 |a-pB+
z(a—1) 1 a+B—v
12 |e=29"2 w—le—1oy|1-— _
£ a@=1) ¥ o1y | 1-—| ¢ a  |la—b6+1| 7 s
Notation: ¢1 =q¢+(a—y+1)(8—y+1)—aB+d(y=1), q@=q+aé(1-y),
i =qa ' +a(a—y+1)+aa"t(6—F)—asé.

* This row corresponds to the original equation, while the others refer to the transformed
equation for w=w(§)

If v is not an integer, the general solution of Heun’s equation can be presented as
follows:

y:CIF(CL,(];O[,IB,’Y,&Z')+CQ‘.’E|1_’YF((J,, qi; Oé_’y—’_]-v 5—7+1, 2_77 67 LC),

where g1 =q+ (a—v+1)(B—v+1) —ab+6(y—1).

In Table 2.5 are listed some transformations retaining the form of Heun’s equation.
(Whenever at least one of the indicated equations is integrable by quadrature with
some values of parameters, all the other equations are also integrable for those values
of the parameters.)

For Heun’s equation, see also the book by Bateman & Erdélyi (1955, vol. 3).

192. (az® + bx? + cx + d)y”’, — (22 — A2)y’ + (z + A\)y = 0.

Particular solution: yo =a — A.
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193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

2(az3® + bx? + cx + d)yy. + (3ax? + 2bx + o)y, + Ay =0.

dx . .
The substitution & = / NPT leads to a constant coefficient equation:
ax

+bx2+cxr+d

2yl + Ay = 0.

2(az® 4 bx? + cx + d)y”, + 3(3az?® + 2bx + ¢)y, + (6ax + 2b+ A)y = 0.
This equation is obtained by differentiating the equation 2.1.2.193.

(az® + bx® + cx + d)yll, + [ax® + (o + B)z + B7]y,, — (az + B)y = 0.

Particular solution: yo =z + 7.

(az® 4+ bx® + cx + d)y, + (x> + X¥)y, — (2> — Az + A?)y = 0.

Particular solution: yo = ax + A.

2z(az? + bx + ¢)y”’_ + [a(2 — k)x? 4+ b(1 — k)z — ck]y,, + AzFTly = 0.

z*/2 dx

The substitution & :/ e
Vaz? +br + ¢

Ay = 0.

leads to a constant coefficient equation: 2y’£’§+

z*y” +ay=0.

The transformation z = 1/x, u = y/x leads to a constant coefficient equation: v/, +
au = 0.

:c4y;’w + (ax? + bz + c)y = 0.

The transformation z = 1/x, u = y/x leads to an equation of the form 2.1.2.110:
22, + (cz® + bz + a)u = 0.

zy” — (a+ b)z?y. + [(a + b)x + ably = 0.

Solution:
B { Chze%* + Coxe=/* if a # b,

(C’lx—l—Cg)e_“/” if a =0.

:c4y;'m + 2x2%(x + a)y., +by =0.

The substitution z = 1/x leads to a constant coefficient equation: y7, — 2ay., + by = 0.

z*y” + +azx™y!, — (axz™ ' 4 abz™ 2 + b?)y = 0.

Particular solution: yo = ze®,

z?(z — a)?y! + by = 0.

Solution: Cilz|™|z —a|'™™ + Ca|z|*~™|z —a|™, where m is a root of the quadratic
equation m(m — 1)a* = —b.
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204. z?(z — a)?y”, + by = cz*(z — a)?.

Solution:

y=lal"le ol (G + ot /|m|1 "o~ af" de)

+ |$|17m|m—a|m(C’2 /|x|m|x—a|1 md:v)
where m is a root of the quadratic equatlon m(

205. az?®(x — 1)%y” + (bx® 4+ cx + d)y = 0.
Find roots p and ¢ of the quadratic equations
ap(p—1)+d =0, ag(g—1)+b+c+d=0.
Then, the substitution y = 2 (z—1)%w leads to the hypergeometric equation 2.1.2.158:
ax(x — V)wl, + 2a[(p + q)x — plwl, + (2apq — ¢ — 2d)w = 0.
206. z%(z? 4+ a)y” + (bx? + c)zy,, + dy = 0.

The substitution ¢ = 22 leads to an equation of the form 2.1.2.181:
4€%(¢ + a)yee +26[(b+1)§ +a+ cye +dy = 0.

207. (z2+1)%y” +ay =0.
Solution:
C cos(B arctan z) + Cq sin(§ arctan x) ifa+1=p32>0,
= Cjcosh(Barctanx) + Cysinh(Barctanz) ifa+1=—3% <0,

x?+1 )
C1 4+ Cyarctanx ifa=-1.

208. (%2 —1)%y” +ay =0.

Solution:
\/ﬁ [C’lcos<ﬂln‘ +1 D +Czsin<ﬂln‘ iti D}

ifq—1=432 >0,

Tz +1 ‘(25—1)/2
-1

\/ |22 |(Cl+02111‘ +H> ifa=1.

209. (z? £ a?)%y” + by =0.

This is the bending equation of a double-walled compressed bar with a parabolic
cross-section.
For the upper sign (constricted bar), the solution is as follows:

va? + b2 T
_ arctan(—).
a a

2’ ifa—1=—482 <0,
r—1

(x+1) [Cl‘ z+1 ’—(26—1)/2}

y=vVa2+a?(Cicosu+ Cysinu), u=

For the lower sign (bar with salients), the solution is

b2 — a2
y=+va?—22(Cycosu+ Cysinu), u= a ma—i—x; lz] < a.

2a a—2x
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210.

211.

212.

213.

214.

215.

(az? + b)2y:’c’w + 2ax(az? + b)y., + cy = 0.
dx

—— leads to a constant coefficient equation: y”. +cy =0.
ar?+b d Yee TV

The substitution £ = /

(2?2 —1)%y” +2z(z? — 1)y, — [v(v +1)(2® — 1) + n?|ly = 0,
where v is an arbitray number, n is a nonnegative integer.

1°. With n = 0, this equation coinsides with the Legendre equation 2.1.2.148. Denote
its general solution by y, (z).

2°. With n =1, 2, 3, ..., the general solution of the original equation is given by
the formula

n dn
Y= |9C2 —1] /de—nyu(x)-

(1 —2?)?y;, —22(1 —2?)y, + v+ 1)1 —2?) — p?ly =0,
where v and p are arbitrary numbers.

The Legendre equation.
The transformation z = 1 — 2¢, y = (22 — 1)*/?w leads to the hypergeometric
equation 2.1.2.158:

£(€ = Dwge + (p+1)(1 = 20wi + (v —p)(v + p+ 1w =0

with parameters a =y —v, B=pu+v+1,vy=pu+1.

In particular, the original equation is integrable by quadrature with v = p or
v=—pu—1.

See Supplement 2 for more detail on the Legendre equation.

a(z? — 1)%y” + bx(x® — 1)y, + (cx® + dz + e)y = 0.

The transformation
E= %(m—i—l), w=(x+1)"P(xz—-1)",

where p and ¢ are parameters which are determined by solving the second order
algebraic system

daq(¢—1)+2bg+c+d+e=0, (p—q)2alp+qg—1)+0b=d

leads to the hypergeometric equation 2.1.2.158 in w = w(§).

(ax? + b)%y”_ + (2azx + c)(az? + b)y’, + ky = 0.
dx

: : . 1 /
m leads to a constant coefficient equation: Yee + CYe +

The substitution & = /
ky = 0.

(az?® 4+ b)2y” + (ax® 4 b)(cz® + d)y., + 2(bc — ad)zy = 0.

cx?+d )

Particular solution: =ex (— —dx
Yo P / ar? +b
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216.

217.

218.

219.

220.

221.

222,

(22 + a)?yg, + ba"(2® + a)y;, — (bx"*! + a)y = 0.
Particular solution: 1y = V22 + a.

(% 4+ a)?y”_ + bz™ (2 4+ a)y!, — m[bz"T! 4+ (m — 1)z? + aly = 0.
Particular solution: yo = (2% + a)™/2.
(x —a)?*(z —b)?y”’ —cy=0, a#b

T —a
The transformation £ =1In — y = (x—0b)n leads to a constant coefficient equation:
T —

(a — b)2(77g§ —1¢) — e = 0. Therefore, the solution is as follows:
y = Cilz —a| 32|z — p|I"N/2 4 Cylz — a|TN/2 |z — p|(1FN/2]
where A2 = 4c(a —b)"2 +1#0.

(x — a)*(z — b)?yl, + (z — a)(z — b)(2z + Ny, + py = 0.
Let k1 and ks be the roots of the quadratic equation

(a —b)?k* + (a —b)(a+ b+ Nk +p=0.

1°. With ky # ko, the solution is

y—C1‘

2°. With k; = ko = k, the solution is

r—a

k r—a
y_‘x—b‘ <01+C21n‘sz‘

(ax? + bx + c)2y:’c’m + Ay = 0.

The transformation

Y

x
= —_— wW =
¢ /ax2+bx+c Vax? +br+c

leads to a constant coefficient equation: wg, + (A + ac — ThHw =

(az?® 4+ bx + )%y, + (2az + k)(az?® + bx + ¢)y, + my = 0.

dx
The substitution { = | ———— leads to a constant coefficient equation: y, +
139

ax? +bx +
(k —b)yg +my = 0.

6,/

myww—my +ay =0.

2

The transformation £ = 72, w = yr~2 leads to a constant coefficient equation:

4w" +aw = 0.
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223.

224.

225.

226.

227,

228.

wey;’w + (322 + a)m3y; + by = 0.
The substitution ¢ = 272 leads to a constant coefficient equation: 4ngE — 2ayé +by=0.

br

b,xr — a,

Yo + UL, Z(l Bn)

y ZanﬁnAAnIZOa

(blw — a1)(bax — az)(bgz — a3) b, — an

where Z(an +06n) =1, |an| +|bn] >0, A, =anbpt1 —ant1bn #0, ants = an,

n=1

and by+3 = by

Denote this equation by

ayp az ag T
=0. 1
{ by ba b3 Yy } )

With ay =b,=0, a3 =b3=1, a1 =a3=0, ay = aq, 51:1_73 62267 and
B3 = v — a — B, equation (1) transforms into the hypergeometric equation 2.1.2.158.
The transformation

o1 Q2 QO3

B1 B2 B3

Az + B b — aq|"|bsz — as|®

=D T Thr—a

Y, (2)

where AD — BC' # 0, brings the original equation into an equation of the similar form:

5}_0, 3)

w

a1 +r ay—r—s az—+s

A Ay Az
Bi+r Po—r—s [B3+s

By By

where A,, = Aa,, + Bb,, B, = Ca,, + Db,.
In (2), assume r = —ay, s = —ag, A = b1 /A3, B = —a1/As, C = —by /A3, and
D = a3 /A, to obtain the hyperheometric equation (3).

"y + clax + b)" 4y = 0.

The transformation & = :v w=—2" leads to an equation of the form 2.1.2.7:
a

x+b’ x+b
wee + cb™2¢7"w = 0.

mnyzlvlm + a;cy’m - (men + 2bzm 1 + abx + a)y = 0.

Particular solution: vy = ze?®.

"y + (ax + b)y., —ay = 0.

Particular solution: yg = ax + b.

T"yg, + (az 1 + b)y; + (a — 1)by = 0.

Particular solution: yo = z!~%.
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229. ="yl + (22" + ax? + bx)y., + by = 0.

Particular solution: yy =a+ —.
x

230. z"y” + (ax™ 4 b)y. + c[(a — c)x™ + bly = 0.

Particular solution: yg = e~ “".

231. z"y” + (ax™ — 2™~ + abz + b)y’, + a’bry = 0.

Particular solution: yo = (az + 1)e™**.

232. z"y”_ + (az™t™ + 1)y’ + az™(1 + ma™ ')y = 0.

a
Particular solution: yo = exp(— xm+1).
m+1

233. (az™ 4+ b)y + (cx™ + d)y., + A[(c — aX)z™ +d — bA]y = 0.

Particular solution: yo =e

234. (az™ + bz + c)y!, = an(n — 1)z"3y.

Particular solution: 1o = ax™ + bx + c.

235. z(z™ + 1)y, + [(a — b)z™ + a — ny), + b(1 — a)z™ 'y = 0.

Particular solution: yo = (2™ +1)*/".

236. z(z*" + a)y” + (2*" + a — an)y), — b*z*" "1y = 0.

)b/n 7b/n.

Solution: y = C4 (:c" + V2 +a + Cs (z” + Va2 + a)

237. 2?(a*z®" — V)y!l, + z[a®(n + 1)a®" + n — 1]y}, — v(v + 1)a®n?z>"y = 0.

Solution: y=1y,(az™), where y,(z) is the general solution of the Legendre equation
2.1.2.148.

238. z%(ax™ — 1)y”_ + z(apz™ + q)y., + (arz™ + s)y = 0.
Find the roots A1, As and By, Bs of the quadratic equations
A —(q+1)A—-5=0, B*—(p—1)B+r=0

and define parameters ¢, «, 3, and vy by the relations

A+ B A+ B A — A
c=Ay, a=2t2 g At Azl
n n n
Then the solution of the original equation has the form
y = z°w(az™),

where w(€) is the general solution of the hypergeometric equation 2.1.2.158:

£ — Dwge + [(a+ B+ 1)E —ylw; + afw = 0.
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239.

240.

241.

242,

243.

244.

245.

246.

247.

248.

249.

(z™ + a)?y”, — bz 2[(b— 1)z™ + a(n — 1)]y = 0.
Particular solution: yo = (2™ + a)®/™.

(az™ 4+ b))%y’ + (az™ + b)(cx™ + d)y., + n(bc — ad)z™ 'y = 0.
cx" +d J )

Particular solution: = ex (— ——dx
Yo D / T

(z™ + a)?y” + bxz™(z™ + a)y,, — 2" 2(bz™ ! + an — a)y = 0.

Particular solution: yo = (z" + a)*/™.
(az™ 4+ b))%y + cx™(az™ + b)y), + (cz™ — anz™ ' — 1)y = 0.

Particular solution e ( / du )
: =exp(— | ————).
Yo p az" - b
z?(az™ + b)%y”_ + (n + 1)z(a’z?®" — b?)y. + cy = 0.

1 n
The substitution £ = o ln(L
n

) leads to a constant coefficient equation: ygg -
ar™ +b
b(n+2)y; +cy = 0.
(az"™ ! + bx™ + )y, + (cx™ + Bz + )y,

+ [n(a —a —an)z™ 1 + (n — 1)(B — bn)z" 2]y = 0.
(an+a —a)x™ + (bn — B)z" ! — 4

dzx|.

ax™tl 4+ bx" + ¢

Particular solution: yo = exp { /

(ax™ 4+ bx™ + )yl + (A —x)y., +y =0.

Particular solution: yg=x — A.

(az™ + bx™ + c)yy, + (A* — 2y, + (= + Ay = 0.

Particular solution: yg=x — A.

2(az™ + bx™ + )y + (anx™ "' + bma™ ')y, + dy = 0.
dzx
vazxr™ + bx™ + ¢

The substitution & = / leads to a constant coefficient equation:

2yge +dy = 0.
(az™ + b)™T1y” + (az™ + b)y), — anmz™ 'y = 0.

. . dx
Particular solution: yo =exp|— W .
ax

any;,c/m + [ZPTL + (axz + bw)Qn—Z]y; + bQn_2y = 0,
where P, = P,(z) and Q,—2 = Q,—2(x) are arbitrary polynomials of the degrees n
and n — 2, respectively.

Particular solution: yo =a+ —.
x
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2.1.3. Equations Containing Exponential Functions

1. y” +ae*®y=0, A #0.

y = 01J0<¥6/\I/2) + 021/0 (%e)\z/2>7

where Jy and Y[, are Bessel functions.

Solution:

2. y” + (ae® —b)y=0.

Solution:
y=Cily5(2Vac™?) + CoY, 5 (2v/ae’?),

where J, and Y, are Bessel functions.
3.y’ +a(Xe*® — ae?®)y = 0.

Particular solution: yg = exp(—%e”).

4. y” —[a”?e*® + a(2b+ 1)e® + b3y = 0.
Particular solution: yo = exp(ae® + bx).

5.y’ — (ae®*® 4 be*® 4 c)y = 0.

The transformation z = e**, w = 2 =¥y, where k = \/c/), leads to an equation of the

form 2.1.2.103:
N zw” + A2 (2k 4+ 1)w!, — (az + b)w = 0.
1
6. y:/z:/w + (ae4)\a: + be3)\w + Ce2>\w — zA2)y = 0.

The transformation £ = e, w = ye**/? leads to an equation of the form 2.1.2.6:

we + A% (ag® + b + c)w = 0.

7.y’ + [ae?®(ber® 4 )™ — %)\Z]y =0.
The transformation & = be*® + ¢, w = ye**/? leads to an equation of the form 2.1.2.7:

wie + a(b\)72£"w = 0.

8. ! +ay), + be***y =0.

The transformation £ = €%, u = ye*” leads to a constant coefficient linear equation:
Uge + ba=2u = 0.

9. y” —ay. +be***y=0.

The substitution £ = e%* leads to a constant coefficient equation: ygg +ba"2y = 0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Yo, + ayl, + (be** +c)y = 0.
Solution:
; 2vVb 2vb va? —4
y:e—ax/Q |:CIJV< \){_e)mc/2> +C2Yu( ;\/_e/\a:/Q)]7 U= G)\ C’
where J, and Y, are Bessel functions.

” ’ 3z 2z 1— A2
Ype — Yy T | @€ + be —I—T y=0.

The substitution z = e* leads to an equation of the form 2.1.2.116:

21 3X o, 1N
2y, + | az®t + 0277 + 1 y=0.

1— 22
yro—y.+ [aez)‘m(be)‘m +eo)" + — }y =0.
The substitution z = e leads to an equation of the form 2.1.2.117:

1—)2
4

2yl + [az”‘(bz)‘ +0)" + ]y =0.

y? + 2ae*®y’ + ae**(ae® + A)y = 0.
Solution: y = exp(—%e’\m) (C1 + Cax).

yr .+ (a+ b)e)“”y’m + ae*®(be*® + Ny = 0.

a
Particular solution: gy = exp (— Xe)‘”) .

yr .+ ae"wy:’c — bet® (e 4 bet* + u)y = 0.

b
Particular solution: yg = exp(—e”””).
I

Y+ 2ketTy’ + (ae® * 4 be® + k2e?MT 4 kuet® 4 c)y = 0.
k

The substitution w = yexp(—e‘“”) leads to an equation of the form 2.1.3.5: w?, +
W

(ae?* + be?* + c)w = 0.

Y. + ae*®yl + b(az™er® — bx*" 4+ naz" ')y = 0.

b x”“).
n+1

Particular solution: yo = exp(—

Yy’ + 2ae*®y’ + (a?e?** + are*® + bz®™ 4 cz™ 1)y = 0.

The substitution w = yexp(%e”) leads to an equation of the form 2.1.2.10: w!/ +

(bx®™ + ca™ Hw = 0.
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

y2 . — (a+ 2be®)y’. + b2e?**y = 0.

b
Particular solution: yg = exp(—e‘”).
a

Yy’ + (ae®® + Ny, — are®**y = 0.
Particular solution: yo = ae™® + Ae™?%.

Yo+ (ae?® — Ayl + be?**y = 0.

The substitution £ = e** leads to a constant coefficient linear equation: )‘ngg —&—a)\yg +
by = 0.

yr o+ (ae*® + b)y. + c(ae*® + b — c)y = 0.

Particular solution: yg = e~ .

yu .+ (a+ be”“’:)y:’c + A(a — X — be?*®)y = 0.

Particular solution: yo = be* + ae™ 2.

Yy’ + (abe*® + b — 3Ny, + a®A(b — X)e* ™y = 0.

Particular solution: yo = (ae® + 1) exp(—ae?).

Yy’ + (2ae*® — Ay, + (a%e?*® + bet*)y = 0.

This is a special case of equation 2.1.3.30.

Yy’ + (2ae*® + b)y’, + [a?e*** + a(b+ X)e** + cly = 0.

The substitution w = yexp(%e“) leads to a constant coefficient linear equation:

wli, +bwl, + cw = 0.

Yy + (ae*® + 2b — N)y. + (ce®*® 4 abe*® + b% — bA)y = 0.
The transformtion £ = %e”, w = e’y leads to a constant coefficient linear equation:

1 / —
Wi + awy +cw = 0.

y” + (ae® 4+ by’ + [c(a — c)e** + (ak + bec + ¢ — 2ck)e” + k(b — k)]y = 0.

Particular solution: gy = exp(—ce® — kx).

Ypo + (a€™® + by, + (e®® 4 Be*® + 7)y = 0.

The substitution £ = e” leads to an equation of the form 2.1.2.141:
Eyfe + (a8 + b+ 1)Ey; + (a8 + X +7)y = 0.

YL, + (206> — Ay, + (a%e?® 4 be2h® 4 coh® 4 kyy = 0.

Az

A
The substitution w = yexp(%e — Tx) leads to an equation of the form 2.1.3.5:

wll, + (be®™ + cet” + k — +2%)w = 0.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

yo .+ (2ae*® + b — ANyl + (a?e?** + abe*® + ce?#® 4 det® + k)y = 0.

b— A
The substitution w =y exp (ie)‘w + :c) leads to an equation of the form 2.1.3.5:

A

wll, + [ce® +de"” + k — L (b — N)?]w = 0.

x

y .+ (ae?® + be!*)y! + ae’®(bel® + Ny = 0.

a
Particular solution: yg = exp(fxe)‘"”).

Yoo + 2% (ae?® + b)y;, + pu[er* (b — ae?'®) — ply = 0.
Particular solution: 1o = ae’” + be™H*,
Y. + (ae>® + ber® + c)y, + (aXe ™ + buet®)y = 0.

a ., b .
Particular solution: yg = exp(—xe)‘* — —el? — cx).
1

y” + (ae*® + bel® + c)y, + [abePTWT L ace ® + buer*ly = 0.

b
Particular solution: yg = exp(——e’“” — c:v).
I

y .+ (ae*® 4 2bet™ — Ayl +
[abeP )T 1 ce2A® 1 2202 L h(p — N)eH®]y = 0.

1°. With A = 0, the equation transforms into 2.1.3.26, and with p = 0 it transfroms
into 2.1.3.27.

2°. With Au # 0, the transformation £ = %e”, w = yexp(%e“x) leads to a constant
coefficient equation: wgg + au)’E +cw = 0.

yr o+ [abeP )T 1 grer® 4 ber® — 2A]yl, + a?breGrtmzy — 0.

Particular solution: yo = (ae® + 1) exp(—ae’?).

y” + (ax + b)e*y’, — ae*®y = 0.

Particular solution: yo = ax + b.

Yoo + (aze® + 2b)y;, + (abze® — ae*® + b%)y = 0.

Particular solution: yo = xe b%,

yo .+ x(aer® + be!*)y! — (ae*® 4 ber®)y = 0.

Particular solution: yo = x.

yu. + (az™ + be**)y! + (abxz™e® + anx™ ')y = 0.

a
Particular solution: g = exp(——a:”“).
n+1
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42. y? 4+ aexp(bz™)y. + claexp(bxz™) — cly = 0.

Particular solution: yg = e~ “".

43. y2 4+ (ax + b) exp(Az™)y., — aexp(Az™)y = 0.

Particular solution: yo = ax + b.

n—1

44. y!” + ax™ exp(bx™)y. — ax exp(bxz™)y = 0.

Particular solution: yo = x.

45. zy!” — (2az? + 1)y’ + 4bz® exp(2Az?)y = 0.

Solution:
aa:2 \/E A2 \/B A2
y—eXP(T)[Cl%(Te )“’2‘%(76 )}

where J, and Y, are Bessel functions.

46. zy” + aze ™y’ + ae*®(1+ Az)y = 0.

a
Particular solution: yg =« exp(—xe/\x) .

47. zy” + aze*®y’, — [a(bz + 1)e*® + b(bx + 2)]y = 0.

Particular solution: yo = xeb®.

48. zy” + (aze*® 4+ b)y., + a(b — 1)e*y = 0.

Particular solution: g = x17°.

49. zy” + [a(bz + 1)e*® + bz — 1]y, + ab®ze*®y = 0.

Particular solution: 1y = (bz + 1)e™".

50. zy” + [(ax® + bx)e*® 4 2]y’ + be*®y = 0.

Particular solution: y9g=a+ —.
x

51. zy” + (az™ + be*®)y’ + az™ "1 (be*® + n — 1)y = 0.
Particular solution: yg = exp(—%x").
52. zy” + (aze*® + bz™)y’, + [a(bz™ — 1)e*® 4 bnz™ ]y = 0.
b
Particular solution: gy = xexp(——x”).
n
53. zy” + [(az™ + 1)e*® + anz™ + 1 — 2n]y, + a’nz?*~1e*®y = 0.
Particular solution: yo = (az™ + 1) exp(—az™).
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54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

xyl + (ae?® + bet*)y! + (arxe*® + buet®)y = 0.
Integrate to obtain a first order linear equation: xy’, + (ae® + bet* — 1)y = C.

xy! 4+ [ax™ exp(bx™) 4+ cly., + a(c — 1)z" 1 exp(bz™)y = 0.

Particular solution: yo = x'7¢.

(x + a)y, + (be?® + o)yl + bler®y = 0.

1 —c—ber
Particular solution: yo = exp < / e d:z:).
T+ a

4z?y” + [az®" exp(bz™) + 1 — n?]ly = 0.

n—1
The transformation £ = bx™, w = yx 2 leads to an equation of the form 2.1.3.1:

4w, + a(bn)~2efw = 0.

z?y” + 2axy! + [(b*e**® — v?)cz? 4+ a(a — 1)]y = 0.
Solution: y =z~ %[C1J,(be®) 4+ C2Y, (be®)], where J, and Y, are Bessel functions.

z?y” + aze*®y’ + b(ae*® —b— 1)y = 0.

Particular solution: o = x~°.

z?y” + z(ae*® 4 2b)y’ + [a(cz + b)e*® — c?z? + b(b— 1)]y = 0.

Particular solution: yo = z e,

wtyll 4+ (e —v?)y = 0.
Solution: y = z[C1J,(e'/*) 4+ CyY, (e*/*)], where J, and Y, are Bessel functions.

R G ORT
z*y,,. + |aexp| — | + bexp| — | +cly = 0.
T T

The transformation £ = 1/z, w = y/x leads to an equation of the form 2.1.3.5: wé’g +
(ae?¢ + be*t + c)w = 0.

zty” + azx?e*®y’ + [a(b — z)e” — by = 0.
Particular solution: yo = xexp(b/x).

(2 + a)?y”, + be*®(2? + a)y), — (bze** + a)y = 0.
Particular solution: 1y = V22 + a.

(™ + a)?y”_ + b(z™ + a)e*®y!, — " 2(bze*® + an — a)y = 0.

Particular solution: gy = (z" + a)l/"-
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

(az™ 4 b)%y” + c(az™ + b)e*®y’ + (ce?® — anz™~! — 1)y = 0.

. . dx
Particular solution: gy =exp|— | —— .
axr™ +b

(a?e®** + b)y” — bAy!, — a*A\?v?e? *y = 0.

Solution: y = C (ae“ +Va2e2>r +p )V 4+ Cy (aemc +Va2e2rr b)_y.

2(ae*® + b)y” + a)\e)‘“”y;3 +cy = 0.

T

The substitution £ = / leads to a constant coefficient linear equation:

dx
Vaer +b
2yl +cy=0.

(ae*® + b)y” + (ce*® + d)y!, + k[(c — ak)e*® + d — bk]y = 0.
Particular solution: yo = e~ **.
(ae® + b)y;, + (ce*® + d)y, + (ne*® + m)y = 0.

For a = 0, this is an equation of the form 2.1.3.29. For a # 0, the transformation
£ =ae*, w=yE ", where k is a root of the quadratic equation bA?k2 4+ d\k +m =0,
leads to an equation of the form 2.1.2.159:

aX*E (€ + b)wie + A[(2akX + aX + ¢)€ + a(2bkA + bA + d)wg + (ak® X + ckA +n)w = 0.

(e® + k)yl, + (ae*® + bet™ + c)y!, + (aXe*™ + bueh™ — e®)y = 0.

Integrating yields a first order linear equation:
(€® + k)l + (ae?® + be!® — e + c)y = C.

(ae*® + b)2y” + ce*®(Ab — ce**)y = 0.

Particular solution: y = (ae*® +b)*, where k = L

a\

(ae*® 4+ b)?yY, + o(ae*® + b)y), + ce** (o + A — ce*)y = 0.

Particular solution: y = (ae*® +b)*, where k = L

a\

(ae*® + b))%y, + (aXe?® + c)(ae?” + b)y., + my = 0.
dx

Th bstituti = —_—
e substitution & /ae”+b

leads to the constant coefficient linear equation:

Yee +eyp +my = 0.

(ae*® + b)%y” + ket (ae*® + b)y’ + ce*®(kel® — ce*® 4+ Ab)y = 0.

c

Particular solution: y = (ae*® +b)*, where k = -
a
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76. 4(ae*® + b)"y” + ke *(ce*® 4+ d)"* — A?(ae*® + b)"]y = 0.

The transformation
ae™® +b ye)\a:/2

= w= -
¢ cer +d ce M 4 d

leads to an equation of the form 2.1.2.7: 4w —l—kJ(A)\) 2¢=mw =0, where A = ad — bc.

77. (ae*® + bz + )y — ar?e*y = 0.

Particular solution: yo = ae™® + bz + c.

78. [(az + b)e ™ + cly” — cA?y = 0.

Particular solution: yo = ce™** + ax + b.

2.1.4. Equations Containing Hyperbolic Functions

1. 4y —(a—2qcosh2z)y =0.

The modified Mathieu equation.
The substitution = = i€ leads to the Mathieu equation 2.1.6.4:

yle + (a — 2qcos 26)y =

For eigenvalues a = a,(q) and a = b,,(q), the corresponding solutions of the modified
Mathieu equation are

Ceanyp(, ) = ceansp(iz, q) ZAZJIP cosh[(2k + p)a],

Seontp(,q) = —isesyp(iz, q) Z Bzgip sinh[(2k + p)z],

2n+p and B2 +p

2htp htp ATC indicated in

where p may be equal to 0 and 1, and coefficients A
2.1.6.4.

The modified Mathieu equation is discussed in the books by Abramowitz & Stegun
(1964) and Bateman & Erdélyi (1955, vol. 3) in more detail.

2.  y” + (acosh’z + b)y = 0.

Utilize the formula cosh 2z = 2cosh? z — 1 to obtain an equation of the form 2.1.4.1:

yro+ (% +b+ %costh)y =0.

3. y”_ — alacosh?(bz) + bsinh(bz)]y = 0.
Particular solution: gy = exp {% sinh(bx)]
4. y;:,m - a’[a’ Sinhz(b:l:) + bCOSh(biL‘)]y = 0.
Particular solution: yo = exp [% Cosh(bx)},
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10.

11.

12.

13.

yu .+ (a cosh? z + bsinh? = + c)y = 0.

Utilize the formulae 2sinh? z = cosh(2z) — 1 and 2cosh? z = cosh(2z) + 1 to yield
an equation of the form 2.1.4.1:

a—b a+b
Yoo F |5 F Ot

cosh(2z) |y = 0.

yo .+ [atanh(Ax) 4 bly = 0.

The transformation
1 — tanh(\z)

—k/A
1+ tanh(Az)’ ’

§= w=y&

where k is a root of the quadratic equation 4k? + b — a = 0, leads to an equation of
the form 2.1.2.159:

ANPE(E 4+ Dwie + 4M2k + N) (€ + Dwg + (4k% + a + b)w = 0.

y” — 4a?tanh®(3az)y = 0.

Particular solution: yo = sinh(3az)[cosh(3ax)] /3.

yu + [ax —a(a + X) tanhz()\a:)]y = 0.

Particular solution: yo = [cosh(\z)]~%/*.

Y2, + [3aX — A2 — a(a + A) tanh®*(Az)]y = 0.

Particular solution: yo = sinh(\z)[cosh(Az)]~%/*.

yu .+ [acoth(Azx) + bly = 0.

The transformation
1 — tanh(\x)

- e\ k/X
1+ tanh(Az)’ ’

§= w=y&"

where k is a root of the quadratic equation 4k* +b — a = 0, leads to an equation of
the form 2.1.2.159:

ANE(E — Dwe +4N2k + M) (€ — Dwi + (4k* + a + b)w = 0.

y” — 4a? coth®(3azx)y = 0.

Particular solution: yo = cosh(3az)[sinh(3az)] /3.

y” + [aX — a(a + A) coth’(Az)]y = 0.

Particular solution: o = [sinh(A\z)]~%/*.

y”_ + [3aX — A% — a(a + A) coth®’(Az)]y = 0.

Particular solution: gy = cosh(\z)[sinh(\z)]~%/*.
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14. y” +ay’, — A]A+ atanh(\z)]y = 0.
Particular solution: gy = cosh(A\x).

15. y” + asinh(Ax)y. + blasinh(Ax) — bly = 0.

Particular solution: yo = e~%*.

16. yZ + asinh(Ax)y, — A[X 4 cosh(Az)]y = 0.

Particular solution: yo = sinh(\x).

17. yZ 4+ acosh(Ax)y. — A[A + sinh(Azx)]y = 0.

Particular solution: yo = cosh(Az).

18. yZ +2tanhzy/ 4+ ay = 0.
Solution:

C cos(br) 4+ Cy sin(bz) ifa—1=05%>0,

ycoshx = {
C; cosh(bz) + Cysinh(br) ifa—1= —b% <0.

19. 1y 4+ atanh(Azx)y! 4 blatanh(Ax) — bly = 0.

Particular solution: gy = e~ "%,

20. y” — Atanh(Az)y/ — a? cosh’(A\z)y = 0.

Solution: y = C}exp [% sinh()\x)] + Cayexp [f% sinh()\x)].

)2m—2

21. y” —tanhzy’ + a?coth’z (sinhz y =0.

Solution:

o= R[] 0 g (ks

2m

where J, and Y, are Bessel functions.
22. y” 4+ 2tanhzy/ + (ax? + bz + c)y = 0.
The substitution v = y cosh x leads to an equation of the form 2.1.2.6:
u 4+ (ax?® +bx 4+ c— 1)u = 0.

23. y2 +2tanhzy! + (az™ + 1)y =0.

The substitution u =y cosh x leads to an equation of the form 2.1.2.7: v, +ax"u=0.

24. y” +2tanhzy! + (az®* +bz" '+ 1)y =0.

The substitution u = y cosh z leads to an equation of the form 2.1.2.10:
u 4 (ax® + bz Hu = 0.

T
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25. y” +2ncothzy! + (n? —a®)y =0, n=1, 2,3, ...

1 d " axr —axr
sinh E) (Cre™ + Coe™).

Solution: y = (

26. y” 4+ (2tanhz + a)y., + (atanhxz + b)y = 0.

The substitution v = ycoshx leads to a constant coefficient linear equation: w! . +
aul, + (b—1)u=0.

27. y” + atanh™(Az)y), — A[X + atanh™t'(Az)]y = 0.

Particular solution: yo = cosh(Azx).

28. y!” + (ax + b)sinh™(Ax)y!, — asinh™(Az)y = 0.

Particular solution: yo = ax + b.

29. y” + (ax + b)tanh™(Ax)y. — atanh™(Az)y = 0.

Particular solution: yg = ax + b.

30. y”_ + az™cosh™(Az)y!, — ax™ ! cosh™(Az)y = 0.

Particular solution: o = .

31. y” + az™tanh™(Az)y! — az™ ! tanh™ (Az)y = 0.

Particular solution: yo = x.

32. xy” + axcosh™(Ax)y. — [a(bx + 1) cosh™(Az) + b(bx + 2)]y = 0.

Particular solution: gy = zeb®.

33. zy! + axztanh™(Ax)y! — [a(bx + 1) tanh™(Ax) + b(bx + 2)]y = 0.

Particular solution: o = ze’®.

34. zy! + [axcosh™(Ax) + bly!, + a(b — 1) cosh™(Azx)y = 0.

Particular solution: yo = z' .

35. xy! + [axtanh™(Azx) + bly, + a(b — 1) tanh™(Az)y = 0.

Particular solution: gy = x17°.

36. zy! + [(axz? + bx) cosh™(Azx) + 2]y’ + bcosh™(Az)y = 0.
Particular solution: yy =a+ —.
x
37. zy” + [(axz?® 4 bx) tanh™(Az) + 2]y’ + btanh™(Az)y = 0.
Particular solution: yo =a+ —.
x
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

zy! + (asinh™ z 4+ bx™ 1)y’ + bz™(asinh™ z + m)y = 0.

Lxmﬂ).

Particular solution: yo = exp(—
m+1

xy + (atanh™ z 4 b$m+1)y; + bz™(a tanh™  + m)y = 0.

b
Particular solution: yo = exp(——xm+1>.
m+1

z?y” + ax cosh™(Az)y’, + bla cosh™(Az) — b — 1]y = 0.
Particular solution: yo =z~ °.

z?y” 4+ ax tanh™(Az)y., 4 bla tanh™(Az) — b — 1]y = 0.
Particular solution: g = x~°.

(asinhx 4 b)y” + (csinhx 4 d)y., + A[(c — a)) sinhx + d — bA]ly = 0.
Particular solution: yo = e~ *.

(atanhz 4 b)y” + (ctanhx + d)y., 4+ A[(c — aX) tanhx + d — bA]y = 0.
Particular solution: yo = e~ %,

[atanh(Az) + bly” + [ctanh(Ax) + d]y., + [ntanh(Ax) + m]y = 0.

The transformation

1+ tanh(\z)
1 —tanh(Az)’
where k is a root of the quadratic equation 4(a — b)k? + 2(c — d)k +n —m = 0, leads
to an equation of the form 2.1.2.159:

£= = y¢ A,

AN¢E[(a+b)E +b—alwfe +2M[2(2k + A) (a+b) + c+d)§ +2(2k + A) (b—a) +d — c}w}
+ [4(a + b)k* + 2(c + d)k +n + m]w = 0.

[a + bcoth(Ax)]yY + [c + dcoth(Ax)]y), + [n + mcoth(Ax)]y =
Multiply this equation by tanh(Az) to obtain the equation 2.1.4.44.

cosh?(az)y” — by = 0.

The substitution ax = In 4/ % (0 < € < 1) leads to the hypergeometric equation
2.1.2.158:

£(6 — Dyge + (26 — Dyg + a” by = 0.
sinh®(az)y” — by = 0.
_ &
Vet

E(E2 + D)y + (362 + 1)y — da~2bgy = 0.

The substitution ax = +1n (€ > 0) leads to the equation 2.1.2.177:
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48. yr. sinh® z — [a®sinh? z + n(n — 1)]y = 0, a#0; n=1,2,3,..

1 d " axr —axr
sinh z E) (Cre™ + Cae™™).

Solution: gy = sinh"” CE(

49. sinh™(Az)y”_ + [acosh™ *(Az) — A% sinh™(\z)]y = 0.
The transformation £ = tanh(Az), w

2.1.2.7 wi, + a\"2¢mw = 0.

B m leads to an equation of the form

50. cosh™(Az)y” + [asinh™ *(Az) — A% cosh™(\z)]y = 0.

Y

m leads to an equation of the form

The transformation & = coth(\x), w =

2.1.2.7: wf, + a2 "w = 0.

51. [asinh(Az) + bz + cly” — aA®sinh(Az)y = 0.

Particular solution: yo = asinh(A\z) + bz + c.

52. [acosh(Az) + bz + cly?, — aA? cosh(Az)y = 0.
Particular solution: yo = acosh(Az) + bx + c.

2.1.5. Equations Containing Logarithmic Functions

1. y” —(a*z®?In’z+alnz+a)y = 0.

Particular solution: gy = ema/4gaz’/2,
2.y’ — (aPx?®™ In®z + anz™ 'Inz + az™ 1)y = 0.
aanrl
Particular solution: yo = e Fz("+tVF  where F = ————.
(n+1)?

3. yZ +aln™(bx)y, + claln™(bx) — cly = 0.

Particular solution: yo = e~ *.

4. yZ 4+ [aln”(bx) + ]y, + acIn™(bx)y = 0.

Particular solution: yg = e~ .

5.  y” + (ax + b)In"(cx)y, —aln”(cx)y = 0.

Particular solution: yg = ax + b.

6. v’ +az™In™(bx)y, —ax™ ' In™(bx)y = 0.

Particular solution: yo = x.

7. zy’ — (a*zln’z +a)y = 0.

Particular solution: 1o = e~ **x*.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

zy” — [a*zIn*"(bz) + anln™ ' (bz)]y = 0.
Particular solution: yo = exp {a / In" (bx) dfc} .

zy! +axrlnzxy, +a(lnz+ 1)y =0.

Particular solution: gy = e®®z!79%,

zy” + (axlnz + b)y), + (ablnz 4 a)y = 0.

Particular solution: yg = ez %",

zy” 4+ (2axlnzx + 1)y, + (a’z In’z+alnzx + a)y = 0.
Solution: y = e*x~**(Cy + Cylnx).

zy” +Inz(az +b)y, + a(bln’z + 1)y = 0.

Particular solution: yg = ez~ %",

zy” + axIn™(bx)y’, + anln™ ' (bx)y = 0.

Particular solution: yo = exp {—a/ln"(bx) dx] .

zy” +axln™zy! + (aln™ z + an In" " !z)y = 0.

Particular solution: yo = xexp (—a / In" x dx).

zy” + (az"Inz + 1)y, —az™ 'y =0.

Particular solution: yo =Inx.

n—1

xy” + (axln"x + 1)y, —aln xzy =0.

Particular solution: yy =Inzx.

zy” + (axln"x +b)y, +a(b—1)In"xzy = 0.

Particular solution: gy = z17°.

zy! + [(az?® 4+ bx) In" (cz) + 2]y, + bIn" (cz)y = 0.

Particular solution: yo =a+ —.
T

zy” + (axz™ + bIn™ z)y), + ax” ' (bIn"x +n — 1)y =0.

a
Particular solution: yo = exp(——x").
n

2y, + (az™ + bz In™ z)y!, + [b(az™ — 1) In™ & + anz"" ']y = 0.

a
Particular solution: yo = xexp(——m”).
n
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21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

wzy;’w 4+ (alnz +b)y = 0.

The transformation { = alnz +b— 4, w = yz~/2 leads to an equation of the form
2.1.2.7: wgg +a 2w =0.

mzy;’w + (aln2 z+blnx+c)y =0.

The transformation ¢ = Inz, w = yz~ /2 leads to an equation of the form 2.1.2.6:
w’g’f + (a€? + b€ +c— %)w =0.

z?y” + [a(blnz + )" + L]y = 0.

The transformation € = blnz + ¢, w = yz~'/? leads to an equation of the form 2.1.2.7:
wéfg +ab 2"w =0.

z?y” + zy! + aln"™(bx)y = 0.

Solution:

y = \/In(ba) [ogﬁ (% 1nm(bx)> FOY (% lnm(bx)ﬂ :

2m

where m = +(n +2); J, and Y, are Bessel functions.

a2y 4+ zy, + (aln® z +bIn" "1 z)y = 0.

The substitution £ = Inz leads to an equation of the form 2.1.2.10: yé’g + (a&® +
bE"_l)y =0.

z2y” +x(2alnz + 1)y, + (22 + a®In®z + b)y = 0.

The substitution y = w exp(—+a In? ) leads to the Bessel equation 2.1.2.121: wag’g +
awg + (2% +b — a)w = 0.

z?y"” +z(2lnz+a+ 1)y, + (n’z+alnz +b)y = 0.

The transformation £ =Inzx, w = yexp(% In? x) leads to a constant coefficient equa-
tion: wg, + aw; + (b — L)w = 0.

z2y"” +x(2lnz +a)y,, + [In’z+ (a — 1) Inz + bz" + cly = 0.

The substitution w = yexp(+ In? ) leads to an equation of the form 2.1.2.127:

22wl + azw!, + (ba™ + ¢ — 1w = 0.

z?y” + axIn"(bx)y., + claIn™(bx) — c — 1]y = 0.

Particular solution: yp =z~ ¢.

z?y” + x(az™ + blnz)y, + b(az™Inz — Inxz + 1)y = 0.

b
Particular solution: yo = exp(—; In? x)

© 1995 by CRC Press, Inc.



31. z(xz+a)y., +xz(blnz 4 c)y, + by = 0.

bl -1
Particular solution: yo = exp(— / omrteml dx).
r+a

32. z%y” + az?In"(bx)y), + [a(c — z) In"(bx) — c*|y = 0.

c
Particular solution: yo ==« exp(—) .
x

33. (alnz+b)y” + (clnz+ d)y, + A[(c —aX)Inz 4 d — bA]y = 0.

Particular solution: yo = e **.

34. zlnzy!” —ny, —a’z(lnz)®tly =0.

Solution: y = Cre®" + Cye™*F, where F = /ln"a:dx.

35. zln(az)y”, — [nln(az) + mly), — b2z?"*+1 In*" ' (az)y = 0.

Solution: y = C1e®t" + Cre™ b where F = /m” In™ (az) dz.

36. z?In(ax)y” +y=0.

Solution: y = CyIn(az) + CeIn(ax) /[1H(QI)}72 dz.

37. wlnzwy;'m + (ax +1)Inzy) + bxy = 0.

dx
The substitution & = / oo leads to a constant coefficient linear equation: yg, +
nx 6
ay; +by = 0.

38. z(axlnz+ bx + c)yl —ay =0.

Particular solution: yo = axlnx + bx + c.

39. z%(alnz + bx + o)y +ay=0.

Particular solution: yg=alnz + bz + c.

40. In"(az)y” + (b* —z?)y. + (x + b)y = 0.

Particular solution: yo =x —b.

2.1.6. Equations Containing Trigonometric Functions

1.  y” + a®y = bsin(Ax).

Solution:

. Cy sin(az) + Cs cos(ax) + e sin(Ax) if a # A,

Cy sin(ax) 4+ Cy cos(ax) — v cos(ax) ifa= M\
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TABLE 2.6
The general solution of the Mathieu equation expressed in
terms of subsidiary periodical functions ¢ (z) and @3(x).

Constraint General solution y = y(x) Period of Index
w1 and @9
yr(m) > 1 C1e*M% () + Coe 2% py (x) ™ 1 is a real number
= 1, i2 = —1
-1 2pzx —2px n=p+ 5l 1
ba(m) < Cre® (@) +Coe ?2(2) 2n p is imaginary part of u
. 1 =1v is a pure

|y ()| < 1 —éf’écos Ve +_Cé,sn.1 Vx)<)p1(9<c)) T imaginary number,

1 cosvx —Cosinvr)ps(x cos(2m) = yr ()
yi(m) ==£1 Crp1(2) + Cozpa () ™ p="0

Yy + a’y = bcos(Ax).

Solution:

Cy sin(ax) 4+ Cy cos(ax) + cos(Ax) if a # A,

b
a2 — \2
Y= b
Cy sin(ax) + Cy cos(ax) + 20" sin(ax) ifa= A\

yo .+ [asin(Ax) + bly = 0.
The substitution Az = 2§ + 5 leads to the Mathieu equation 2.1.6.4:

Yee + (4aX™2 cos 26 + DA%y = 0.

yu .+ (a — 2qcos2z)y = 0.
The Mathieu equation.

1°. Given numbers a and g, there exists the general solution y(z) and a characteristic
index p such that

Ty ().

For small values of ¢, the approximate value of y can be found from the equation

yle+m) =e

cosh(mp) = 1+ 2sin®(Z\/a) + sin(my/a) + O(g*).

(1-a)Va

If y1 (x) is the solution of the Mathieu equation, which satisfies the initial conditions
y1(0) =1 and y}(0) = 0, the characteristic index can be determined from the relation

cosh(2mp) = y1 (7).

The solution y;(x) and hence p can be determined with any degree of accuracy by
means of numerical and approximate methods.

The general solution differs depending on the value of y;(7) and can be expressed
in terms of two subsidiary periodical functions o1 (x) and ps(x) (see Table 2.6).
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TABLE 2.6a

Periodical solutions of the Mathieu equation ce,, = ce,(x,q) and
se, = se,(x,q) (for odd n, functions ce,, and se,, are 2w-periodical,
and for even n, they are m-periodical); definite eigenvalues
a = an(q) and b = b, (q) correspond to each value of parameter q.

Mathieu functions Recurrence relations Normalization
for coefficients conditions
2n 2n o0
qA" = a2, AY"; 2n\2 2n \2
i A2n_(a _4)A2n_2 A2n (AO ) +Z(A2m)
CQQnZZ A m, COS 2mx 24 = G2n 2 ) q20 m=0
m=0 qA3, o = (asn, —4m?) A3, 2 ifn=0
—qA3n, 5, m>2 11 ifn>1
o A27L+1 (a2n+1 _ )A2n+1, o
2n+1 2n+1
Ce2n+1 :Z A :lntrl cos(2m+1)z Aﬁﬁfg [a2r2L+11—(2m+1) ]Aiﬁiﬂ Z (A27nj—1) =1
m=0 A2::1+ Loom > 1 m=0
B2 = (by, —4)B3"
Sean = Z B2" sin 2ma, 4 (b2n—4) > B2ny2 _
m—0 qum+2 j (b2n74m )B2m Z ( -
seg=0 —qByy,_ 5, m=>2 m=0
BQn-l—l (b2n+1 _ )B2n+1, -
2n+1 2 +1
S€2n+1 —Z Bt sin(2m+1)x BSZ;{@, [b2n+1—(2m+1) ]ngiﬁ Z (Bamih)?
- quthll’ m>1 m=0

2°. In applications, of major interest are periodical solutions of the Mathieu equation
which exist for definite values of parameters a and ¢ (those values of a are referred to
as eigenvalues). The most important solutions are listed in Table 2.6a.

The Mathieu functions possess the following properties:

T
C62n+1($, —CI) = (—1)n S€an+41 (7 -, Q>a

s
) —Q) = (_1)n Cean 41 (5 -, Q>~

—q)=(-1)" cezn(% —x, q),

_ s
sean (v, —q) = (=1)" " se2n (3 =2, q), seanti(@

cean (z,

Selecting sufficiently large number m and omitting the term with the maximum num-
ber in the recurrence relations (indicated in Table 2.6a), we can obtain approximate
relations for eigenvalues a,, (or b,) with respect to parameter g. Then, equating
the determinant of the corresponding homogeneous linear system of equations for
coefficients A", (or BT,) to zero, we obtain an algebraic equation for finding a,(q)

(or bn(q))-

For fixed real q # 0, eigenvalues a,, and b,, are all real and different, while

if ¢g>0 then ag<b <a; <by<ag<---
if g<0 then ag<a; <b <by<as<az<by<by<---

The eigenvalues possess the properties

azn(—q) = a2n(q), ban(—q) = b2n(q), a2nt1(—q) = bant1(q).
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10.

The solution of the Mathieu equation corresponding to eigenvalue a,, (or b,) has
n zeros on the interval 0 < z < 7 (¢ is a real number).

Listed below are two leading terms of asymptotic expansions of the Mathieu func-
tions ce,(z,q) and se,(z,q), as well as of the corresponding eigenvalues a,(q) and
ba(g), as g — 0:

1 q ¢ | 7q!
= —(1-Lcos2 ) -4, 9.
cep \/5( 5 cos 2x ag 5 + 193

cep = CosT — %COSS%, a1 =1+gq;

q cos 4x 5q>
— cos 2 —(1— ) —44 22
ceg = cos2x + 1 3 as + 2
g [cos(n+2)x  cos(n —2)x q*
cen:cosnx+z{ 7(1+1) - 1(1_1) }, a":n2+2(n2—1) (n > 3);
se1:sinx—%sin3x, by =1-gq;
, sin 4z 2
sex = sin2x —¢q 5 b2:4f(1]—2;
) q [sin(n+2)z  sin(n—2)z 9 q?
n = - — - , by = —_— >3).
se sin nz 4[ 1 m— n +2(n2—1) (n>3)

The Mathieu functions are discussed in the books by Abramowitz & Stegun (1964)
and Bateman & Erdélyi (1955, vol. 3) in more detail.

y” + (asin®z + b)y = 0.

Utilizing the formula 2sin® z = 1 — cos 2z, we obtain the Mathieu equation 2.1.6.4:
Yl + ($a+b— +acos2z)y =0.

y” + (acos®*z + b)y = 0.

Utilizing the formula 2cos?z = 1 + cos 2z, we obtain the Mathieu equation 2.1.6.4:
Yl + (2a+b— Ltacos2z)y =0.

y;:,m - a[a Sinz(be) + bCOS(b{L‘)]’y = 0.

Particular solution: yo = exp [—% cos(bx)]

Y, — alacos?(bx) + bsin(bz)]y = 0.

Particular solution: yo = exp [—% sin(bx)]

Yy’ 4+ a[A + (A — a) tan?*(Az)]y = 0.
Particular solution: gy = [cos(Az)]*/*.
yo .+ (a tan? z + b)y = 0.

The transformation ¢ = sin?z, w = ycos™ x, where m is a root of the quadratic
equation m? +m + a = 0 leads to the hypergeometric equation 2.1.2.158:

m

€€ — Dwge +[(1—m)§ — %]wé - +(m+bw=0.
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11. yo +a[A+ (A —a) cot?(Azx)]y = 0.

Particular solution: o = [sin(Az)]%/*.

12. y” + (acot®*z + b)y = 0.
The substitution x = £ + & leads to the equation 2.1.6.10: yg’g + (atan®z + b)y = 0.

13. y” + asin(bz)y’, + claz™sin(bz) — cz®*” + nz™ ]y = 0.

:E”H).

Particular solution: yo = exp<f
n+1

14. y2” + (asinz + b)y! + a(bsinz 4 cosz)y = 0.
Particular solution: yo = exp(acosx).

15. gy + asin™(bx)y., + clasin”(bx) — c]y = 0.

Particular solution: yo = e~ *.

16. yZ + [asin™(bx) + ]y, + acsin™(bx)y = 0.

Particular solution: yg = e~ .

17. y2”_ + (asin” x + bsinz)y’, + b(a sin”t! z + cos x)y = 0.

Particular solution: yo = exp(bcosx).

18. y” + (ax + b)sin™(cx)y., — asin™(cx)y = 0.

Particular solution: yo = ax + b.

19. y2” + ax™sin™(bx)y), — ax™ 'sin™(bx)y = 0.

Particular solution: yo = x.

20. y”_ + az™sin™(bx)y), + claz™T* sin™ (bx) — cz?* + kak~ 1]y = 0.

C
).

Particular solution: 4o = (—
articular soifution yQ exp k—|—1

21. y” + (acosz+b)y., + a(bcosz —sinx)y = 0.

Particular solution: yo = exp(—asinz).

22. y” + acos™(bx)y. + clacos™(bx) — cly = 0.

Particular solution: yg = e~ .

23. y” + lacos™(bx) + c]y., + accos™(bx)y = 0.

Particular solution: yg=e

24. y” + (acos™zx + beosz)y!, + b(acos™t! z —sinz)y = 0.

Particular solution: yo = exp(—bsinz).
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25. y2 + (ax + b) cos™(cx)y,, — acos™(cx)y = 0.

Particular solution: yg = ax + b.

26. y” + ax™cos™(bx)y!, — ax™ ! cos™(bx)y = 0.
Particular solution: yg = x.

27. y” + az™ cos™(bz)y’, + claz™T* cos™ (bx) — cx?* + kzF~ 1]y = 0.
Particular solution: g = exp(—%_i_lxk“).

28. y2 + (a— A)tan(Ax)y, + aly = 0.

Particular solution: gy = [cos(Az)]*/*.

29. y” +atanzy, + by =0.
1°. The substitution £ = sinz leads to an equation of the form 2.1.2.155:

(€% = 1)yle + (1 — a)éy; — by = 0.

2°. Solution with a = —2:

{ Cy sin(kzx) + Cy cos(kx) ifb+1=4k%>0,
COSX =
Y Cy sinh(kz) + Cy cosh(kz) ifb+1= —k2 < 0.

3°. Solution with a =2, b= 3:

y = Cycos®z + Cysinz(1 + 2cos” x).

30. y” +ntanzy) + a®*(cosz)?*"y = 0.

Solution: y = C4 sin(au) + Cs cos(au), where u = [ cos” z dz.
31. y” +tanzy) + a®cos® z(sinz)?* 2y = 0.
Solution:

2n 2n

y = Vsinz [C’lJL (% sin™ m) +C2Y 1 (% sin™ x)} )
where J, and Y, are Bessel functions.

32. y’ +atanxzy + (btan® z + c)y = 0.

This is a special case of equation 2.1.6.55.

33. y/ +tanzy! —a(a—1)cot?’zy =0.

Solution:
{Cl|sinx|“—l—Cgsinx1_a if a # %,

VIsinz| (Cy + Coln|sinz|) ifa= 4.
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34. y” —2Xtan(Ax)y, + (axz? + bz + c)y = 0.

The substitution u = y cos(Az) leads to an equation of the form 2.1.2.6:
ull, + (ax® 4+ bx + ¢+ X?)u = 0.

35. yZ” —2Xtan(Az)y., + (ax®* + bz"~! — A%)y = 0.
The substitution u = y cos(Ax) leads to an equation of the form 2.1.2.10:

ull . + (az®™ + ba""u = 0.

T

36. y2 + atan™(bx)y. + clatan™(bx) — cly = 0.

Particular solution: yg = e~ .

37. y” + atan™(Az)y), + blatan™t!(Az) + (A — b) tan®*(Az) + Aly = 0.

Particular solution: yo = [cos(Az)]*/*.

38. y/ +atan"zy. + (a tan"tlz — atan™ "'z 4+ 4)y = 0.

Particular solution: gy = sinx cos z.

39. y2” + [atan™(bx) + cly), + actan™(bx)y = 0.

Particular solution: yg=e"

40. y +tanz(atan™xz 4+ b — 1)y, + (ab tan™t2 z — atan™ = + 2b + 2)y = 0.

Particular solution: yo = sin z cos® z.

41. y!” + (ax 4 b)tan™(cx)y), — atan™(cx)y = 0.

Particular solution: yo = ax + b.

42. y” 4+ az™tan™(bx)y. — ax™ ' tan™(bz)y = 0.
Particular solution: yo = x.
43. y” + az™tan™(bz)y., + claz™t* tan™(bz) — cx?* + ka*~1]y = 0.

C
Particular solution: yo = (—— ’““).
articular sofution Yo exp k1 T

44. y! H4cotzy, +v(v+1)y=0.
The substitution £ = cosz leads to the Legendre equation 2.1.2.148:

(€2 — Dyge + 28y —v(v +1)y =0,

45. y” + 2acot(az)y), + (b®> — a®)y = 0.

cos(bx)

Particular solution: yo = ——.
sin(ax)
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46. y2 4 (A —a)cot(Ax)y, + aly = 0.

Particular solution: yo = [sin(A\z)]%/*.

47. y! + acot(Ax)y. + by = 0.
The substitution £ = Az + 5 leads to an equation of the form 2.1.6.29:

ygf —axt tanﬁyé +bA" 2y =0.
48. y” — 2acot(2ax)y’, — b?sin’(2azx)y = 0.
b b
Solution: y = Cyexp {— sin? (aa:)] + Cyexp [—— sin? (ax)} .
a a

49. y'm'm — ncot .’Ily'm + a2(sin ac)2"y =0.

Solution: y = C; sin(au) + Cs cos(au), where u = [ sin” z dx.

50. y”_ —2cot(2z)y), +atan’zy =0.
The substitution £ = cos x leads to the Euler equation 2.1.2.118: §2yé’£ — §yé +ay=0.

51. y” + acot(Az)y’, + bA + (A — a — b) cot?(Azx)]y = 0.

Particular solution: o = [sin(Az)]%/*.

52. y! +acotxy. + (bcot?>x 4+ c)y = 0.

This is a special case of equation 2.1.6.55.

53. y” + 2Xcot(Ax)y. + (ax? 4+ bx + c)y = 0.
The substitution u = ysin(Az) leads to 2.1.2.6: v/, + (az? + bz + c + A?)u = 0.

54. y” 4+ 2Xcot(Ax)y., + (az®* + bz~ — A%)y = 0.
The substitution u = ysin(\z) leads to 2.1.2.10: v”, + (az** + bx" 1)u = 0.

55. y” + (atanz + bceotx)y, + (a tan?x + Bcot’x + )y = 0.

m

The transformation ¢ = sin® x, y = wsin” x cos™ x, where n and m are roots of the

quadratic equations
n?>+(b-1)n+p=0, m? — (a+1)m+a =0,
leads to the hypergeometric equation 2.1.2.158:

46 (€= wie +2[(2n+2m+-24b—a) —2n—b—1|wg +(2nm-+n+m+bm—an—v)w=0.

56. y! + acot™(bx)y! + c[acot™(bx) — cly = 0.

Particular solution: gy = e~ ".
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57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

y;:,:c + [a COtn(b:L') + C]y; —|— ac COtn(b:l:)y = 0.

Particular solution: yg = e “".

yu . + (ax + b) cot™ (cx)y., — acot™(cz)y = 0.

Particular solution: yo = ax + b.

y” + ax™ cot™(bx)y., — ax™ ! cot™(bx)y = 0.

Particular solution: o = .

y” + az™ cot™(bz)y), + claz™* cot™ (bzx) — cx?* + kxk~ 1]y = 0.

c
—xk+1).

Particular solution: yo = exp(— P

zy!_ + [(az? + bx) sin™ (cz) + 2]y’ + bsin™(cx)y = 0.

Particular solution: yy =a+ —.
x

zy” + (az™T! + bsin™ )y’ + az™(bsin™ z + n)y = 0.

x”+1).

Particular solution: yg = exp(—
n+1

zy! + (az™ + brsin™ x)y, + [b(az™ — 1) sin™ = + anz™ ']y = 0.
Particular solution: yo = xexp(fix").
n

zy! + ax™sin™ (bx)y,, — [a(cz + 1)z™ ' sin™(bx) + c*z + 2c]y = 0.

Particular solution: yg = xze”.

zy” + [az™ sin™ (bx) + ]y, + a(c — 1)z™ ' sin™ (bz)y = 0.

Particular solution: yo = '~ ¢.

zy!  + ax cos™(bx)y, — [a(cx + 1) cos™(bx) + c*x + 2c]y = 0.
Particular solution: yo = ze*.
zy” + [(az?® + bx) cos™(cz) + 2]y’ + bcos™(cx)y = 0.

Particular solution: yo =a+ —.
x

zy” + (az™t! 4 becos™ z)y’, + az™(bcos™ x + n)y = 0.
Particular solution: yo = exp(—Lx”H).
n+1

zy! + [az™ cos™(bx) + ]y, + a(c — 1)z™ ! cos™ (bx)y = 0.

Particular solution: yo = !¢
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70.

71.

72.

73.

74.

75.

76.

e

78.

79.

80.

81.

zy! + (az™ + bx cos™ x)y, + [b(axz™ — 1) cos™ x + anz™ ']y = 0.
Particular solution: yo = xexp(fix”).
n
xyl  — 2Xxtan(Ax)y., + (ax 4+ b)y = 0.
The substitution u = y cos(Az) leads to an equation of the form 2.1.2.59:

zul 4+ [(a+ Az + blu = 0.

zy! + axtan™(bx)y! — [a(cx + 1) tan™(bx) + c*x + 2c]y = 0.
Particular solution: yo = ze*.
zy! + [(az? + bx) tan™(cz) + 2]y, + btan™(cz)y = 0.

Particular solution: yy =a+ —.
x

zy! + (az™t! + btan™ z)y’, + az™(btan™ x + n)y = 0.

a
Particular solution: yo = exp(——:r"“).
n+1

zy” + (az™ + bz tan™ x)y’, + [b(az™ — 1) tan™ = + anz™ ]y = 0.
Particular solution: gy = xexp(—ix”).
n

zy! + [az™ tan™ (bx) + ]y, + a(c — 1)z™ ! tan™ (bx)y = 0.

Particular solution: yo = '7¢.

xyl + 2z cot(Ax)y., + (ax 4 b)y = 0.
The substitution u = ysin(Az) leads to an equation of the form 2.1.2.59:

zul 4+ [(a+ Az + blu = 0.

zy! + ax cot™(bx)y., — [a(cx + 1) cot™(bx) + c*x + 2c]y = 0.
Particular solution: yo = ze*.
zy!” + (az™T! + beot™ )y’ + az™(bcot™ x + n)y = 0.

a
Particular solution: g = exp(——a:”“).
n+1

zy! + (az™ + bz cot™ x)y’, + [b(az™ — 1) cot™ = + anz™ ]y = 0.
Particular solution: yg = :cexp(fgx”).
n

zy! + [az™ cot™(bx) + c]y., + a(c — 1)x™ ! cot™(bz)y = 0.

Particular solution: yo = '~ ¢.
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82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

z?y” + xz(asinz + 1)y), + b(asin™ ¢ — b)y = 0.

Particular solution: o = z~°.

z?y” 4+ z(asin™ z + b)y’, + b(asin™ x — 1)y = 0.

Particular solution: yo = z~°.

z2y” + ax™sin™ (bx)y), + c[axz™ ' sin™(bz) —c — 1]y = 0.

Particular solution: g =z~ °.

a2y + x(acos™x + 1)y’, + b(acos™ x — b)y = 0.

Particular solution: yo = x

wzy;/w + z(acos™x + b)y., + b(acos™z — 1)y = 0.

Particular solution: 1o = z~°.

z2y” + az™ cos™(bx)y’, + clax™ ! cos™(bx) — c — 1]y = 0.

Particular solution: yo = z~¢.

22y — 2Xz? tan(Az)y!, + (ax? + bz + c)y = 0.
The substitution u = y cos(Az) leads to an equation of the form 2.1.2.110:

22u!l + [(a + N2z + bz + cJu = 0.

z?y!” + x(1 — 2ztanz)y), — (xtanz + v?)y = 0.
Solution: ycosx = C1J,(x) + CoY,(x), where J, and Y, are Bessel functions.

z?y! — x(2ztanz + k)y’, + (ax® 4+ bx + ¢ + kx tanz)y = 0.

The substitution v = y cosz leads to an equation of the form 2.1.2.126:

2?ull, — kaul, + [(a + 1)x? + bx + cJu = 0.

T

z?y” +z(atan™z + 1)y’ + b(atan™ z — b)y = 0.

Particular solution: yo = z°.

w2y,w/m + z(atan™ x + b)y., + b(atan™ z — 1)y = 0.

Particular solution: yo = z~°.

z?y” + ax™ tan™(bx)y., + claxz™ ! tan™ (bx) — c — 1]y = 0.

Particular solution: yg = x~°.

z?y” + 2Xz? cot(Ax)y!, + (az? + bx + c)y = 0.
The substitution u = ysin(Az) leads to an equation of the form 2.1.2.110:

2?ull, + [(a + X2)2? + bx + cJu = 0.
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95. wzy;’w + z(2z cotx + k)y., + (ax? 4+ bx + ¢ + kx cot )y = 0.

The substitution v = ysin z leads to an equation of the form 2.1.2.126:

22u 4 kaul, + [(a 4+ 1D)a® +bx + cJu = 0.

rxr

96. xz?y” + xz(acot™x + 1)y, + b(acot™xz —b)y = 0.

Particular solution: o = x~°.

97. 2%y’ + xz(acot™z + by’ + blacot™ x — 1)y = 0.

Particular solution: g = 7.

98. z%y” + az™cot™(bx)y., + clax™ ' cot™(bx) —c— 1]y = 0.

Particular solution: yo =z~ ¢.

(A
99. a:4y;’m + |asin| — | + by = 0.
T
The transformation £ = 1/x, w = y/x leads to an equation of the form 2.1.6.3:

wee + [asin(AE) + blw = 0.

100. z*y” + az?sin"(bx)y), + [a(c — x) sin™ (bx) — c?|ly = 0.

C
Particular solution: gy =« exp(—) .
x

101. z*y” + ax?cos™(bx)y), + [a(c — ) cos™(bx) — *|y = 0.

c
Particular solution: yo =« exp(—) .
x

102. z*y” + az?tan™(bx)y’ + [a(c — =) tan™(bz) — 2]y = 0.

c
Particular solution: yo =« exp(—) .
x

103. =%y + axz?cot™(bx)y’, + [a(c — x) cot™(bx) — 2]y = 0.

¢
Particular solution: yg =« exp(—) .
x

104. sin(2z)y” — v’ + 2a*sin’zy = 0.
Solution: y = C; sin(au) + Cs cos(au), where u = [ Vtanz dz.

105. sin(2z)y” — 2ny’, + 2a?sin® z(tanz)?" 1y = 0.

Solution: y = Ci sin(au) + C5 cos(au), where u = [ tan™ z dx.

106. sinxy! +cosxzy!, +v(v+ 1)sinxzy = 0.
The substitution £ = cos x leads to the Legendre equation 2.1.2.148:

(1 - &)yl — 26y +v(v+ 1)y = 0.
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107.

108.

109.

110.

111.

112.

113.

114.

115.

sinzy” + (2n+1)coszy., + (v —n)(v+n+1)sinzy =0,
where v is an arbitrary number, n is a positive integer.

The substitution £ = cosz leads to an equation of the form 2.1.2.148:

(& = Dyde +2n+Déye + (n—v)(v+n+1)y =0.

sin®zy” +ay = 0.

This is a special case of equation 2.1.6.110.

Sin2 xy:/c/ac - [a Sin2 z+ ’I’L(’I’L - 1)]:’/ =0, n=1, 2, 3, .
1 d\n
Solution: y = sin" $( - —) (0161\/5 + Cze_z‘/a).
sinx dx

sin? x yo + (a sin? z + b)y = 0.

Set x = 2¢. Utilizing the trigonometric formulae sin 26 =2sin cos € and b= b(sin2 &+
cos? £)? and dividing both sides of the equation by sin’ x, we arrive at an equation of
the form 2.1.6.55:

Yie + (btan? € +beot? € + 4a + 2b)y = 0.

sinzy”_ — {[(a®b?® — (a + 1)?]sin’ z + a(a + 1)bsin 2z + a(a — 1)}y = 0.

b

Particular solution: yo = e***sin® x (cosx + bsinx).

sin? z yo +sinxcoszy, + [v(v+1) sin?z — n?ly =0,

where v is an arbitrary number, n is a nonnegative integer.

The transformation £ = cosx, y = wsin™ x leads to an equation of the form 2.1.2.149:

(€2 — Dwge +2(n + 1)éwg + (n —v)(n+v + Lw = 0.

sin?zy” + sinz(acosz + b)y’, + (acos®>xz + Bcosz +v)y = 0.
Set = = 2£. Utilizing the trigonometric formulae

sin(2€) = 2sin€cos€, cos(2€) = cos? € —sin?€, b= b(sin® & + cos? €),
B = Bsin € +cos?€), v =(sin €+ cosE)?,

and dividing all the terms by sin® z, we arrive at an equation of the form 2.1.6.55:

ygg—i— [(b—a) tan £+ (b+a) cot §]yé+[(a—ﬁ+’y) tan? £+ (a+B+7) cot? £4-2y—2a)y = 0.

cos?zy” —lacos®’z+ n(n—1)y=0, n=1, 2,3, ...

d " ry/a —I\/a
COS T %> (C’le \/_+026 \/_)

Solution: y = cos” 3:(

cos?zy!” + (acos®*z + b)y =0.
The substitution z = ¢ + 4 leads to 2.1.6.110: sin” £ y/, + (asin®& + b)y = 0.
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116. cos®zy!” + asin(2z)y’, + [bcos(2z) + cly = 0.
Dividing the equation by cos? z and utilizing the formulae

2 2

r—sin?z, ¢= c(sin®z + cos?

sin(2z) = 2sinz cosx, cos(2x) = cos x),

we obtain an equation of the form 2.1.6.55:

Yl +2atanzyl + [(c —b)tan®x + b+ cJy = 0.

117. cos?*(az)y”, + (n — 1)asin(2az)y’, + na?[(n — 1) sin?(azx) + cos?(azx)]y = 0.

Particular solution: yo = cos”(ax).

118. cos? xyl +cosxz(asinz + b)y, + (a sin? z 4+ Bsinz + ¥)y = 0.

The substitution z = £ + % leads to an equation of the form 2.1.6.113: sin® §yie —
sin € (acos & + b)yé + (acos? &+ Beosé+ )y = 0.

119. sinxz cos? x Yy + cosz(a sin? x + b)y! + csinzy = 0.

1°. Dividing the equation by sinz cos?z and assuming b = b(singx + cos?x), ¢ =

c(sin® z 4 cos? ), we obtain the equation 2.1.6.55:
Y+ [(a+Db)tanx + beot x)yl, + c(tan® z + 1)y = 0.

2°. Particular solutions:

yo = cos® x for c=a(b+1),
Yo = tan' Pz forc=(a+2)(b—1),

yo = sin’ Pz cos®™ "z forc=2(a+b-1).
120. sinz cos?zy”_ + cosz(a sin? z — 1)y, +b sinfzy = 0.
Solution: y = Cj(cosz)* 4 Cy(cosz)*2, where k; and ky are the roots of the

quadratic equation k? — ak +b = 0.

121. sin®z cos2 z y’ + (a sin® « + bcos? x 4 csin® z cos? z)y = 0.

Dividing the equation by sin? z cos? z and assuming a = a(sin2 xr+cos?z), b= b(51112 T+

cos? x), we arrive at the equation 2.1.6.55:

Yl + (atan®z +beot’> x +a+ b+ c)y = 0.

122. [asin(Az) + bz + cly”, + aA?sin(Az)y = 0.

Particular solution: yo = asin(Az) + bx + c.

123. [acos(Az) + bz + c]y”, + aX? cos(Azx)y = 0.

Particular solution: yg = acos(Az) + bz + c.

124. sin"(az)yl, + (z* — b))y, — (x + b)y = 0.

Particular solution: yo =x —b.
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125. sin™(Az)y”, + [A?sin”(Az) + a cos™ *(Az)]y = 0.

Y

———— leads to an equation of the form 2.1.2.7:
cos(Az)

The transformation £ =tan(A\z), w =

wie + aA™2¢ " w = 0.

126. (asin™ x 4+ b))y + (csin” xz 4+ d)y., + A[(c — aX) sin™ x + d — bA]ly = 0.

Particular solution: yo = e M.

127. cos™(Az)y” + [A? cos™(Az) + asin™ *(Az)]y = 0.

The substitution Az = 5 — A{ leads to an equation of the form 2.1.6.125.

128. cos™(ax)yl, + (z* — b*)y,, — (x + b)y = 0.

Particular solution: 1y =x —b.

129. (acos™x + b)y 4+ (ccos™x + d)y!, + A[(c — aX) cos™ xz + d — bA]y = 0.
Particular solution: yo = e~ %,

130. (atan™z 4 b)yY + (cx + d)y,, —cy = 0.

Particular solution: yg = cx + d.

131. (atan™ z 4 b)y! + (ctan™ x + d)y., + A[(c — aX) tan™ x + d — bA]y = 0.
Particular solution: yo = e *.
132. (acot™x 4 b))y + (ccot™ xz + d)y., + A[(c — aX)cot™ z + d — bA]y = 0.

Particular solution: gy = e~ %,

2.1.7. Equations Containing Inverse Trigonometric Functions

1. yo .+ (ax + b+ carcsinx)y’, + [c(ax + b) arcsinz + aly = 0.

1

Particular solution: yo = exp(—+4axz? — bzx).

2.  yZ” + b(arcsinz)™y. + c[b(arcsinz)™ — cly = 0.

Particular solution: yg=e"

3. y” +b(arcsinz)™y’ + a[bx™ (arcsinz)™ — az®*™ + maz™ )y = 0.
Particular solution: yg = exp(f a4 xm+1).
m+1

4. y? + (ax + b)(arcsinx)™y! — a(arcsinz)™y = 0.

Particular solution: yo = ax + b.
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5. yl. + ax™(arcsinxz)™y, — ax™ ' (arcsinz)™y = 0.

Particular solution: yo = x.

6. y + (ax + b+ carccosx)y’, + [c(ax + b) arccos « + a]y = 0.

Particular solution: y = exp(—+az? — bz).

7. yl. + b(arccosx)™y. + c[b(arccosx)™ — c]y = 0.

Particular solution: yg = e “".

8. y” 4+ b(arccosz)™y’ + albz™ (arccosx)™ — ax®™ + ma™ ]y = 0.
Particular solution: gy = exp(fomH).
m+1
9. y” + (ax+ b)(arccosx)™y! — a(arccosxz)™y = 0.

Particular solution: yo = ax + b.

10. 4y + az™(arccosz)™y. — ax™ !(arccos )™y = 0.

Particular solution: yo = x.

11. yZ” + (ax + b+ carctanz)y), + [c(ax + b) arctanx + aly = 0.

Particular solution: yo = exp(—+az? — bx).

12. yZ” + b(arctanx)™y! + c[b(arctanz)™ — c]y = 0.

Particular solution: gy = e~ *.

13. y” + b(arctanz)™y’ + a[bx™ (arctanz)” — ax?®™ + mz™ ']y = 0.

a
an-{-l) .

Particular solution: yo = exp(—
m+1

14. y” + (ax + b)(arctanz)™y’! — a(arctanz)™y = 0.

Particular solution: yg = ax + b.

15. y2 + axz™(arctanz)™y! — ax™ '(arctanx)™y = 0.

Particular solution: yo = x.

16. yZ_ + (ax + b+ carccot x)y., + [c(ax + b) arccot x + a]y = 0.

Particular solution: yo = exp(—+4az? — bz).

17. yZ 4+ b(arccot x)"y’ 4+ c[b(arccot )™ — cly = 0.

Particular solution: yg = e~ “".

18. y” + b(arccot )™y’ + a[bxz™ (arccot )™ — az®*™ + maz™ ]y = 0.

a
—ijH).

Particular solution: yo = exp(—
m+1
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19. yZ” + (ax 4+ b)(arccot x)"y. — a(arccot x)”y = 0.

Particular solution: yo = ax + b.

20. y2 + ax™(arccotz)™y! — ax™ '(arccotxz)™y = 0.

Particular solution: yo = x.

21. =zy! + axarcsinxy! — [a(bx 4 1)arcsinz + b(bx + 2)]y = 0.

Particular solution: vy = ze?®.

22. zy! + [a(bx 4 1)arcsinz + bx — 1]y., + ab?z arcsinz y = 0.
Particular solution: 1y = (bz + 1)e™.
23. xyl + [(az? + bx) arcsinx + 2]y’ 4+ barcsinxzy = 0.
Particular solution: yy =a+ —.
x

24. zy! + [ax(arcsinz)™ + bly., + a(b — 1)(arcsinz)™y = 0.

Particular solution: yo = x17°.

25. xzyl + (az™*! 4 barcsin x)y. + ax™(barcsinxz + n)y = 0.

a
Particular solution: yo = exp(——x”"‘l).
n+1

26. xy” 4+ (ax™ 4 bxrarcsinz)y’, + [b(ax™ — 1) arcsinz + anz™ ']y = 0.

a
Particular solution: yo = xexp(——x”).
n

27. xz?y” + bxarcsinzy/ + a(barcsinz —a — 1)y = 0.

Particular solution: yg =2~ %.

28. z%y” + xz(barcsinz + 2)y, + [b(ax + 1) arcsinz — a?z?|y = 0.

1

Particular solution: gy = —e™ .
x

29. zy! + axarccoszy! — [a(bx 4 1) arccosx + b(b+ 1)y = 0.

Particular solution: gy = zeb®.

30. xzy! + [a(bx + 1)arccosz + bx — 1]y, + ab?z arccosty = 0.

Particular solution: 1y = (bx + 1)e™".

31. xzy! + [(az? + bx) arccos = + 2]y, + barccosxy = 0.

Particular solution: yo =a+ —.
x
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32. xzy! + [ax(arccosx)™ + bly, + a(b — 1)(arccosx)"y = 0.

Particular solution: gy = z17°.

33. xzyl + (ax™t! 4 barccos x)y., + ax™(barccos z 4+ n)y = 0.

a
Particular solution: yo = exp(——x"“).
n+1

34. xy!” + (ax™ 4 bx arccos z)y’, + [b(ax™ — 1) arccos x + anx™ ']y = 0.
Particular solution: yg = xexp(fgaz”).
n

35. x?y” + bxarccoszy!, + a(barccosz —a — 1)y = 0.

Particular solution: yo =z~ °.

36. xz%y” + xz(barccosz + 2)y’, + [b(ax + 1) arccosz — a’z?]y = 0.

1

Particular solution: gy = —e™ .
x

37. zy! + axrarctanzy! — [a(bx 4 1) arctanx + b(b+ 1)]y = 0.

Particular solution: gy = xeb®.

38. xzy! + [a(bx + 1)arctanz 4 bx — 1]y, + ab’*zarctanzy = 0.
Particular solution: o = (bz 4 1)e 2.
39. xzyl + [(az? + bx) arctan = + 2]y, + barctanxz y = 0.

Particular solution: yo =a+ —.
x

40. zy! + [ax(arctanx)™ 4 bly. 4 a(b — 1)(arctanx)™y = 0.

Particular solution: yo = z' .

41. zy”_ + (az™*! 4 barctanz)y’, + az™(barctanz + n)y = 0.

a
Particular solution: yg = exp(——a:”“).
n+1

42. zy!” + (az™ + brarctanz)y’, + [b(az™ — 1) arctanz + anz™ ']y = 0.
Particular solution: yo = xexp(—ix”).
n

43. zy! + ax(arctan™x + b)y. — a(arctan™ x 4 b)y = 0.

Particular solution: yo = x.

44. zy! + barctan™ zy/ 4 a(barctan™ x — ax)y = 0.

Particular solution: gy = e~ .
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45. zy! + a(arctan™ x 4 bx)y. + abarctan™ xy = 0.

Particular solution: yo = e~ %%.

46. zy!) 4+ barctan” zy! + ax(barctan™ x —ax + 1)y = 0.

Particular solution: yo = exp(—+az?).

47. z%y! + bxarctanzy’ + a(barctanz —a — 1)y = 0.

Particular solution: yo =z~ °.

48. z?y! + x(barctanz + 2)y’ + [b(ax + 1) arctan za?z?|y = 0.

1
Particular solution: yg = 567

ax

49. z?y” + ax(arctan™ x + b)y/ — a(arctan™ x 4 b)y = 0.

Particular solution: yo = x.

50. xz?y” + barctan™zy/ + a(barctan™ xz — az?)y = 0.

Particular solution: yg=e %"

51. xz?y” + a(arctan™x + bx?)y’, + abarctan™ zy = 0.

Particular solution: gy = e "%,

52. wzy;'m + z[(ax + b) arctan™ x + 2]y, + barctan™ xy = 0.

Particular solution: y9g=a+ —.
x

53. xy! + axarccotzy. — [a(bx 4 1) arccot x + b(bx + 2)]y = 0.

Particular solution: yo = xe’®.

54. zy! 4 [a(bx 4 1) arccot x + bx — 1]y, + ab®*z arccot zy = 0.

Particular solution: 1y = (bz + 1)e™".

55. xyl + [(az? + bx) arccot = + 2]y’ + barccot zy = 0.

Particular solution: yo =a+ —.
x

56. xy! + [ax(arccotx)™ + bly. + a(b — 1)(arccot x)"y = 0.

Particular solution: yo = x17°.

57. xzy” 4+ (axz™t! + barccot z)y’, + az™(barccot z + n)y = 0.

a
Particular solution: g = exp(——a:”“).
n+1
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58. zy!_ + (axz™ + bz arccot x)y’, + [b(axz™ — 1) arccot z + anz™ ']y = 0.

a
Particular solution: yo = xexp(——x").
n

2.,/

59. xz?y! + brarccotzy! + a(barccotx —a — 1)y = 0.

Particular solution: yo =z~ °.

60. z%y” + x(barccotz + 2)y’, + [b(azx + 1) arccot x — a’z?]y = 0.

1

Particular solution: yg= —e %*.
x

61. (az?+b)y” + c(az? + b)(arcsinz)™y’, — 2a[cz(arcsinz)™ + 1]y = 0.

Particular solution: yo = az? + b.

62. (az®+b)y” + c(ax? + b)(arccos )"y’ — 2a[cx(arccosz)™ + 1]y = 0.

Particular solution: yo = ax® + b.

63. (z?2+1)y” — [a?(x® + 1)(arctanz)? + aly = 0.

Particular solution: yo = (2% 4+ 1)~%2 exp(az arctan z).

64. (axz® 4+ b)y” + c(ax? + b)(arctan z)"y’ — 2a[cxz(arctanxz)™ + 1]y = 0.

Particular solution: yo = az?® + b.

65. (az?®+ b)y”_ + c(az? + b)(arccot )"y’ — 2a[cx(arccot )™ + 1]y = 0.

Particular solution: yo = az?® + b.
66. z%y” + az?arcsinzy’ + [a(b— z)arcsinz — b*]y = 0.

b
Particular solution: yo =« exp(—) .
x

67. x*y” + ax®arccoszy’, + [a(b— x)arccosz — by = 0.

b
Particular solution: yo ==« exp(—) .
x

68. z*y” + azx®arctanzy’ + [a(b— z)arctanz — b%]y = 0.

b
Particular solution: yg =« exp(—) .
x

69. z%y” + ax?arccotzy’ + [a(b— z)arccotz — b3y = 0.

b
Particular solution: yg =2« exp(—) .
x

70. (2% +1)%y”_ + [a(arctanx)? + barctanz + cly = 0.

The transformation £ = arctanx, w = leads to an equation of the form

Y
Va?+1
2.1.2.6: wg, + (a€? + b€+ c+ 1w =0.
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71. (2% +1)%y” + [b(arctanz)™ — 1]y = 0.
Yy
vz +1

The transformation £ = arctanz, w = leads to an equation of the form

2.1.2.7: wf, + bg"w = 0.

72. (2?4 1)%y”_ + [a(arccot £)? + barccot x + cly = 0.

Yy
vaz+1

The transformation £ = arccotz, w = leads to an equation of the form

2.1.2.6: wi, + (a2 4+ b +c+ 1w =0.

73. (2* 4+ 1)%y”, + [b(arccot z)™ — 1]y = 0.
¥y
Va? +1

The transformation £ = arccotx, w = leads to an equation of the form

2.1.2.7: wé’g + b&"w = 0.

74. (az® 4+ b)?y” + (cx + d)(arcsinz)™y!, — c(arcsinz)™y = 0.
Particular solution: yg = cx + d.

75. (2® 4+ a)?y”_ + b(z? + a)(arcsinz)™y/, — [bx(arcsinz)™ + aly = 0.
Particular solution: 1y = v/ z2 + a.

76. (az®+ b)%y” + c(az?® + b)(arcsinz)™y’ + [c(arcsinz)™ — 2ax — 1]y = 0.

Particular solutio e ( / dz )
rticular sofution: = eX — — .
Yo p az? + b

77. (az® 4+ b)?y”_ + (cx + d)(arccos )™y, — c(arccos )"y = 0.

Particular solution: yo = cx +d.

78. (2?4 a)?y”, + b(x? + a)(arccos x)"y’, — [bxz(arccos )™ + aly = 0.
Particular solution: 1o = v x2 + a.

79. (az?® 4+ b)?y”_ + c(ax® + b)(arccos )"y’ + [c(arccosz)™ — 2ax — 1]y = 0.

Particular soluti ( / du )
articular solution: — eX — —_— .
Yo p a2 + b

80. (az?+ b)%y” + (cx + d)(arctanz)™y’, — c(arctanx)™y = 0.

Particular solution: yg = cx + d.

81. (2% + a)?y”_ + b(z? + a)(arctanz)™y’ — [bx(arctanz)™ + aly = 0.
Particular solution: 1y = v/ z2 + a.

82. (az? 4+ b)2%y” + c(axz?® + b)(arctanz)"y’, + [c(arctan )™ — 2ax — 1]y = 0.

Particular soluti ( / du )
articular solution: = X — _— .
Yo p az? + b

© 1995 by CRC Press, Inc.



83.

84.

85.

axr® + vy + (cx + arccot )"y — c(arccot )"y = 0.
2 b 2 :,c/w d n /w n 0
Particular solution: yo = cx +d.
z“ +a)‘y,. + b(x“ + a)(arccot )"y’ — [bx(arccot )™ + a|y = 0.
2 2 ;:/:c b 2 n ; b n 0
Particular solution: 1y = v/ 22 + a.
(az?® 4+ b)2%y” + c(az?® + b)(arccot z)"y’ + [c(arccot )™ — 2ax — 1]y = 0.

Particular soluti ( / du )
articular solution: = eX — —_— .
Yo P a2 + b

2.1.8. Equations Containing Combinations of Exponential, Logarithmic,

Trigonometric, and Other Functions

Y, + ae*®y. + blb + ae*® tan(bz)]y = 0.

Particular solution: yg = cos(bx).

Y+ aery’ 4 blb — ae*® cot(bx)]y = 0.

Particular solution: yo = sin(bx).

y” + acosh™(Ax)y’ + b[b + acosh™(Azx) tan(bzx)]y = 0.

Particular solution: yo = cos(bx).

yo  + acosh™(Ax)y’, + b[b — a cosh™ (Ax) cot(bx)]y = 0.

Particular solution: yo = sin(bx).

y” + acosh™(kx)y!, + be**[a cosh™(kz) — be*® + A]y = 0.
b

Particular solution: gy = exp(—ye”).

y”  + asinh™(Az)y’, + b[b 4+ asinh™(Az) tan(bx)]y = 0.

Particular solution: yo = cos(bzx).

yo  + asinh™(Ax)y. + b[b — a sinh™(Ax) cot(bx)]y = 0.

Particular solution: yo = sin(bx).
y” + asinh™(kz)y., + be**[asinh™(kz) — be*® + A]y = 0.

b
Particular solution: yg = exp(fxe)‘z).

y”  + atanh™(Ax)y’ + b[b + a tanh™(Azx) tan(bx)]y = 0.

Particular solution: yo = cos(bzx).
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10. g2 + atanh™(Ax)y. + b[b — atanh™(Ax) cot(bx)]y = 0.

Particular solution: yo = sin(bx).
11. y” + atanh™(kz)y) + be**[atanh™(kz) — be** + Ay = 0.
b
Particular solution: yo = exp<fxe>‘””).

12. y” + acoth™(Ax)y. + b[b+ a coth™(Ax) tan(bx)]y = 0.

Particular solution: yo = cos(bx).

13. y” + acoth™(Az)y. + b[b — acoth™(Azx) cot(bx)]y = 0.

Particular solution: yo = sin(bx).
14. y”_ + acoth™(kz)y + be**[a coth™(kx) — be** + A]y = 0.
b
Particular solution: yg = exp(—xek‘).

15. y2 +aln™(Ax)y), + b[b + aln™(Az) tan(bz)]y = 0.

Particular solution: yo = cos(bzx).

16. gy + aln™(Az)y) + b[b — aIn”(Ax) cot(bx)]y = 0.

Particular solution: yg = sin(bx).

17, yy, + aln”™(kx)y; + be**[aIn" (kz) — be ™ + Ay = 0.

b
Particular solution: gy = exp(—ye”).

18. y” + acos™(kz)y! + be*®[acos™(kz) — be** + Ay = 0.

b
Particular solution: yg = exp(fxe)‘””).

19. y” + asin™(kz)y) + be**[asin™(kz) — be*® + A]ly = 0.

b
Particular solution: yo = exp(—xe’\w).

20. y2 + atan™(kx)y. + be*?[a tan™(kx) — be*® + Ay = 0.

b
Particular solution: yo = exp(—xe’\m).

21. y” + acot™(kz)y’ + be*®[a cot™(kx) — be** + A]y = 0.

b .
Particular solution: yo = exp(—xe)‘*).
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Y, + (ae*® + bIn" x)y, + ae**(bIn™ x + A)y = 0.

a
Particular solution: yo = exp(—yem).

y” + (ae*® + beosx)y’, + b(ae*® cosz — sinz)y = 0.
Particular solution: yo = exp(—bsinz).
y” + (ae*® + beos™ x)y’, + ae*®(bcos™ z + A)y = 0.

a
Particular solution: gy = exp (— Xe”) .

y” + (ae*® + beos™ z)y’ + bcos" ! z (ae*® cosz — nsinz)y = 0.

Particular solution: yo = exp(—b / cos” xdm).

y” + (ae*® + bsinz)y’, + b(ae*® sinx + cosz)y = 0.
Particular solution: yo = exp(bcosx).
y” + (ae*® + bsin™ z)y’, + ae**(bsin™ z + \)y = 0.

a
Particular solution: yo = exp(—yem).
y” + (ae*® + bsin™ x)y’, + bsin” ' z (ae** sinz + ncosz)y = 0.

Particular solution: gy = exp(—b / sin™ xdm).

y” + (ae*® + btanz)y), + (b + 1)(ae*® tanz + 1)y = 0.

Particular solution: o = cos’™! z.

yr .+ (ae*® + btan™ x)y. + ae*®(btan™ x + \)y = 0.

a
Particular solution: yo = exp ( — Te)‘”) .

y” + (ae*® + beotz)y!, + (b — 1)(ae*® cotz — 1)y = 0.

Particular solution: yo = sin' "’ z.

yr .+ (ae*® + bcot™ x)y., + ae*®(bcot™ z + \)y = 0.

a
Particular solution: yo = exp ( — Te)‘”) .

yu + (acosh™ x + bcos z)y!, + b(acosh™ x cosx — sinz)y = 0.

Particular solution: yo = exp(—bsinzx).
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34. y” + (acosh™z+bcos™x)y), +bcos™ !z (acosh™ xcosz —msinz)y = 0.

Particular solution: yg = exp(fb / cos™ xd:c).

35. y” + (acosh™x + bsinx)y! + b(acosh™ xsinx + cosx)y = 0.

Particular solution: yo = exp(bcosz).
36. y!” + (acosh™x 4+ bsin™ x)y! + bsin™ 'z (acosh™ xsinz + mcosz)y = 0.
Particular solution: yg = exp(—b / sin™ x dm).

37. y! + (acosh™x + btanx)y! + (b+ 1)(acosh™ xztanx + 1)y = 0.

Particular solution: o = cos®*! z.

38. y” + (acosh™x + bceotx)y, + (b—1)(acosh™ xcotx — 1)y = 0.

Particular solution: yo = sin' = 2.

39. y” + (asinh™ x4 bcosx)y!, + b(asinh™ x cosx — sinx)y = 0.

Particular solution: yo = exp(—bsinz).
40. y” + (asinh™ z + bcos™ z)y’, + bcos™ ! z (asinh™ x cosz — msinz)y = 0.
Particular solution: yo = exp(—b / cos™ x d:r).

41. y” + (asinh™ z 4 bsinx)y! + b(asinh™ xsinx + cosx)y = 0.

Particular solution: yo = exp(bcosx).
42. y” + (asinh™ x 4 bsin™ x)y! + bsin™ 1z (asinh™ z sinx + mcosx)y = 0.
Particular solution: o = exp<fb / sin™ x dx).

43. yZ 4+ (asinh™x 4 btanzx)y! + (b+ 1)(asinh™ xtanz 4 1)y = 0.

Particular solution: vy = cos®*! z.

44. y” + (asinh™x + beotx)y, + (b — 1)(asinh” xcotxz — 1)y = 0.

Particular solution: yo = sin® 7 x.

45. y” + (atanh™x + bcos )y, + b(atanh™ x cosx — sinx)y = 0.

Particular solution: yo = exp(—bsinz).

46. y” + (atanh™ z+bcos™ x)y), +bcos™ !z (atanh™ x cosx —msinxz)y = 0.

Particular solution: yg = exp(—b / cos™ xdx).
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

yu + (atanh™ x + bsin )y, + b(a tanh™ xz sinx 4 cos z)y = 0.

Particular solution: yo = exp(bcos ).

y” + (atanh™ z + bsin™ x)y’, + bsin™ ' z (a tanh™ zsinz + m cos )y = 0.
Particular solution: yo = exp(—b/sinm xdw).

yu + (atanh™ x + btanz)y!, + (b + 1)(atanh™ xtanxz 4 1)y = 0.

Particular solution: o = cos®*! z.

yu + (atanh™ x + beot )y’ + (b — 1)(atanh™ x cotx — 1)y = 0.

Particular solution: yo = sin' "’ z.

y”  + (acoth™ x + bcos )y’ + b(acoth™ x cosx — sinx)y = 0.

Particular solution: yo = exp(—bsinz).

y” 4+ (acoth™ z 4+ bcos™ z)y’, + bcos™ ! z (a coth™ x cosz — msinz)y = 0.

Particular solution: yg = exp(fb / cos™ xda:).

y”  + (acoth™ x + bsinx)y!, + b(a coth™ x sinx + cos z)y = 0.

Particular solution: yo = exp(bcosx).

yu .+ (acoth™ z + bsin™ x)y!, + bsin™ !z (acoth™ xsinz + mcosx)y = 0.
Particular solution: yg = exp(—b / sin™ xdm).

y” + (acoth™ z + btanz)y, + (b+ 1)(acoth” ztanx + 1)y = 0.

Particular solution: vy = cos®*! z.

y” + (acoth™ x + beot x)y’, + (b — 1)(acoth™ zcotx — 1)y = 0.

Particular solution: yo = sin' "’ z.

yr + (aln™x + beosx)y), + b(aln™ xcosx — sinx)y = 0.

Particular solution: yo = exp(—bsinz).
y” + (aln™x + bcos™ x)y’, + bcos™ Lz (aln™ xcosz — msinx)y = 0.

Particular solution: yo = exp(—b / cos™ xdx).

yu .+ (aln™x 4 bsinx)y, + b(aln™ xsinx + cosx)y = 0.

Particular solution: yo = exp(bcosx).
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

yu .+ (aln™x 4 bsin™ x)y!, + bsin™ !z (aln™xsinx + mcosx)y = 0.

Particular solution: gy = exp(—b / sin™ xdm).

y” + (aln™x 4 btanz)y’, + (b+ 1)(aln™ ztanz + 1)y = 0.

Particular solution: yo = cos®*! z.

yr .+ (aln™x +beotx)y., + (b—1)(aln™ xzcotx — 1)y = 0.

Particular solution: yo = sin' .

y”_ + ae*® cos(bx)y’, + b[b + ae** sin(bx)]y = 0.

Particular solution: yo = cos(bx).

y”_ + ae*®sin(bz)y’ + b[b — ae** cos(bz)]y = 0.

Particular solution: yo = sin(bx).

y2 + acosh(bx) In" (Ax)y) — b[b + asinh(bzx) In™(Ax)]y = 0.

Particular solution: 4o = cosh(bx).

y .+ acosh(bx) cos™(Ax)y!, — b[b 4 asinh(bx) cos™(Ax)]y = 0.

Particular solution: yo = cosh(bx).

y  + acosh™(Ax) cos(bx)y!, + b[b + a cosh™(Ax) sin(bx)]y = 0.

Particular solution: yo = cos(bx).

y” + acosh(bz) sin™(Az)y., — b[b + a sinh(bx) sin™ (Ax)]y = 0.

Particular solution: yg = cosh(bx).

yu .+ acosh™(Ax) sin(bx)y., + b[b — a cosh™(Ax) cos(bx)]y = 0.

Particular solution: yo = sin(bx).

yo  + acosh(bx) tan™(Az)y! — b[b 4 asinh(bx) tan™(Ax)]y = 0.

Particular solution: yo = cosh(bx).

yo . + a cosh(bx) cot™(Ax)y., — b[b 4 asinh(bx) cot™(Ax)]y = 0.

Particular solution: yo = cosh(bx).

y” + asinh(bz) In" (kx)y., — b[b 4 a cosh(bx) In" (kz)]y = 0.

Particular solution: yo = sinh(bx).

yu . + asinh(bx) cos™(kx)y., — b[b + a cosh(bx) cos™(kx)]y = 0.

Particular solution: yo = sinh(bz).
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74. y2 . + asinh™(Ax) cos(bx)y!, + b[b 4 asinh™(Az) sin(bx)]y = 0.
Particular solution: yo = cos(bzx).

75. y! . + asinh(bx)sin™(kx)y., — b[b + a cosh(bx) sin™ (kx)]y = 0.
Particular solution: yo = sinh(bx).

76. y”_ + asinh™(Ax)sin(bx)y, + b[b — a sinh™ (Ax) cos(bx)]y = 0.
Particular solution: yo = sin(bx).

77. yZ .+ asinh(bz) tan™(kx)y. — b[b + a cosh(bx) tan™(kx)]y = 0.

Particular solution: yo = sinh(bz).

78. 1yl + asinh(bx) cot™(Ax)y. — b[b + a cosh(bx) cot™(Ax)]y = 0.

Particular solution: yo = sinh(bx).

79. y”_ + atanh™(Azx) cos(bx)y’, + b[b + atanh™(Ax) sin(bx)]y = 0.

Particular solution: yg = cos(bx).

80. yZ + atanh™(Ax)sin(bx)y. + b[b — atanh™(Ax) cos(bx)]y = 0.

Particular solution: gy = sin(bx).

81. y! + acoth™(Ax)cos(bx)y., + b[b+ acoth”(Ax)sin(bx)]y = 0.

Particular solution: yo = cos(bx).

82. yZ” + acoth™(Ax)sin(bx)y’ + b[b — acoth™(Az) cos(bx)]y = 0.

Particular solution: yg = sin(bx).

83. ! + aln™(Ax)cos(bx)y!, + b[b + aln™(Ax) sin(bx)]y = 0.

Particular solution: yo = cos(bx).

84. y!” + aln™(Ax)sin(bx)y, + b[b — aIn™(Ax) cos(bx)]y = 0.

Particular solution: yo = sin(bx).

85. y” + (a+ be®*®)In"(kz)y’, + A[(a — be?**) In"(kz) — A]y = 0.
Particular solution: yo = be™® + ae 7.

86. vy’ + (a+ be?*®)cos™(kx)y’, + A[(a — be? ®) cos™(kx) — A]ly = 0.

Particular solution: yo = be™® + ae 7.

87. y” + (a+ be?*®)sin"(kx)y’, + A[(a — be? ) sin™(kz) — A]ly = 0.

Particular solution: yo = be* + ae 7.
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88. y” + (a+ be*®)tan™(kx)y’, + A[(a — be?*®) tan™(kz) — Aly = 0.

Particular solution: yo = be™® + ae 7.

89. y” + (a+ be?®)cot™(kx)y’, + Al(a — be?*®) cot™(kz) — Aly = 0.

Particular solution: yo = be* + ae .

90. y” + (asn®*z+ b)y =0.

The Lamé equation in the form of Jacobi, snzx is the Jacobi elliptic function.
See the books by Bateman & Erdélyi (1955, vol. 3) and Kamke (1976) for more
information on this equation.

91. y” + [Ap(x)+ Bly = 0.

The Lamé equation in the form of Weierstrass, p is the Weierstrass function.
See the books by Bateman & Erdélyi (1955, vol. 3) and Kamke (1976) for more
information on this equation.

92. zy/ + (axlnz + be}‘“z)y;c +a(be* Inzx + 1)y = 0.

Particular solution: 1o = e~ .

93. =zy” + (1 — aze*® Inz)y’, + ae*®y = 0.

Particular solution: yy =Inzx.

94. zy!” + (axlnx + bcosh™ x)y. + a(bcosh” xlnx + 1)y = 0.

Particular solution: yg = e*x™%".

95. zy” + (1 —axcosh™ zInz)y! + acosh™ zy = 0.

Particular solution: yo =Inx.

96. zy” + (axlnz 4+ bsinh™ x)y! + a(bsinh™ zlnxz + 1)y = 0.

Particular solution: 1o = e~ .

97. zy? + (1 —axsinh” zlnz)y) + asinh™ zy = 0.

Particular solution: yy = Inz.

98. zy” + (axlnzx + btanh™ x)y. + a(btanh” xlnx + 1)y = 0.

Particular solution: yg = ez %",

99. zy” + (1 —axrtanh™ zlnz)y) 4+ atanh™ zy = 0.

Particular solution: yo =Inzx.

100. zy! + (axlnz 4 bcoth™ x)y, + a(bcoth” xlnx + 1)y = 0.

Particular solution: 1o = e~ ",
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101. zy! + (1 — axcoth” zlnx)y, + acoth” zy = 0.

Particular solution: yy =Inz.

102. zy! + (axlnx 4 bcos™ x)y!, + a(bcos™ xlnxz 4 1)y = 0.

Particular solution: yg = ez %",

103. zy!” + (1 —axcos™ xzlnx)y! + acos™zy = 0.

Particular solution: yo =Inx.

104. zy! + (axInz 4 bsin™ z)y! + a(bsin” zlnxz 4 1)y = 0.

Particular solution: 4o = e~ ",

105. zy” + (1 —axsin"xzlnz)y, + asin"xy = 0.

Particular solution: yo =Inzx.

106. zy. + (axlnx 4 btan™ )y, + a(btan"xlnz 4 1)y = 0.

Particular solution: yg = e*x™%".

107. zy! + (1 —axtan™ zlnx)y, + atan™ zy = 0.

Particular solution: yy =Inz.

108. zy” + (axlnx 4 bcot™ x)y!, + a(bcot xlnx 4 1)y = 0.

Particular solution: yg = e*x™ %",

109. 2y + (1 —axcot"zlnzx)y. + acot"zy = 0.

Particular solution: yo =Inx.

110. z%y” + z(alnz + be*®)y’ + a(be**Inz —Inz + 1)y = 0.

Particular solution: yo = exp(—+a In? z).

111. 2?y” + xz(alnz + bcosh™ z)y), + a(bcosh” zlnz — Inz + 1)y = 0.

Particular solution: yo = exp(—+a In? z).

112. 2%y’ + z(alnz + bsinh™ z)y’, + a(bsinh” xlnxz —Inz + 1)y = 0.

Particular solution: yo = exp(—+aln®z).

113. 2%y’ + z(alnz + btanh™ z)y/, + a(btanh” zlnz — Inz + 1)y = 0.

Particular solution: yo = exp(—+a In® z).

114. 2%y’ + z(alnz + beoth™ z)y’, + a(bcoth" zlnz — Inz + 1)y = 0.

Particular solution: yo = exp(—+a In? z).
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115. z?y” + xz(alnz 4 bcos™ z)y’, + a(bcos™ zxlnz — Inz + 1)y = 0.

Particular solution: yy = exp(—+a In? z).

116. z?y” + z(alnz + bsin™ z)y’, + a(bsin"zlnz —Inz + 1)y = 0.

Particular solution: yo = exp(—+aln®z).

117. 2%y’ + z(alnz + btan™ z)y’, + a(btan” zInz — Inz + 1)y = 0.

Particular solution: yo = exp(—+a In® z).

118. z?y” + z(alnz + beot™ z)y’, + a(bcot” zxInxz — Inxz + 1)y = 0.

Particular solution: yo = exp(—+a In®z).

119. sin’z Yy +sinx (a + be"m)y:',3 + a(be*® — cosx)y = 0.

x€X a
Particular solution: yo = (cot E) .

120. sin’zy”_ + sinz (a + bcosh™ z)y’, + a(bcosh™ z — cos z)y = 0.

X a
Particular solution: yo = (cot E) .

121. sin’zy”_ + sinz (a + bsinh™ z)y’, + a(bsinh™ z — cos z)y = 0.

€T a
Particular solution: yo = (cot 5) .

122. sin’zy” +sinz (a + btanh™ z)y’, + a(btanh™ z — cosz)y = 0.

X a
Particular solution: yo = (cot §> .

123. sin’zy”_ +sinz (a + beoth™ z)y’, + a(bcoth™ z — cos )y = 0.

xT a
Particular solution: yo = (cot ?) .

124. sin’zy” +sinz (a+bln™ 2)y’ + a(bln™ z — cosz)y = 0.

x€x a
Particular solution: yo = (cot 5) .

125. cos®zy! + cosz (a + be)‘m)y; + a(be*® + sinz)y = 0.

. . T mT\]°
Particular solution: yo = [COt(E + Z)} .
126. cos?x yo  + cosx (a+ bcosh™ x)y! + a(bcosh™ x + sinx)y = 0.

. . x  m\]®
Particular solution: yo = [cot(; + Z)} .
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127. cos? xyl + cosx (a+ bsinh” z)y! 4 a(bsinh™ x 4 sinx)y = 0.

. . x  m\]®
Particular solution: yo = [cot(; + Z)} .

128. cos?’zy” + cosz (a + btanh” z)y’ + a(btanh™ x + sinz)y = 0.

. . x mT\e
Particular solution: yo = [cot(; + Z)} .

129. cos®?zy! + cosz (a + beoth™ z)y’ + a(bcoth™ x + sinz)y = 0.

. . x T\
Particular solution: yo = [cot(; + Z)} .

130. cos?zy” +cosz(a+ bIn" z)y, + a(bln™ x + sinz)y = 0.

. : T  m\]®
Particular solution: yo = [cot(; + Zﬂ .

2.1.9. Equations Containing Arbitrary Functions

Notation: f = f(x) and g = g(x) are arbitrary functions; a, b, ¢, d, n, m, k, \, o, (3,
and vy are arbitrary parameters.

1. y +ay=Ff.

Solution:

Cy cos(kx) + Cosin(kx) + / f(&) sin[k(z — &)] d¢ ifa=k?>0,

y =
Cy cosh(kz) 4+ Cy sinh(kz) + / (&) sinh[k(x — &)]d¢ ifa=—k? <0,

where xg is an arbitrary number.

2.yl +ay,+by=7Ff.
The substitution y = wexp(f%ax) leads to an equation of the form 2.1.9.1:

wl + (b— %aQ)w = fexp(%ax).
3. Yoot fup =
Solution: y = C} +\/67F<02 +/ngdx) dx, where F' = /fd:z:

4. yr +xfy, — fy=0.

Particular solution: yg = x.

5y’ + fy.+a(f —a)y=0.

Particular solution: 1o = e~ .
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10.

11.

12.

13.

14.

15.

16.

yu o+ fy, +a(z"f — ax®” + nzx" 1)y = 0.

a
Particular solution: yo = exp<f—x”+1>.
n+1

yr o+ (f + az™ + b)y), + [(az™ + b) f + anz™ "]y = 0.

a
2t — bm).

n+1

Particular solution: yo = exp<f

zy! +xfy., — [(ax+1)f + a(ax + 2)]y = 0.

Particular solution: yo = ze®®.

Ty, + (@f +a)y, + (a —1)fy = 0.

Particular solution: yo = !~ %.

2y, + [(ax + 1)f + az — 1]y, + a*afy = 0.

Particular solution: yo = (az + 1)e™**.

zyl + [(az? + bx) f + 2]y, + bfy = 0.

Particular solution: yo =a+ —.
x

xy! + (f + az™ )y, + az™(f + n)y = 0.

Particular solution: yo = exp(— x”+1).

n+1

zy” + (zf + az™)y’, + [(az™ — 1) f + anz™ ]y = 0.

a
Particular solution: yo = xexp(——w”).
n

xy” + [(ax™ 4+ 1)f + anz™ + 1 — 2n]y, + aZ?nz?=1fy = 0.

Particular solution: yo = (az™ + 1) exp(—az™).

z?y. +azy, + By = f.
The nonhomogeneous Fuler equation.
The substitution z = e’ leads to an equation of the form 2.1.9.2:

Y + (= 1)y; + By = f(e").

w2yl +ayl, + (22 — vy = f.

The nonhomogeneous Bessel equation.
The general solution is expressed in terms of Bessel functions:

™

y=C1J,(z) + CoY,(v) + %Yy(x)/ny(x)f(:r) dx — ?Jl,(ac) /xYV(x)f(x) dx.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

2?y), +zfy, +a(f —a—1)y =0.

Particular solution: yg =2~ %.

wzy;’w +z(f + 2a)y., + [(bx +a)f — b*z? + a(a — 1)]y = 0.

Particular solution: yo =z~ %2,

22y, + xfyl, + [(az?™ 4 n)f — a?2¥™+2 —n? —nly =0,

a x2n+1)_

Particular solution: =z " (—
articular solution: gy =z~ " exp o1

(az® + bz + )y + (z + k) fy, — fy = 0.
Particular solution: yg = x + k.
ztyy, + 22 fy, +[(A—2)f — Ny =0.
A
Particular solution: yo = xexp(—).
x

x?(ax?® + b)yl, + x(ax® + b) fyl, — [(ax® — b) f + 2b]ly = 0.

b
Particular solution: yo = ax + —.
x

(x? + a)?y;, + (2® + a) fy, — (zf +a)y = 0.
Particular solution: 1o = v/ 22 + a.

(2% 4+ a)?y”, + (22 + a) fy,, — m[zf + (m — 1)z? + aly = 0.

Particular solution: yo = (2% + a)™/2.

(az™ + b)y” + (ax™ + b) fy., — anz™ *(zf + n — 1)y = 0.

Particular solution: gy = ax™ + b.

(az™ 4+ bx)y” + (ax™ + bx) fy, — [(anz™ ' + b)f + an(n — 1)z" 2]y = 0.

Particular solution: o = ax™ + bx.

(z™ + a)?y”_ + (2™ 4+ a)fy., — 2" *(zf + an — a)y = 0.
Particular solution: yo = (z" + a)*/™.
(az™ + b)%y”_+ (az™ + b)fy’, + (f — anz™ ' — 1)y = 0.

dx
Particular solution: yo = (— 7)
articular solution y() exp / arn + b

F(x)y” + [az® + (ac + b)z + bcly,, — (axz + b)y = 0.

Particular solution: yo = x + c.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

yr —(fP+ fy=0.

Particular solution: yo = exp ( / f dm).

yu. + fyl, — la(a+1)f? +af.ly = 0.

Particular solution: yo = exp (a / f dm).

yu. +2fy, + (f2+ f)y = 0.

Solution: y = (Cex + C4) exp(—/fdm).

Y, + (1 —a)fy, —a(f+ fly=0.

Particular solution: yy = exp (a / f dac).

Yyl o+ fy.+ (fg—g*+g.)y=0.

Particular solution: yg = exp(— / gdx).

Yoo + 2fy, + (£ + £, + a)y = 0.

The substitution u = yexp ( / f dx) leads to a constant coefficient linear equation:
ull . +au=0.

Yl + 20y, + (£ + f + ax® + bz )y = 0.

The substitution w =y exp </ f da:) leads to an equation of the form 2.1.2.10: w!, +
a(z® + bz 1w = 0.

yi, + @f +a)y, + (f* +af + f, + by =0.

The substitution u = yexp < / f dx) leads to a constant coefficient linear equation:
ull, + aul, + bu = 0.

Yoo T (F 9y, + (fa+ f)y =0.

Particular solution: yo = exp(— / f dx).

xyn, +xfy, +(f+=xf)y =0.

Particular solution: yg = :cexp(— / f dx).

tyy, + (@f + a)y, + (af +af)y = 0.

Particular solution: yg = exp(— / f dx).
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41.

42.

43.

44.

45.

46.

47.

48.

49.

(x+a)y? + (F+b)y, + fly=0.

1-b—
Particular solution: yo = exp ( / 7f dx).
r+a

2?yl +z2f + D)y, + (P +zf, +2* —a)y=0.
The substitution y = wexp(— / % dx) leads to the Bessel equation 2.1.2.121:

2, .1
T Wy,

+ zw), + (2% — a)w = 0.

2?y” +x2f+a)y., 4+ [f2+ (a—1)f +zf, + bx™ 4+ cly = 0.

The substitution w = y exp </ i d:z:) leads to an equation of the form 2.1.2.127:
x

2. .1

z*wl, + azwl, + (bx" + ¢)w = 0.

x?y!l +x(2f+ax™+b)y, +[f>+(ax” +b—1)f+xf, +ax?" +Bx™ +~]y =0.
The substitution w = y exp (/ i dac) leads to an equation of the form 2.1.2.141:
x
22w+ (az" + b)zw!, + (ax® + f2™ 4+ y)w = 0.

2fyl. + fiy., +ay =0.
dx

VI

fyl. — flyl, —afiy =o0.

The substitution £ = / leads to a constant coefficient equation: 23/2’,E +ay =0.

Solution: y = Cie* + Cye™, where u = \/E/fd:z:.

fyl, — (fL +af?)y, + bfiy = 0.
Solution:

y:CleXp()\l/fdx)—I—Cgexp()\g/fdx),

where A\; and A, are the roots of the quadratic equation A2 — a4+ b = 0.

fyl, — (fo +af)y, —bf*(a+bf)y = 0.

Particular solution: yo = exp(—b / f dx).

FYpe — (fo +2af)y; + (afy + a®f — b2 f%)y = 0.

Particular solution: gy = e exp (b / f dx).
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50. f2yl. + f(f. +a)y, +by=0.

dx
The substitution & = / 3 leads to a constant coefficient linear equation: y, +ay; +
by = 0.

51. f2y2 + f(f.+29+ a)y., + (fg,, +9>+ag+b)y =0.

d
The transformation £ = / Tx, U = Yy exp ( / % dx) leads to a constant coefficient

equation: ué’g + au'g + bu = 0.
52.  fgyy, — (aflg +bfg,)y, — Af2etig®tiy = 0.

Solution: y = Cie* + Coe™", where u = \/X/ fagb dz.

53. fyl. —fly=0.

Solution: y=C1f+ Cof / f2dx.

54. 4f?yl, —[2ff2, — (f2)* +aly=0.
1°. Solution with a = 0:

2°. Solution with a > 0:
d
y =/ (Cre? + Cae™%), where ¢ = 4 / TI

3°. Solution with a < 0:

y=/f(Cycosp+ Cysin), where ¢ =

2 o
jpld 2
55. Yo, — 37 y, +a*(f,) "y = 0.
Solution:

= Vifor (B rery (4)

2n

where J,, and Y,,, are Bessel functions.

" R AN €A
so. o+ (7 m)“’ Fra?=?

Solution: y=Cy(f+ \/fz—i—a)b—i—Cg(f—l— \/f2+a)7b.

57. y” + fy. + ae*®(f — ae*® + X))y = 0.

a g
Particular solution: yo = exp(—xe)‘*).
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58. yo +(f+ ae)‘w)y; + ae*®(f + Ay = 0.

a
Particular solution: gy = exp(—ye)‘z).

59. y” + (a+ be**®) fy’. + A[(a — be®***) f — Ay = 0.

Particular solution: yo = be*® + ae™**.

60. y” +2fy. + (f2+ f. + ae®® + be*® 4 )y = 0.
The substitution u = y exp (/ fdac) leads to an equation of the form 2.1.3.5: u/, +

(ae®*® + be?* + c)u = 0.

61. y2” + fsinh(ax)y! — ala + f cosh(az)]y = 0.

Particular solution: yo = sinh(azx).

62. vy + fcosh(ax)y! — ala + fsinh(az)]y = 0.

Particular solution: yo = cosh(az).

63. y” — fly' +a%e*fy=0.

Solution: y = C sin (a/ef dx> + C5 cos (a/ef dx).

64. y” — fly! —a%e*fy=0.

Solution: y = C}exp (afef dx) + Cy exp(—afef dac).

65. (ae*® + b)2y” + (ae*® + b) fy’, + ce*®(f — ce*® + Ab)y = 0.

__c
Particular solution: o = (ae)‘“’ + b) aX

66. xzy” + (1 — fxlnx)y, + fy =0.

Particular solution: yy = Inzx.

67. zy! + (f+axlnz)y, +a(flnx+ 1)y =0.

Particular solution: yg = e*@x™%".

68. z?y” +2z(lnz+a)fy,+ [+ — (Inz+a+2)fly=0.
Particular solution: yo = vz (Inz + a).

69. 2%y’ +ax(f+alnz)y, +a(flnz—Inz—1)y=0.

Particular solution: yo = exp(—+aln®z).

70. y2. + fsin(ax)y., + ala — f cos(ax)]y = 0.

Particular solution: gy = sin(ax).

© 1995 by CRC Press, Inc.



71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

yu .+ f cos(ax)y., + ala + fsin(ax)]y = 0.

Particular solution: yg = cos(ax).

Yy’ + fy. + a[X + ftan(Az) + (A — a) tan®*(Az)]y = 0.

Particular solution: gy = [cos(A\z)]*/*.

Yy’ + fy. + a[X — fcot(Az) + (A — a) cot?*(Az)]y = 0.

Particular solution: g = [sin(Az)]*/*.

yo .+ (f +asinx)y’, + a(fsinxz 4 cosx)y = 0.

Particular solution: yo = exp(acosx).

yo .+ (f +acosz)y., + a(fcosx —sinx)y = 0.

Particular solution: yo = exp(—asinz).

yu + (f+atanx)y, + (a+ 1)(ftanxz + 1)y = 0.

+1

Particular solution: yg = cos®™" x.

yu + (f+acotx)y, + (a —1)(fcotx — 1)y = 0.

Particular solution: o = sin!™%x.

y! +tanz (f+a— 1)y, + [(atan?xz — 1) f + 2a + 2]y = 0.
Particular solution: gy = sin x cos® x.
y! + (f+acos™z)y, +acos" 'z (fcosz —nsinz)y = 0.

Particular solution: yo = exp<fa / cos” xdac).

y” + (f + asin™ z)y’, +asin™ 'z (fsinz + ncosxz)y = 0.

Particular solution: yo = exp(—a / sin” x dx).

sinzy” +sinz (f + a)y), + a(f — cosz)y = 0.

€T a
Particular solution: yo = (cot 5) .

cos?zy!” +cosz(a+ f)y, +a(f +sinz)y =0.

. . x  m\]®
Particular solution: yo = [cot(; + Z)} .
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2.1.10. Some Transformations

Notation: f, g, and h are arbitrary composite functions of their argument which is
written in paretheses following the name of a function (the argument is a function

of z).

. 1
Loy +ef(—)y=0.

1
The transformation £ = —, w = Y Jeads to the equation wg, + f(§w = 0.
x K

ar + b
2. ! cx +d)~* <7> =0.
Ypo T (cx +d)7°f ot al)?
The transformation £ = ax + w=—" leads to a simpler equation: w. +
cx+d T cxtd P d e

A2 f(&w = 0, where A = ad — be.

1 — 2
3. =%y + [T’n + 2?2 f(ax™ + b)} y=

n—1
The transformation &€ = ax™ + b, w = yr 2 leads to a simpler equation: wé'g +

(an)=2f(&)w = 0.

4. 2%y’ +x(zf+a)y, + (zg+ by =0, f=7f(x),g=g(=).

The substitution y = 2*w, where k is a root of the quadratic equation k2 + (a — 1)k +

b =0, leads to the equation zw!, + (zf + a + 2k)w), + (¢ + kf)w = 0.

5. iBPn(w)y'm'z + Qn(w)y’m + R, 1(58)’!/ =0,
where P, (z) = 3" _ o amx™, Qun(z) => 1 _bmz™, R,_1(z) = Z:;_:lo Cmx™
b
The substitution y = z*w, where k =1 — —0, leads to an equation of the similar form:
ao
2 (fv)w;'x +[Qn (@) + 2k P, (2)]w), + [Ra—1(2) + Fro1(2)]w =0,

where F,,_1(x) = [Qn( )+ (k — 1) Py (x)].

6. x(r — 1)Pn—1(w)y” + Qn(w)ylm + Ry _1(x)y =0,

where P,_1(z) = Zn " 0amx™, Qn(z) = Z’Z’L:O bma™, Rp_1(x) = Z:%_:lo Cmx™

x
The transformation £ = ——T
z —

equation a,_1k% + (b, — an—1)k + cn—1 =0, leads to an equation of the similar form:

E(E—1)Pa1 (E)wle + 1201 = k)EP—1(6) = Qu(&)wl + [k (ke — 1) P 1 (€) + Frm1 (&) lw =0,

, w = |z — 1|7Fy, where k is a root of the quadratic

where
n—1 n
Poca(§)= am™ (=1 Qu©) = bu™(E-1)" "
m=0 m=0
n—1 ~ ~
ﬁnfl(g) = Z Cmgm(g_l)n7M7l7 anl(g) = R (£)+an(§)_1 (k 1)Pn71(£) :

m=0
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10.

11.

12.

13.

14.

15.

16.

1
y? + (e f(ae*® +b) — Z)\Z y = 0.

The transformation & = ae*® + b, w = ye**/? leads to a simpler equation: wé’g +

(aN) 2 (€)w = 0.

Yow + F(EX)y, +9(eX*)y = 0.
The substitution z = e** leads to the equation \222y”, + \z[f(2) + AJly. + g(2)y = 0.

yro+ A2+ sinh™*(Az) f (coth(Ax))]y = 0.

Y

The transformation £ = coth(Az), w = SohOw)

AT (Qw = 0.

leads to a simpler equation: wgg +

y” + [—A% 4+ cosh™*(Az) f (tanh(Az))]y = 0.

The transformation & = tanh(A\z), w = — Y leadstoa simpler equation: w”,. +
cosh(Az) &€
A2 (Ew = 0.
1 e2>\m aeAm + b
2 2
+ | =A%+ = 0.
Yaw 4 (cer® + d)* f( cer® + d ﬂ Y
Az 4y Az /2
The transformation £ = z:m ——:—_d , W= c:Zi” T leads to a simpler equation: wé’g +

(AN)72f(&)w = 0, where A = ad — be.

fyee+(2f tanhz+g)y; +(gtanhz+h)y =0, f=7F(z), g=g(z), h=h(z).
The substitution u =y cosh z leads to the simpler equation: full, +gu) + (h— f)u=0.

fyl . +(2f cothx+g)y. +(gcothz+h)y=0, f=f(x), g=g(x), h=h(x).
The substitution v = ysinh z leads to a simpler equation fu! + gu! + (h— f)u=0.

2y’ + [f(alnz +b) + L]y = 0.

The transformation £ = alnz + b, w = yz~'/? leads to a simpler equation wé’g +

a2 f(E)w = 0.

2 1\2,,/7 ar —a _
(x 1) ywm+f(1n7w—|—1 )y_O.

The transformation £ = In m, we=—
+1 1]

duf, + [£(€) — 1w = 0.

leads to a simpler equation:

z?f(Inz)y” + zg(lnz)y), + h(Inz)y = 0.
The substitution £ = In x leads to the equation f(f)ygf +[g(&) — f(f)]yg +h(&y=0.
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17.  y” + [A? +sin”*(Az) f(cot(Az))]y = 0.

The transformation £ = cot(Az), w = sin:(y)\x) leads to a simpler equation: wé’g +
A2 f(Ew =0.
18.  y” + [A% 4 cos™*(Az) f(tan(Az))]y = 0.
The transformation £ = tan(Ax), w = — Y leadstoa simpler equation: w/, +
cos(Ax) &€

A2 f(E)w =0,

19. '+ A7+ sin(Az + a) )}

sin*( Az + b) < sin(Axz + b)

< )\
The transformation £ = :E(( )\z i Z; , W= Sin )\3; D) leads to a simpler equation:
we + [Asin(b — a)]2f(Hw =0.

20. fy,.+(g—2ftanz)y,+(h—gtanz)y=0, f=f(z), g=g(z), h=h(z).
The substitution v = y cos z leads to a simpler equation: fu! + gul + (f + h)u = 0.

2l.  fyg,+(g+2fcotx)y,+(h+gcotz)y=0, f=f(zx), g=g(z), h=h(z).
The substitution u = ysinz leads to a simpler equation: ful. + gul, + (f + h)u = 0.

22. (2?2 +1)%y” + f(arctanz + b)y = 0.

The transformation £ = arctanx + b, w = — Y leads to a simpler equation:

2+1
wle + [£(€) + 1w = 0. !

23. (x? +1)%y”_ + f(arccotz + b)y = 0.

The transformation £ = arccotx + b, w = S leads to a simpler equation:

+1
wie + [f(§) + Hw = 0. !

24. y” + f(x)y=0.

The transformation z = (), y = w |<p’£| leads to an equation of the similar form

1L ¥lee 3 (¥l
" /1\2 _

2.1.11. Asymptotic Solutions

This subsection presents asymptotic solutions, as ¢ — 0 (¢ > 0), of some second-order
linear ordinary differential equations containing arbitrary functions (sufficiently smooth),
with the independent variable being a real number.

1. Consider the equation
2yl — fx)y =0 (1)
on a closed interval a < x < b.
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Case 1. With the condition f # 0, the leading terms of the asymptotic expansions of
the fundamental system of solutions, as € — 0, are given by the formulae

Y1 :f_1/4exp<—%/\/?dx), Yo :f_1/4exp(%/\/?dx> if f>0,
y1=(—f)_1/4605(§/\/—_fdw>, y2=(—f)_1/4sin<%/\/—7fdx> if f<0.

Case 2. Discuss the asymptotic solution of equation (1) in the vicinity of the point
x = xo where function f(x) vanishes (such a point is referred to as a transition point). We
assume that function f can be presented in the form

f(z) = (xg — )Y (x), where () >0

In this case, the asymptotic solution, as e — 0 (¢ > 0), is described by three different
formulae:

with x > x,
y= [—f(x)]l/‘*{clcos{%/xj\/T(x)dx—i—%] +Cgsin{%/$:\/7(x)dx+%]};

with x < x,

in the vicinity of the transition point x = xy,
y=C1Bi(z) + CoAi(2), 2z =e23[(x)]" (0 — ),

where Ai(z) and Bi(z) are the Airy function of the first and second kind, respectively (see
equation 2.1.2.2).

Constants C7, Cy and 5’1, 52 in the above asymptotic solutions are related by

1= —[E¢($0)]1/ Ci, 2= 7[51!1(560)}1/602

3

2. The two-term asymptotic expansions of the solution of equation (1) with f > 0, as
e — 0, on a closed interval a < z < b has the form

el f oo [ S o),
f( [vras){iee [[rd - S o0}

where xg is an arbitrary number satisfying the inequality 1 < z¢ <.

(2)
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The asymptotic expansions of the fundamental system of solutions of equation (1) with
f < 0 are derived by separating the real and imaginary parts in either formula (2).

3. Consider the equation
Yy — " 2 f(2)y =0 (3)

on a closed interval a < z < b, where a < 0 and b > 0, under the condition that m is a
positive integer and f(x) # 0. In this case, the leading term of the asymptotic solution, as
€ — 0, in the vicinity of the point x = 0 is expressed in terms of a simpler model equation
which results from substituting function f(z) in equation (3) by constant f(z¢) (the solution
of the model equation is expressed in terms of the Bessel functions of the order 1/m, see
equation 2.1.2.7).

We specify below the formulae by which the leading terms of the asymptotic expansions
of the fundamental system of solutions of equation (3) with a < z <0 and 0 <z < b
are related (excluding a small vicinity of the point © = xy). Three different cases can be
extracted:

1°. Let m be an even integer, and f(x) > 0. Then,

()] exp[% /Om \/%dx] if <0,

. kU f ()74 exp[% /OT \/%dx} if x> 0;
[f ()] 714 exp[—é /037 \/%dx} if <0,
Y2 =

K[ ()]~ /4 exp[—%/ox \/ﬁc)d:ﬂ} it >0,

where f = f(x), k= sin(%).

2°. Let m be an even integer, and f(x) < 0. Then,

|f(x)|—1/4cos[—é/:\/|f(x)|dx+%] it <0,

Y1 = z
klf($)|1/4608[é/0 \/If(:r)dx%] if > 0:;
f(x)|1/4cos{é/0 ,/f(x)|dxﬂ if <0,
Y2 = z -
kf(x)|1/4cos[%/0 ,/|f(x)dx+z] it 20,
T
where f = f(x), k= tan(%).
3°. Let m be an odd integer. Then,
f(a:)|—1/4cos{_é/0x /f(x)|dx+%} if <0,
Y1 = z
%k‘l[f(m)]_l/‘lexp[%/o \/f(a:)d:r} it x>0
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i f(a;)|—1/4cos{_é/ox\/mczx—ﬂ if 2 <0,
. k[f(x)]—l/‘lexp[_%/ox\/%dx} it >0,

T
h — f(z), k =si <_)
where f = f(x) sin ——
4. Consider an equation of the form
e2yy, — f[(a,e)y =0 (4)

on a closed interval @ < x < b under the condition that f # 0. Assume that the asymptotic

relation holds -
Z fr(2)ek e — 0.

Then, the leading terms of the asymptotic expansions of the fundamental system of solutions

of equation (4) are given by the formulae

= Y exp[——/de+1 # }[HO(«s)L

ya = £ 4 exp|: / folx d:c+1 \/i_i :|[1+O(8)].

5. Consider an equation of the form
Yo T 9(2)Y, + f(2)y

on a closed interval 0 < z < 1. With g(z) > 0, the asymptotic solution of this equation
0)=C1 and y(1) = Cs, can be presented in the following

satisfying the boundary_conditions y(0)

=0

form:
y = (C1 — kCs) exp[—e~"g(0)z] + Cyexp [/ g(—x; dw} + O(e),
1
where k = exp[ f(@) dx} .
o 9(z)
6. Now let us take a look at an equation of the form
(5)

eyll, +eg(@)y, + flx)y =0

on a closed interval a < x < b. Assume

D(x) = [g(2)]* — 4f (x) # 0.

Then, the leading terms of the asymptotic expansions of the fundamental system of solutions

of equation (5), as ¢ — 0, are described by the formulae

Y = ID(iv)I_l/‘*eXp[ /F
Yo = |D(x)|—1/4exp{ /F \/(L) }[1+O(s)].
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7. The more general equation
ey, +eg(z,e)y, + f(z,e)y = 0. (6)

1
is reducible, with the aid of the substitution y = wexp(—Q— /gdw), to an equation of

€
the form (3): ) L
ewy, + (f — 597 — 5e9,)w =0,

to which the asymptotic formulae given above in Paragraph 4 are applicable.

2.1.12. Series Solutions

Let us consider a homogeneous linear differential equation of the general form

Yoo + f(@)ys + g(x)y = 0. (1)

Case 1. Assume that the functions f(z) and g(z) are representable, in the vicinity of
the point x = xg, in the form

fa) =3 Au(z —x0)",  glz) =Y Bulz —w0)", (2)
n=0 n=0

in the region |z — z¢| < R, where R stands for the minimum radius of convergence of the
two series in (2). In this case, the point © = zq is referred to as an ordinary point, and
equation (1) posesses two linearly independent solutions of the form

(@) =3 anle — 20)" o) = 3 balz — z0)". (3)
n=0 n=0

Coefficients a,, and b, are determined by substituting the series (2) into equation (1) followed
by extracting the coefficients with respect to identical powers of (x — xg).

Case 2. Assume that the functions f(z) and g(x) are representable, in the vicinity of
the point z = zq, in the form

F@)= 3 Aua—20)",  gla)= > Bule —a0)", (4)

n=—1 n=-—2

in the region |x — x¢| < R. In this case, the point z = x is referred to as a regular singular
point. Let Ay and As be the roots of the quadratic equation

M4+ (A —1A+B 5=0.

There are three cases, depending on the values of the exponents of the singularity.

1) If Ay # Ay and Ay — Ag is not equal to an integer, equation (1) has two linearly
independent solutions

n(z) = |z — o™ [1 + f: an(z — xo)"} ,
. (5)
yo (@) = |z — 2o {1 + ) bn(x - wo)"} .

n=1
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It is clear that in the general case, coefficients a,, and b, of the series (4) and (5) will be
different.

2) If A\ = Ay = A, equation (1) possesses two linearly independent solutions in the forms

Y1 (z) = |z — 2] [1 + i an(z — xo)”],

n=1

ya(x) = ya() In |z — wo| + |2 — 20[* Y bu( — o)™

n=0

3) If \y = Ao + N, where N is an integer greater than 0, equation (1) has two linearly
independent solutions in the forms

yi(z) = |z — 2™ {1 + ian(x - zo)"},

n=1

Yo () = kyy (z) In |x — xo| + |z — 2|2 Z by (z — x0)",
n=0

where k£ may be equal to zero.

To construct the solution in each of the three cases, the following procedure is to be
done: Substitute the above expressions for y; and yo into the original equation (1) and
equate the coefficients of (x — x¢)™ and (x — z¢)™In |z — xo| for different values of n to
obtain recurrence relations for the unknown coefficients. From these recurrence relations
the solution sought can be found.

2.2. Autonomous Equations y” = F(y,y’)

Preliminary Comments. Equations of this form are often encountered in different
areas of mechanics, applied mathematics, physics, and chemical engineering science.

1. The substitution w(y) = y., leads to the first order equation
wy, =w™ Fy, w) (1)

(see Chapter 1).

2. The solution of the original autonomous equation can be represented in the implicit
form

_ dy
xf/ e (2)

where w = w(y, C1) is the solution of the first order equation (1).

3. The solution of the original autonomous equation can be written in the parametric
form /(r. Oy)
T T7
xZ/y—ldT-f-Cz, y=y(r, C1), (3)
w(r, C)
where y = y(1, C1), w = w(r, Cy) is the parametric form of the solution of the first order
equation (1).
Formula (2) is a special case of formula (3) with y = 7.
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2.2.1. Equations of the Form y” — ¢’ = f(y)

Preliminary Comments. Equations of this form are encountered in the theory of
combustion and the theory of chemical reactors.

1. The substitution w(y) = y;, leads to the Abel equation ww; —w = f(y) which is
considered in Subsection 1.3.1 for some concrete functions f.

2. The solution of the original autonomous equation can be written in the parametric
form (3), where y = y(7, C1), w = w(r, C1) is the parametric form of the solution to the
Abel equation of the second kind ww;, —w = f(y).

2(m+1) m+1
1. oy’ —y =— m 1 -3.
Yoz ~ Y (m+3pyi gqz Y m#FEL mzF

Solution in the parametric form:

m+3

Cl m /
m—1 { +3 \/W

€r =

+02:|7

mfl
= 21 a0t / C .
v ”[“ T W* ’
2.yl —y =+2a%y
Solution in the parametric form:

-1

r=—In {Cl /exp(:l:TQ) dr + C’Q:| .y =aCyexp(+7?) {Cl /exp(:l:7'2) dr + Cy

A A 1 s e
Solution in the parametric form:
z = —3In{C} exp(—7) [exp(37) + C> sin(\/gT)] },

[2 exp(37) — Cy Sin(\/§7—) 4 \/§02 Cos(\/§7—)]2
[GXP(3T) + Cy sin(\/§ 7—)} 2

y = aexp(27)

a8/3y—5/3.

4. y;:,:c_y:/c:_woy:t Too Y

Solution in the parametric form:

T = —% ln[:lz(T4 —67% 4+ 4C T — 3)] + Cy,
y = a(r? —37—1—6’1)3/2[ +(7 4—672+4C’17—3)]_9/8.

5. Yl — Y, = —5gY— og a0 Py™%/3
Solution in the parametric form:

& =C) —21In[sin 7 cosh(7+Cs)+cos Tsinh(1+C5)],  y=altan7+tanh(r+C5)]~%/2.
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» In the solutions of equations 6-9, the following notation is used:

7 { C1J, (1) + CY, (1)  for the upper sign,
 \CLL(7) + Co.K, (1) for the lower sign,

where J, andY, are Bessel functions, I, and K, are modified Bessel functions.

6. y' —y =Ay V2

Solution in the parametric form:
T = —2/7'_1Z_1(7'Z; + +2Z)dr + Cs, y=ar *P772(r 7. + 12?7227,

_ 1 _ 1 .3/2
WhereV—g,A—:Fga/.
7. oyl —yl =Ay2

Solution in the parametric form:
r=7F2 /TZQ[(TZ; ++2)7°+ 7'2Z2]_1 dr + Cs,
y = 2ar"322((1Z. + + 2)? :|:7'2Z2}_17

where v = %, A = —364d5.

8. yl —yl = 2A2% — Ayl'/2,

Solution in the parametric form:
T = i?/T_l(Z7/_>_1(TZ +27.)dr + Co, y=a(ZL) 2(1Z £27.)?,
where v =0, A = a'/2.

9. vy, —y,=Ay Y/?+2B% + By'/2

Solution in the parametric form:
T = —2/7*12*1(724 —Z)dr +Cy, y=B*Z72(1Z. - Z),

where A = (1 —v?)B3.

» In the solutions of equations 1014, the following notation is used: the function
p = p(1) is defined in the implicit form

Ci.

| 7=

T = -
+(4p3 - 1)

The upper sign in this formula corresponds to the classical elliptic Weirstrass func-

tion p = p(T+ Cs, 0, 1).
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10.

11.

12.

13.

14.

15.

_ 9 A1

= Ay? 625

Yiw = Yo
Solution in the parametric form:
x=>5InT+ Cy, Y=

Y. —y, = Ay? — 2.

Solution in the parametric form:

z=>5InT1+ Cy, y = bar’p,
Yl — Yo = AY* + 55y
Solution in the parametric form:
z=>5InT+ Cs, y=b5a(t’p F 1),

Yy’ —yl =12y + Ay~%/2

Solution in the parametric form:

=52 / o ' (f £ 27'@2)_1 dr + Cy,

where f = \/+(4p3 — 1), A= F1474"/2.
__ 63 —
Yo — Yo = Gy + Ay=®/5.

Solution in the parametric form:

where f =

VE@AEd —1), A=—

128 2(2a)2/3

ba(T?p F 5 ),

where A=+

125a

6,1
where A= *pa .

6_,-1
where A= *pa .

y=ap 7 (f £2rg?) ",

—%/(f:l:27@2)(7f—|—2p)*1 dr + Cy, y:2a(f12792)3/2(7]”—1-2@)*9/8,

» In the solutions of equations 15-18, the following notation is used:

Tdr

&= 47’3—1

is the incomplete elliptic integral of the second kind in the Weierstrass form,

R=\/£4r3 1), I, =2rIFR,

Y —yh = Ayt/z — 2y

Solution in the parametric form:

x = —7/7’R_1I—1 dr+Cy, y=Tar?I™*
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16.

17.

18.

19.

20.

21.

22,

23.

Y, — Y, =6y + Ay~*

Solution in the parametric form:

T = 7% /771R711~1—1 dr +Co, y= CLT73/5[1_2/5, where A = F150a°.

You — Yo = 20y + Ay~1/2.

Solution in the parametric form:

x:%/R_1[;1[2dT+CQ, y:alf4/3122, where A = £108a%/2.

Yoo — Yo = 7Y+ Ay

Solution in the parametric form:

x:/R—lll(z;TIf:FI%)‘ld¢+02, y=all?(4r12512) "%, where A=+24%.

You — Yo = Ay + By™* — B?y~%,
The substitution w(y) = y. leads to the Abel equation of the form 1.3.1.5:

ww, —w = Ay + By~? — B%y~3.

ylm,w — y; = —%y + Ay—1/3 + By—5/3.

The substitution w(y) = y, leads to the Abel equation of the form 1.3.1.61:
ww), —w = —y+ Ay~'/% + By /3,

_ _5 - -

Y —y, = —=y+ Ay=3/5 4 By~7/5.

The substitution w(y) = y., leads to the Abel equation of the form 1.3.1.62:
ww), —w = —2-y + Ay=3/® + By /5.

Y. —yh, = oy + 2Ay% + 24753

The substitution w(y) = y, leads to the Abel equation of the form 1.3.1.14:

ww, —w = gy + 24y° + 24%°.

ylm,w _ ylm — Ayk:—l _ kByk + kB2y2k—1.

The substitution w(y) = y, leads to the Abel equation of the form 1.3.1.6:

wwy, —w = AyF~! — kBy* + EB?y?F 1.
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2a?

Vy? £ 8a2

Solution in the parametric form:

24, Yyl o —yL ==

T = :F/E—U?«“—l(F2 +2FE%) dr +Cy,  y=+aE 'FY(F? F2E?),
where FE = /exp(:FTQ) dr + Cy, F =27E + exp(F7?).

25. y” —y! = A+ Bexp(—2y/A).
The substitution w(y) = y.. leads to the Abel equation of the form 1.3.1.8:

ww, —w = A+ Bexp(—2y/A).

26. yr —y. = a?Xe??¥ — a(bX + 1)e*Y + b.
The substitution w(y) = y., leads to the Abel equation of the form 1.3.1.73:

ww), — w = a’Ae* — a(bA + 1)e™ + b

27. y” —y. = a*xe*Y + alye V + bel?.
The substitution w(y) = y., leads to the Abel equation of the form 1.3.1.74:

wwy, —w = a?Xe®N + adyeM? + beV.
2.2.2. Equations of the Form y”/ + f(y)y, +y =0

Preliminary Comments. Equation of this form are often encountered in the theory
of nonlinear oscillations.

1. The transformation

_ 1,2 !
Z__fy +a, W =Y,

leads to the Abel equation
ww!, = g(z)w + 1, where g¢(2) = f(y)/y, y==%1/2(a— 2),

whose special cases are outlined in Subsection 1.3.2.

2. For oscillatory systems with a weak nonlinearity
You + €F(y)y, +y =0,
two leading terms of the asymptotic solution, as € — 0, are described by the formula
y = Acos(z + B),

where functions A = A(¢) and B = B(§) depend on the slow variable £ = ex; they are
determined from the autonomous system of the first order equations

A 2m 1 2m
A’5 =-_ F(Acosp)sin? g dp, Bé =_—— F(Acos ) sin g cos @ dp.
27T 0 27T 0
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The right-hand sides of these equations depend only on function A. The system is solved
consecutively starting from the first equation.

1.

yu . +ayy, +y=0.

Solution in the parametric form:
x = —A/7_1(01 +2A%1n|7| — 2A47)"Y2dr + Oy, y = (C) +24%In|7| — 247)Y/2,

where A = a~ L.

Y, —e(l—y*)y,+y=0.
Van der Pol oscillator
Solution, as € — 0:

y = acos(z — 0) — 25ea’sin[3(z — )] + O(e?),

where

4
2 1 7 .02 1.2
a” = , 0=geclna— Frea” + =z + Cs.
1+ (401_2 —1)e—== 8 64 16 ?

In applications, x plays the role of time, C is the initial oscillation amplitude, and
(5 is the initial phase with ¢ = 0.

As € — 400, the periodic solution of the Van der Pol equation consits of intervals
with fast and slow vibrations and describes damping oscillations with the period
T = (3—2In2)e + O(c~/3).

vy’ +y(ay? +b)y. +y=0.

The transformation z = —%yQ, w = y!. leads to the Abel equation of the form 1.3.2.1:
ww!, = (—2az + b)w + 1.
Solution in the parametric form with a < 0:

2 4 1 b1 Y2
x::pgk/Tfl/s |::|:§k27'2/321(7Z7/_+§Z) — ;} dr + Cs,

4o el 1 b1Y? _ 9,3
y—[j:3k:7 7z (TZT+3Z) = a=—gk

where
p { C1J1y3(7) + CaYyy3(7)  for the upper sign,

C1113(7) + CoKy3(7)  for the lower sign,

Ji/3 and Yy ;3 are Bessel functions, 1,3 and K3 are modified Bessel functions.

yu. +ylay®* +b)" 2y, +y=0.

The transformation z = —%y27 w = y!. leads to the Abel equation of the form 1.3.2.2:
ww), = (—2az + b) 2w + 1.
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10.

11.

12.

Yo, +ylay® + )72y, +y =0.
The transformation z = —%y{ w =y, leads to the Abel equation of the form 1.3.2.4:
ww', = (—2az + b)Y 2w + 1.

Solution in the parametric form:

x = —aCy /(aC%E2 - ﬂ)_l/Qi + C, Y= (aC’fE2 - %)1/2»

a T2 —7+4+a

d
WhereE:exp<—/%>.
T?—T+4a

" —yl2a+ ——— |y =0.
. 1 45 b , .
The transformation z = SV T W leads to the Abel equation of the form
a

1.3.2.3:

1
ww!, = (A — —)w +1, where A = —2a.
Az

Yw T ayexp(Ay®)y, +y = 0.
The transformation z = —%y{ w = y!. leads to the Abel equation of the form 1.3.2.7:
ww!, = aexp(—2Az)w + 1.
Yoo + ylaexp(Ay?) + bexp(—Ay?)]y, +y = 0.
The transformation z = —%y{ w = y!. leads to the Abel equation of the form 1.3.2.8:
ww!, = [bexp(2Az) + aexp(—2Az)Jw + 1.
Yoo + 2ay expla(b — y*)]y;, +y = 0.
Solution in the parametric form:

= JFQk:/(b — 4k~ kEDY) P dr 4+ Gy oy = (b 4k —mkEZ),
where a = F+k72, Ex = [exp(F7?)dr + Ci.

y” + Aycosh(Ay?)y. +y = 0.

This is a special case of equation 2.2.2.8 with a = b = %A.

yu. + Aysinh(Ay?)y, +y = 0.

This is a special case of equation 2.2.2.8 with a = —b = %A.

Y, + 2Ayy,\[sinh?[A(B — y?)] +24-1 +y = 0.

Solution in the parametric form:

»b-l»—t

T = Qa/(F2 +2E2)GTIQ 7 dr + C, y=Q; A

where

E= /eXp(—TQ)dT—FCl, F=27E 4 exp(—7%), G= VF2? — 2F? + 8E2F2,

Q= \/B — 4a? Arsinh[aE—'F~1(F2 — 2E?)], Arsinhz =In(z+ V22 +1).
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13. gy — 2Ayy:’c\/cosh2 [A(y2 — B)] —2A-1+y=0.

Solution in the parametric form:
ac:2a/(F2—2E2)G_1Q_1 dr+Csy, y=Q; A=1a72

where

E= /exp(TQ) dr+Cy, F=2rE—exp(r?), G=\/F?+2FE?—8E2F2,

Q= \/B + 4a? Arcosh[aE-1F~1(F? + 2E?)], Arcoshz ==+In(z+ 22 —1).

14. y” + Aycos(wy?®)y, +y=0.
The transformation z = —%yQ, w =1y, leads to the Abel equation of the form 1.3.2.11:
ww!, = Acos(2wz)w + 1.

15. y” + Aysin(wy?)y., +y =0.

The transformation z = —%yQ, w =y, leads to the Abel equation of the form 1.3.2.12:
ww!, = —Asin(2wz)w + 1.

2.2.3. Lienard Equations vy + f(y)y., +g(y) =0

1. y” +y+ay®>=0.

Duffing equation.
Solution:

x = :I:/(C’l T %ay4)_1/2 dy + Cs.

The period of oscillations with the amplitude C' is expressed in terms of the complete
elliptic integral of the first kind:

4 aC? ‘/ﬂ'/2 dt
T — K , where K(m) = —
T+ aC? <2+2a02) (m) 0 m

The asymptotic solution, as a — 0, has the form

y = Cy cos[(1 + %aé’f)m +Cy) + g%aCN'f’ cos[3(1 + %aéf)x +3C,] + O(a?),

where C; and Cy are arbitrary constants. The corresponding asymptotics for the
period of oscillations with the aplitude C' is described by the formula

T =2n(1— 2aC?) + O(a®).

2.  y” = (ay+ 3b)y, + cy® — aby? — 2b%y.
The substitution w(y) = y.. leads to the Abel equation of the form 1.3.3.1:

ww,, = (ay + 3b)w + cy® — aby?® — 2b%y.
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10.

Yo = (Bay + b)y;, — a’y® — aby® + cy.
The substitution w(y) = y. leads to the Abel equation of the form 1.3.3.2:

ww;, = (3ay + b)w — a’y® — aby® + cy.
2y” = (Tay + 5b)y’, — 3a?y® — 2cy? — 3b2y.
The substitution w(y) = y, leads to the Abel equation of the form 1.3.3.3:
2ww), = (Tay + 5b)w — 3a?y® — 2cy® — 3b%y.
Yo = Y (1 + 2n)y + an]y;, — ny®"(y + a).
The substitution w(y) = y.. leads to the Abel equation of the form 1.3.3.8:
ww, =y" (14 2n)y + anJw — ny** (y + a).
Yoo = a(y — nb)y" 'y, + cly® — (2n + by + n(n + 1)b*y*" 1.
The substitution w(y) = y.. leads to the Abel equation of the form 1.3.3.9:
! n—1 2 21, 2n—1
ww, = a(y —nb)y" "w + cly” — (2n + 1)by + n(n + 1)b7y .
Yo = [a(2n + k)y* + bly" 1yl + (—a®ny?* — aby® + )yt
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.10:
ww,, = [a(2n + E)y* + by tw + (—a®ny®* — aby® + ¢)y*" L
Yo = [a(2m + k)y?* + b(2m — k)]y™ 1y,
— (@2my® + cy?* 4 b2m)y?m—2k—1,

The substitution w(y) = y.. leads to the Abel equation of the form 1.3.3.11:

ww), = [a(2m + E)y?* +b(2m — B)y™ " w — (aPmy*™ + ey 4+ bPm)yPm 2L

Yy = ae*Vy’ + be V.

Solution in the parametric form:

A - 1
x:—T/T_l(C1+A21n|T\—AT) Ydr+Cs, y:xln[—%(Cl+A21n|T|—AT)},

where A =b/a.

y” = (ae¥ 4+ b)y. + ce®” — abe¥ — b
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.15:

ww, = (ae” + b)w + ce®¥ — abe? — b”.
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11.

12.

13.

14.

15.

16.

17.

y? =la(2p + X)er? + bleM¥y’ + (—a®pe? v — abe? 4 c)e?Hv.
The substitution w(y) = y, leads to the Abel equation of the form 1.3.3.16:

ww), = [a(2p + N e + bletYw + (—a?peY — abeV + c)e?V.

Y, = (ae*¥ 4+ b)y, + c[a®e®? + ab(Ay + 1)e* + b2 Ay
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.17:
ww,, = (aeV + b)w + cla?e® + ab(\y + 1)eY + b2 \y).

Yy’ = e (2adly + a + b)y,, — e (a?Ay? + aby + c).
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.18:
ww), = e (2a\y + a + b)w — M (a®Xy? + aby + c).

Yy = e (2ay? + 2y + b)y. + e2% (—ay* — by? + c).
The substitution w(y) = y, leads to the Abel equation of the form 1.3.3.19:
ww), = e™(2ay? + 2y + b)w + 2 (—ay® — by* + ¢).

yl, = (acoshy + b)y,, — absinhy + c.
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.20:

ww), = (acoshy + b)w — absinhy + c.

yu . = (asinhy + b))y, — abcoshy + c.
The substitution w(y) = y., leads to the Abel equation of the form 1.3.3.21:
ww,, = (asinhy 4 b)w — abcoshy + c.
Yy +asiny = 0.
This is the equation of oscillations of the mathematical pendulum.
Solution:

T = i/(2acosy+Cl)_1/2dy+C2.

With @ > 0 and initial conditions y(0) = C > 0, y.(0) = 0, where variable x takes
the role of the time, and y is the angle deviation from the equillibrium state, the
oscillations of the mathematical pendulum are described by the formula

C
sin%:msn(\/ax), m:sin7,
where sn = sn(z) is the Jacobi elliptic function defined implicitly as follows:

A d
sn(z) =sinf, =z 2/ 4
0 V1—m?2sin’j3
(parameter @ is to be eliminated from these relations).
The period of oscillations of the mathematical pendulum is expressed in terms of
the complete elliptic integral of the second kind:

4 /2 d
T =—K(m), K(m):/ —ﬂ
va 0 1 —m2sin’ g
At small amplitudes, as C' — 0, the following asymptotic formula holds for the period:
27 1
T="Z(1+-—C" o(cH).
Vva ( + 16 ) +0(C)
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18. yZ + asin(wy)y., + bsin(wy) = 0.

Solution in the parametric form:

_ 1
x:fA/Tfl(bzfuﬁFz) 1/2dT+C’2, y:—arccos(%F),
w

where A =b/a, F = At — A2In|7| + C}.

19. y” + acos(wy)y), + bcos(wy) = 0.
The substitution wy = wu + 4 leads to an equation of the form 2.2.3.18:

"

ul, — asin(wu)ul, — bsin(wu) = 0.

2.2.4. Rayleigh Equations y”/ + f(y.) +g(y) =0

Preliminary Comments. Equations of this form are encountered in the theory of
nonlinear oscillations.

1. Let us discuss the particular case g(y) = y which corresponds to the equation

Yow + f(y) +y = 0. (1)

Differentiating equation (1) with respect to  and substituting z(x) = ., we obtain the
equation of nonlinear oscillations

S+ 027 +2=0,  where ®(z) = f1(2), (2)

which is considered in Subsection 2.2.2.
The solution of equation (1) can be written in the parametric form:

Z/
1':33(7', Ola 02)7 Y= —f(Z) - _Ta

o

where x = z(7, C1, Cs), z = z(r, Cy, C3) is the parametric form of the solution of equa-
tion (2).

2. The transformation
2
g:—%(y;) +a, wz—y—f(y;),
reduces equation (1) to the Abel equation
ww, = H(Ew + 1, where H(€) = 27'®(2), z==+41/2(a— &), (3)

where function ® = ®(z) is defined above in equation (2). Concrete equations of the form (3)
are outlined in Subsection 1.3.2.

3. The equation of the special form

yre +alys) +g(y) =0 (4)
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is reduced, with the aid of the substitution w(y) = (y.)?, to a first order linear equation
wy, + 2aw + 2g(y) = 0. Therefore, the solution of the equation (4) can be written in the
implicit form

z=0C =% /[01672%’ — G(y)] —1/2 dy, where G(y) = 2e72% / 2 g(y) dy.

4. The equation of the special form

Yl +alyl) +b(yl)* +gly) =0 (5)

is reduced, with the aid of the substitution w(y) = (y;)z, to the Riccati equation w;, +
2aw? + 2bw + 2g(y) = 0 which is outlined in Section 1.2.

5. For the oscillatory systems with a weak nonlinearity
Yoo T €F(y,) +y =0,
two leading terms of the asymptotic solution, as € — 0, are described by the fromula
y = Acos(x + B),

where functions A = A(§) and B = B(£) depend on the slow variable £ = ex and are defined
from the autonomous system of the first order equations

A/ 1 2m

1 27
= 5= F(-Asing)sinpdp, AB; = —/ F(—Asin ) cos o dp.
2 0 27 0

The right-hand sides of these equations depend only on function A. The system is solved
consecutively starting from the first equation.

1.y’ +a(y)*+by=0.

This equation describes small oscillations when the drag force is proportional to the
speed squared.
Solution in the implicit form:

x=Cy =+ a/[C1a2e_2“y +b(+ — ay)] 1/ dy.

2.yl +elr@)’ —yll+y=0.

Van der Pol equation.
Differentiating the equation with respect to z and passing on to a new variable
w(z) = y.,, we arrive at an equation of the form 2.2.2.2: w” —e(1 —w?)w’, + w = 0.

Solution, as ¢ — 0:
2C, 2y/1-C7

cos T + —————sinz + O(e?).

V= \/ 1-— C’ze*” \/ 1-— C’ge*“
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3.y +a) +by) +y=0.

The transformation { = — (.)?, w=—y—a(y,)* —b(y,)* leads to the Abel equation
of the form 1.3.2.1: ww; = (—8a{ + 2b)w + 1.

4.yl + @) al)? +b]  +y =0

The transformation £ = —%(yé){ w=—y— (4.)[a(y,)? + b]! leads to the Abel
equation of the form 1.3.2.2: wwy = 2b(b — 2a&) ?w + L.

5.y + AexpA(y,)’ ]+ B+y=0.

Differentiating the equation with respect to x and passing on to a new variable
w(x) =y, we arrive at an equation of the form 2.2.2.7:

w! + 2A w exp(Aw?)w!, +w = 0.

6. Y.+ Acosh[)\(y'm)z] +B+y=0.

Differentiating the equation with respect to x and passing on to a new variable
w(z) =y, we arrive at an equation of the form 2.2.2.11:

w!, + 2A w sinh(Mw?)w!, +w = 0.

7. oyl + Asinh[)\(y:’c)z] +B+y=0.

Differentiating the equation with respect to x and passing on to a new variable
w(x) =y, we arrive at an equation of the form 2.2.2.10:

w! + 2A w cosh(A\w?)w!, +w = 0.

8. yr. + a(y’w)2 + bsiny = 0.

This equation describes the oscillations of the mathematical pendulum when the drag
force is proportional to the speed squared.
Solution in the implicit form:

—1/2

(cosy — 2asiny) dy.

b
— + —2ay 4 %7
r=Ch /{cle + T

9. yl + Acos[)\(y:’c)z] +B+y=0.

Differentiating the equation with respect to x and passing on to a new variable
w(x) =y, we arrive at an equation of the form 2.2.2.15:

w! — 2A wsin(Aw?)w!, +w = 0.

10. yZ + Asin[)\(y;)2] +B+y=0.

Differentiating the equation with respect to x and passing on to a new variable
w(z) =y, we arrive at an equation of the form 2.2.2.14:

w! . + 2A w cos(Aw?)w!, +w = 0.
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2.3. Emden—Fowler Equation y!| = Az"

2.3.1. Exact Solutions

Preliminary comments. The value of the insignificant parameter A is in many cases
defined in the form of a function of two (one) auxiliary coefficients a and b:

A=¢(a, b) (1)
and the corresponding solutions are represented in the parametric form
r = fi(r, C1, Cy,a), y = fa(7, C1, Ca,0), (2)

where 7 is a parameter, C; and C5 are arbitrary constants, f; and fs are some functions.
Having fixed the auxiliary coefficient sign a >0 (or b > 0) in (1), the coefficient b should
be expressed in terms of both A and a with the help of

b=1(A, a).

Substituting this formula into (2), we obtain a solution of the equation under consideration
(where the concrete numerical value of the coefficient a may be chosen arbitrarily). The
case a < 0 (or b < 0), which may lead to the branch of the solution or to a different domain
of determining the variables x and y in (2), should be considered in a similar manner.

One may also use a different approach by setting one of the auxiliary coefficients (e.g., a)
equal to £1 in (1) and (2); then the other coefficients will be identically expressed in terms
of A by means of (1).

Table 2.7 represents all solvable Emden—Fowler equations whose solutions are outlined
in Subsection 2.3.1. The one-parameter families (in the space of parameters n, m) and iso-
lated points are represented in a consecutive fashion. Equations are arranged in accordance
with the growth of m and the growth of n (for identical m). The number of the equation
sought is indicated in the last column in this table.

1.yl = Azx™.

Solution: v
Ax™
———— + Ciz+ Cy ifn#—1; =2,
miDmyy T OEtC ing
y=4 —Aln|z| + Cix + Cs if n = -2,

A/ln|z|dm+Clx+C’2 ifn=-1

2.yl =Ay™

Solution:

+ i) Payro i 1
[ ve) aves tm

i/2Aln|y\+C1) V2 dy + Cy if m=—1.
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TABLE 2.7
Solvable Cases of the Emden—Fowler Equation y” = Ax™y™

m n Equation No m n Equation
One-parameter families 12 —5/3 =7/3 2.3.1.8
13 -5/3 —5/6 2.3.1.23
1 | arbitrary 0 2.3.1.2 14 -5/3 -1/2 2.3.1.24
2 | arbitrary —-m —3 2.3.1.3 15 *5§3 1 2.3.1.7
16 —-5/3 2 2.3.1.9
‘ 1
3 | arbitrary | —5(m+3) | 2.3.1.4 17 775 _13/5 93114
4 0 arbitrary 2.3.1.1 18 -7/5 1 2.3.1.13
5 1 arbitrary | 2.3.1.5 19 | =12 =7/2 2.3.1.12
20 -1/2 —5/2 2.3.1.6
Isolated points 21 —1/2 —2 2.3.1.26
22 -1/2 —4/3 2.3.1.17
6 -7 1 2.3.1.15 23 -1/2 —7/6 2.3.1.18
7 -7 3 2.3.1.16 24 | —-1/2 ~1/2 2.3.1.25
8 —5/2 —1/2 2.3.1.22 25 -1/2 1 2.3.1.11
9 -2 -2 2.3.1.28 26 2 -5 2.3.1.19
10 -2 1 2.3.1.27 27 2 —20/7 2.3.1.21
11 —5/3 -10/3 2.3.1.10 28 2 —15/7 2.3.1.20
Special cases:
1°. In the case m = —1/2, the solution can be written in the parametric form

4
r=aC3(r3 =31+ Cy), y=0bC{ (% —1)2, where A= iga_zbgﬂ.

2°. In the case m = —4, the solution can be written in the parametric form

d
r=aCiT " <27‘/ TRT +Cor F R>, y=bCir ™1,
where R = \/£(473 — 1), A = F6a2b°.
3°. In the case m = 2, the solution can be written in the parametric form
T = aC’flr, Y= bClzp, where A = +6a"2b7 !,

the function g of the parameter 7 is defined in the implicit form:

T:/—d@ - C

The upper sign in this formula corresponds to the classical elliptic Weirstrass function
p=p(r+Cs 0, 1).

4°. In the case m = —5/2, the solution can be written in the parametric form

z=aClp ?[\/E(4p? — 1) £21p%], y=0bClp 2 where A = F3a2b"/2.

The function p of the parameter 7 is defined in the previous case.
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3. yl = Ax~m3y™,
1°. Solution in the parametric form with m # —1:

-1

-1
r=aC]"! [/(H:Tmﬂ)l/2 dT—FOQ:l , y=bC"tr {/(1:&7”"“)1/2 dT—|—C’2} ,

1
where A = i%am"'lbl_m.
2°. Solution in the parametric form with m = —1:

-1

-1
=0 [/ exp(:FTQ) dr + C’g] , Y= bexp(:FT2) [/ exp(:FTQ) dr + C’g] ,

where A = F2b2.

_ m+3
4. yl = Ax 2y

m

1°. Solution in the parametric form with m # —1:

2 1 —1/2
z = aC3 exp [/(—T"”‘l +—7%+ C’l) dT:|7

m+1 4
1 2 1 —1/2
y = bCoT exp [5 /<—m 1 4 ZT2 + Cl) dT:| ,
a m—1
where A = (b_Q) 2
2°. Solution in the parametric form with m = —1:

1 —1/2
x = aC% exp {/(2 In|7|+ =72+ C’1> dT],
4
1 1 —-1/2
y = bCaT exp [5 /(2 In|7| + ZTZ + Cl) dr],
where A = b?/a.

5. yl = Ax"y.
For n # —2, see equation 2.1.2.7. For n = —2, see equation 2.1.2.118.
6. y' = Ax~5/2y"1/2
Solution in the parametric form:
T = aCfg(T?’ — 37+ C’g)_l7 y= bC’l(T2 — 1)2(7'3 — 37+ Cg)‘l,

where A = i%al/Qb?’/Q.

7. y!' = Azy~5/3.
Solution in the parametric form:
x = +aC%(t" — 672 + 4Co7 — 3), y=bCy(r3 =31 + 02)3/2,

where A = i%a_?’bs/?’.
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8. yl = Ax~7/3y—5/3,

Solution in the parametric form:

-8
=4+ aC,y , y:ib01(73_37+(}2)3/27
74— 672 +4CT — 3 74— 6724+ 4C57 — 3

where A = +-2al/3p8/3.
9. y” = Az?y~5/3
1°. Solution in the parametric form with A < 0:
x = aC? cos T cosh( + Cy)[tan 7 + tanh(r + C5)],  y = bC3[cos 7 cosh(r + C2)]%/2,

_ 3 —418/3
where A = —55a p3/3.

2°. Solution in the parametric form with A > 0:
x = aC?[sinh 7 + cos(T + C3)], y = bC3[cosh 7 — sin(r 4 C3)]*/2,
where A = %a*4b8/3.
10. y” = Ax~10/3y=5/3,
1°. Solution in the parametric form with A < 0:

z = aC; ?[cos 7 cosh(t + Cz)] " *tan 7 + tanh(r + C2)] 7,
bC [cos T cosh(r + )]/ 2[tan 7 + tanh(r 4 Co)] 7,

Y

where A = —%a‘l/?’bg/?’.

2°. Solution in the parametric form with A > 0:

x = aC; ?[sinh 7 + cos(T + Cs)] 7,
y = bCy[cosh T — sin(T + CQ)]S/Q[SiHhT + cos(T + 02)}71a
where A = %a4/3b8/3.
11. y” = Azy~ /2

Solution in the parametric form:

aCh exp(—T) [exp(37) + Cy sin(x/g 7],
y = bC} exp(—27)[2exp(37) — Cs sin(\/gT) +30, COS(\/gT)]Q,

x

where A = 16a—3b3/2.
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12.

13.

14.

15.

16.

17.

18.

» In the solutions of equations 12—1/, the following notation is used:
S1 = exp(37) + Cy Sin(\/gT), Sy = 2exp(37) — Cy Sin(\/gT) +3 O, COS(\/gT),
S = 251(S2); — (S1);52 — S152.
y! = Ax—T/2y=1/2,
Solution in the parametric form:
z =aC;  exp()S; !, y=bCiexp(—7)S; "' S3, where A = 16(ab)%/2.
y! = Azy~7/5.

Solution in the parametric form:
z = aC}exp(—27)S3, y=>bC? exp(—%r) Sf/Q, where A= 1024 —5__q3p12/5,

y! = Ag~13/5y=7/5,

Solution in the parametric form:

T = aCf4 exp(27)5’§17 y = bCh exp(—%T)Sf/QSgl, where A = 3/5b12/5

» In the solutions of equations 15-18, the following notation is used:
R=/£(4r3-1), f=27I(r)+ Caor F R,

where I(t) = [TR™'dr is the incomplete elliptic integral of the second kind in the
form of Wezerstmss

y! = Azy~".
Solution in the parametric form:

x=aC[4rf2 Fr72(fR—1)?], y=0bC3fY2 where A =+2a7%0%

y! = Az3y~".

Solution in the parametric form:

r=aC{ArfP Fr3(fR- 1Y, y=bC2 Y PArfP F 2 (FR— 1) 7!

[

where A = :t%a*"bs.
y! = Ax—4/3y=1/2,
Solution in the parametric form:
x=aCif? y=bClT2(fR—1)?,  where A=+t4a /32
y! = Ax=T/6y=1/2,
Solution in the parametric form:

r=aC)f3, y=bCiT2f3(fR—1)%,  where A=x4q""/5p%2
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19.

20.

21.

22,

23.

24.

» In the solutions of equations 19-24, the function p of the parameter T is defined
in the implicit form

d
r= / %
VE(AEd —1)
The upper sign in this formula corresponds to the classical elliptic Weirstrass func-
tion p = p(T+ Cs, 0, 1).

y! = Az~ 5y%
Solution in the parametric form:
r=aCi7t, y=bCit g, where A = +6a3b71.
ylmlm — Aw_15/7y2.
Solution in the parametric form:
x=aC{7", y=bC17(T*pF1), where A= :l:4%a1/7b*1.

ylmlm — A.’c—2°/7y2.

Solution in the parametric form:

x=aC{T™", y=0bCoT"%(r*pF 1), where A= j:4%a6/7b*1.

y! = A:c_l/2y_5/2.

Solution in the parametric form:

z=aCTP?[VEAP — 1) £2rp%] 7, y=bC3[/E@? — 1) £2rp%] ",

where A = F3a3/207/2.

y! = Ax—5/6y—5/3,

Solution in the parametric form:

aC} BT [VEER — 1) £ 27p7) 77

T = ) Yy
[7/E@e? — 1) +20)° [r/E(4g? — 1) +2¢]°
where A = —%a‘7/6b8/3.

y! = Ax—1/2y=5/3,

Solution in the parametric form:

x:aclls[T\/WJF%]?, y:bC?[\/mi%p?]?’/{

where A = —%a‘3/2b8/3.
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25.

26.

27.

28. y/ = Ax"?y

» In the solutions of equations 25-28, the following notation is used:

C1J1y3(1) + CoYyy3(T)  for the upper sign,
L Cili3(7) + C2Ky j3(7)  for the lower sign,

where Jy /3 and Yy 3 are Bessel functions, I, /3 and K13 are modified Bessel functions

y! = A$—1/2y—1/2.

Solution in the parametric form:

1 2 b b\1/2
z=ar??7?, y:bT_Q/g(TZ;—FEZ), where A::FS_a(:Fa) )

y! = Az~2y~1/2,

Solution in the parametric form:
—2/3 7 —2 —4/3 ;=2 r LN L3/
=T Z7% y=br Z (TZT—FgZ) , where A=¥§b .
Yyl = Azy~2
Solution in the parametric form:

2 3
JJZGT_Z/:;[(TZ;-F%Z) iTZZQ}, y = br?/372, where A= —%(2) .
a

-2

Solution in the parametric form:

2/3 / 1 2 2.,2] " 4/3 72 / 1 2 2.,2] "
t=1 |:(TZT—|-§Z) :IZTZ} . y=br Z[(TZT+§Z) :IZTZ:| ,

where A = —%b?’.

2.3.2. First Integrals (Conservations Laws)

In this subsection, first integrals of the form

k
Zfa(m,y)(y;)a =C, where k=2, 3, 4, 5,
a=0

for the Emden—Fowler equation y!/ = Az"y™ are given.

First integrals with k£ = 2

1. For n = 0 and arbitrary m (m # —1),

1\2 24 m—+1
— =C.
W) — =7V
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2. Forn:fm—’—3

and arbitrary m (m # —1),

2A _+1
mtl — ¢,
m—i—lx y

2
()" — Yy —

3. For n = —m — 3 and arbitrary m (m # —1),

2A
m—+1

2(y,)" = 2zyy, +y° — Ty = C

4. Forn= -2 m =2,
343A 8/7(%) (%Amlﬁy—x)y;— %A21*12/7y3+ %Ax76/7y2 _y=0C.

5. Fornf71—75 m =2,

343 Aw6/7( z) (%Am_lﬁy—&—l)y;ﬂ _ %A%_gﬁ 3 %A$—8/7y2 —C.

First integrals with £ = 3
1. Forn:07m:_%’
(y ')3 — 6Ay' /2y, + 6A%z = C,
a?(y;)3 -yl ) — 6Azy'/?y. %Ayi%/2 134222 = C.

_ __1
2. Forn=1,m= -5,

(y;c)3 — 6Axyt/ 2y + 4Ay3/? 4 2A%°% = C.

3. Forn=—% m=-1,
2(yl)® — y(yl)? — 64z~ /3y /2y — 942,213 = C.
4. Forn:_%’m:_%’

-772(2./;)3 o ny(y;)z + (y2 _ 614.13_1/2 1/2)yl + le—.?o/Z 3/2 3A2$_2 _ 07
x3(y’$)5 - 33:23/(3/;)2 + 3(xy? — 242 2y )yl — B + 64252 — 6A% = C.

5. Forn:f%’mzfé,
2()” = 2zy(y,)” + (v° — 64275y /)y, 4+ 6427102 1 94%% = C.
6. Forn=—=L m:—%7
2 () = 3u2y(yh)? + 3(xy? — 24z 72y )yl — 4P + 24075/282 — 24770 = C.
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First integrals with k£ =4
1. Forn:Lm:—%,
(y;)4 +6A33y_2/3( /)2 18Ay1/3 I 1 9A2,2 —4/3 =C,
2(y)" —y(,) +6AT%y A (y,)" — 27 Azy Py, + Ay4/3 + 942y~ = ¢
2. Forn:27m:—%
()" + 6422y~ 2/3(y.)? — 36 Axy'/3y. + 9422 y~4/3 = C.
3. Forn:O,m:f%,
v(y)" = y(W,)" + 6Azy 23 (y,) — 94y Py, + 942y ™3 = ¢,
() = 22y(yL)° + (2 + 6422y 2/3)(y)? — 18Amy /3y, + 124y* + 94222y~ 43 = C.
4. Forn—f%,m:f%
w() —y(l)® + 64 2y=23(y)? 4 94%y 4 = C.
5. For n = —%,
22 ()" — 2ey(yl)’ + (y% + 64223y ~2/3) (yl)? + 6Ax~ /3y 3yl 4+ 9422318 = ¢,
4 3
2 ()" - 322y(y,)” + 3a(y? + 24273y 2/%)(y,)?
— (P 3ABY Yyl 3 A3 4 9 A2 /3y — O
6. For n = f%, m = f%,
4 3 _ _ 2
2 (ys)" = 30%y(ys)” + 3u(y® + 2427 Py (y))
(- 15A:v’1/3y1/3)y; _ %Am’4/3y4/3 9A25/3y 43 — ¢,
4 3 _ _ 2
w(y,)" — 42y (y,)” + 627 (y7 + Az Py ) (yy)
—2x(2y% — 3Ax_1/3y1/3)y; + oyt — 124271343 1 9A% 723y~ = ¢
7. For n = f%, m = —%,
P (y)" = 3a?y(y,)” + 3w (y? + 24270y 725) (y,)?
Sy 12Ax7/6y1/3)y; 6ATY/ Sy 4 923y Y3 = O,
8. For n = —%7 m = —%,
()" — 4ay(y)” + 627 (v + Aw™ 0y ) (g )’
Az (y® — 6AxY3yL3Yy 1yt 304z Y3yA/3 4 9A28/3y~1/3 = (.
9. Forn=1 m= -7,
2(yy)" = yW,) + A2y O(y,)" - TAwy Ty, — Ayt FA%Sy T2 =
10. For n =3, m = —7,
P (y)" = 3a%y(yl)” + 3a(y? + 2 Az”y0)(y,)”
—y(y® + A’y O)y, + T Aty A%y = C
It should be noted that in the case k = 4 we omitted the first integrals of the form
aF? + BF +~y=C,
where function F = F(x,y,y.,) is the left-hand side of the above intergals for k = 2, and «,

(3, and y are some constants.
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First integrals with £k =5

1. Forn:07m:—%,

(4)” = 154y (y),)" + B2 A%y, — 1P A% = C.

2. Forn:—%,m:—%,

5 4 _ _ 3
2®(yl)” — bty (yl)" + bady(2y — Az~ 3y~ 2/3)(y))
— 52y (2y — 9Az ™3y (y )7 4 Ba(yt — 9AxT3YT/P 4 2L A3 2 %)y,
+ 15A(x_1/3y10/3 — %Ax_2/3y5/3 — %AQx_l) =C.

2.3.3. Some Formulas and Transformations

1. With m # 1, the Emden—Fowler equation has the particular solution

1
n+2 m+2)(n+m+1)]|m1
y=Axl-m, where A= Am 1) .

2. The transformation y = w/t, x = 1/t leads to the Emden—Fowler equation with the
independent variable to a different power:

w; — Atfnfmf?)wm.
3. Some more complicated transformations leading to the Emden—Fowler equation are
outlined in Subsection 2.5.3 (see Fig. 3).
4. With m # 1 and m # —2n — 3, the transformation

2n+m+3 2 e , n+2
—axm-ly, u=zxm xy””+m—1y

&=

m—1

leads to the Abel equation:

(7’L—i—2)(rz—|—7”n—i—1)5 ( m—1 )2§m7

/ [r— e —
We — 1 = (2n + m + 3)? 2n+m+3

whose special cases are given in Subsection 1.3.1.

5. Some more complicated transformations leading to other Abel equations are outlined
in Subsection 2.5.3.

2.4. Equations of the Form y”! = A;x™y™ 4 A,x"2y™
See Section 2.3 for the special cases A; =0 and As = 0.

2.4.1. Classification Table

Table 2.8 represents all solvable equations of the form y?” = Ajz™y™ + Ajz™2y™2
whose solutions are outlined in Subsection 2.4.2. The two-parameter families (in the space
of parameters mi, ma, ni, and ny), the one-parameter families, and isolated points are
represented in a consecutive fashion. Equations are arranged in accordance with the growth
of my, the growth of mgy (for identical m;), the growth of ny (for identical m; and ma),
and the growth of ny (for identical my, ma, and nq). The number of the equation sought is
indicated in the last column in this table.
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Solvable equations of the form y!/ = A x™y™ + Azx™2y™

TABLE 2.8

No mi mo ny n2 Ay Ao Equation
1 | arbitrary | arbitrary 0 0 arbitrary |arbitrary | 2.4.2.1
2 | arbitrary | arbitrary | —my — 3 —ma — 3 arbitrary |arbitrary | 2.4.2.2
3| arbitrary | arbitrary | —4(my + 3) | —4(m2 +3) | arbitrary | arbitrary | 2.4.2.3
4 | arbitrary 0 0 0 arbitrary | arbitrary | 2.4.2.19
5 | arbitrary 0 -mp —3 -3 arbitrary | arbitrary | 2.4.2.20
6 1 arbitrary -2 —2 % arbitrary | 2.4.2.4
7 1 arbitrary -2 —mg — 1 % arbitrary | 2.4.2.5
8 1 -3 (jflbirirg) 0 arbitrary |arbitrary | 2.4.2.83
9 -7 -7 4 3 arbitrary | arbitrary | 2.4.2.39

10 -5 ) 2 0 arbitrary |arbitrary | 2.4.2.16
11 -3 -7 0 1 arbitrary | arbitrary | 2.4.2.42
12 -3 -7 0 3 arbitrary |arbitrary | 2.4.2.43
13 -3 —4 0 0 arbitrary |arbitrary | 2.4.2.17
14 -3 —4 0 1 arbitrary |arbitrary| 2.4.2.18
15 -2 -3 -2 0 arbitrary |arbitrary | 2.4.2.88
16 -2 -3 1 0 arbitrary | arbitrary | 2.4.2.87
17 -2 -2 -1 -2 arbitrary |arbitrary | 2.4.2.28
18 — % — % — % — % arbitrary |arbitrary | 2.4.2.48
9 -3 -2 -4 2 arbitrary | arbitrary | 2.4.2.49
20 — % — % — % — % arbitrary |arbitrary | 2.4.2.24
21 — % - % — % — % arbitrary | arbitrary | 2.4.2.90
2| -3 -2 -2 arbitrary | arbitrary | 2.4.2.89
23 — % — % 2 0 arbitrary | arbitrary | 2.4.2.47
24 — % - % 2 1 arbitrary | arbitrary | 2.4.2.46
25 — % -2 — % -2 arbitrary | arbitrary| 2.4.2.81
26 — % -2 0 1 arbitrary |arbitrary | 2.4.2.80
27| -+ -L -2 -2 arbitrary | arbitrary | 2.4.2.25
28 — % — % — % — % arbitrary | arbitrary | 2.4.2.102
29 — % - % 0 1 arbitrary | arbitrary | 2.4.2.101
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TABLE 2.8 Continued
Solvable equations of the form y” = A;x™'y™* 4 Azx"2y™?

No my ma ny 2 Ay Ay Equation
30 — % — % — 1—52 — 15—3 arbitrary arbitrary 2.4.2.53
31 — % — % 0 1 arbitrary arbitrary 2.4.2.52
32 — % — % - % — % arbitrary arbitrary 2.4.2.23
33 — % — % — % — % arbitrary arbitrary 2.4.2.55
34 — % — % — % — % arbitrary arbitrary 2.4.2.59
35 - % — % - % — % arbitrary arbitrary 2.4.2.57
36 — % — % 0 0 arbitrary arbitrary 2.4.2.56
37 — % — % 0 1 arbitrary arbitrary 2.4.2.58
38 — % — % 0 2 arbitrary arbitrary 2.4.2.54
39 0 -2 -3 -2 arbitrary arbitrary 2.4.2.108
40 0 -2 0 1 arbitrary arbitrary 2.4.2.107
41 0 -1 -3 -2 arbitrary arbitrary 2.4.2.22
42 0 -1 0 0 arbitrary arbitrary 2.4.2.21
43 0 - % -3 — % arbitrary arbitrary 2.4.2.73
44 0 -2 0 0 arbitrary arbitrary 2.4.2.72
45 0 — % —4 — % arbitrary arbitrary 2.4.2.96
46 0 - % -3 - % arbitrary arbitrary 2.4.2.51
47 0 -5 -3 -3 arbitrary | arbitrary 2.4.2.45
48 0 -+ -3 -2 arbitrary arbitrary 2.4.2.106
49 0 — % -3 - % arbitrary arbitrary 2.4.2.85
50 0 — % — % — % arbitrary arbitrary 2.4.241
51 0 — % — % — % arbitrary arbitrary 2.4.2.100
52 0 — % — % -2 arbitrary arbitrary 2.4.2.79
53 0 — % - % — % arbitrary arbitrary 2.4.2.78
54 0 — % — % 0 arbitrary arbitrary 2.4.2.99
55 0 — % — % — % arbitrary arbitrary 2.4.2.40
56 0 — % 0 -2 arbitrary arbitrary 2.4.2.86
57 0 — % 0 - % arbitrary arbitrary 2.4.2.105
58 0 — % 0 0 arbitrary arbitrary 2.4.2.44
59 0 — % 0 1 arbitrary arbitrary 2.4.2.50
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TABLE 2.8 Continued
Solvable equations of the form y” = A;x™'y™* 4 Azx"2y™?

No my mo ny ng Ay Ag Equation
60 0 — % 1 0 arbitrary arbitrary 2.4.2.95
61 % — % — 1—30 — % arbitrary arbitrary 2.4.2.98
62 % — % 0 1 arbitrary arbitrary 2.4.2.97
63 1 —7 -2 -2 o arbitrary 2.4.2.35
64 1 -7 -2 6 % arbitrary 2.4.2.36
65 1 —4 -2 -2 6 arbitrary 2.4.2.31
66 1 —4 -2 3 6 arbitrary 2.4.2.32
67 1 -3 -5 0 arbitrary arbitrary 2.4.2.84
68 1 -3 1 0 arbitrary arbitrary 2.4.2.82
69 1 -2 —2 -2 12 arbitrary 2.4.2.64
70 1 -3 —2 2 12 arbitrary 2.4.2.65
71 1 -2 —2 -2 2 arbitrary 2.4.2.6
72 1 -2 -2 1 2 arbitrary 2.4.2.7
73 1 -3 —2 -2 -3 arbitrary 2.4.2.26
74 1 -3 -2 £ - arbitrary 2.4.2.27
75 1 —% -2 -2 —1—80 arbitrary 2.4.2.10
76 1 -3 —2 2 -5 arbitrary 2.4.2.11
77 1 -2 -2 -2 2 arbitrary 2.4.2.12
78 1 -3 —2 2 3 arbitrary 2.4.2.13
79 1 -3 —2 -2 e arbitrary 2.4.2.66
80 1 - % -2 % % arbitrary 2.4.2.67
81 1 -< —2 -2 -5 arbitrary 2.4.2.29
82 1 -Z —2 2 - arbitrary 2.4.2.30
83 1 -5 -2 -2 -2 arbitrary 2.4.2.14
84 1 -3 —2 —1 -2 arbitrary 2.4.2.15
85 1 —% -2 -2 —% arbitrary 2.4.2.8
86 1 —% -2 —% —% arbitrary 2.4.2.9
87 1 -+ —2 -2 20 arbitrary 2.4.2.33
88 1 -3 —2 —3 20 arbitrary 2.4.2.34
89 1 0 -5 -3 arbitrary arbitrary 2.4.2.77
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TABLE 2.8 Continued
Solvable equations of the form y” = A;x™'y™* 4 Azx"2y™?

No mi mo n1 n2 Ay Aq Equation
90 1 0 1 0 arbitrary arbitrary 2.4.2.76
91 1 + —2 -2 -2 arbitrary 2.4.2.37
92 1 5 —2 -3 -2 arbitrary 2.4.2.38
93 2 0 -5 —4 arbitrary arbitrary 2.4.2.92
94 2 0 -5 -3 arbitrary arbitrary 2.4.2.69
95 2 0 — % — 1—7‘3 arbitrary arbitrary 2.4.2.94
96 2 0 — % — 1—72 arbitrary arbitrary 2.4.2.71
97 2 0 - 1—75 - % arbitrary arbitrary 2.4.2.70
98 2 0 — 1—75 — % arbitrary arbitrary 2.4.2.93
99 2 0 0 0 arbitrary arbitrary 2.4.2.68
100 2 0 0 arbitrary arbitrary 2.4.2.91
101 2 1 -3 -2 arbitrary -= 2.4.2.61
102 2 1 -3 -2 arbitrary = 2.4.2.63
103 2 1 -2 -2 arbitrary -2 2.4.2.60
104 2 1 -2 -2 arbitrary = 2.4.2.62
105 3 1 —6 -5 arbitrary arbitrary 2.4.2.104
106 3 1 0 1 arbitrary arbitrary 2.4.2.103
107 3 2 — 15—8 — % arbitrary arbitrary 2.4.2.74
108 3 2 - % - 1—51 arbitrary arbitrary 2.4.2.75
2.4.2. Exact Solutions
1.yl = Ay™ + Axy™2, my # —1, ma # —1.
1°. Solution in the parametric form:
x:a/(ClJrTml“i7m2+1)_1/2d7+02, y = br,

where A1 = 2a7 20" (my + 1), Ay = £+a 2172 (may + 1),

2°. Solution in the parametric form:

x = a/ (Cy — 7™t g pmatl)

—1/2

dr + Cs,

y = br,

where 4; = —%a‘le_ml (m1+1), Ay = i%a_zbl_mz (mg + 1).
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Yy = Az~ 3ym L Ay ™23y M2, my # —1, my # —1.

1°. Solution in the parametric form:

-1
x = a[/ (Cy + 7™t 4 Tm2+1)_1/2 dr + C’g] )

-1
y= bT{/ (Cy 4 rmitt et )T gy 02} :

where 41 = a1 7™ (my 4+ 1), Ay = £LalTm2plmm2(my +1).
2°. Solution in the parametric form:

-1
r=a [/ (Cy — 7™t £ Tm2+1)71/2 dr + 02:| :

-1
y=br [/ (Cy — 7™t £ Tm2+1)_1/2 dr + C’z] ,

where Ay = —4a' ™™™ (my + 1), Ay = £5al T2 T2 (my + 1),

mi1+3 ma2+3

3. Yyl =AxT 2 y™ 4 A 2 y

m2

1°. Solution in the parametric form with m; # —1 and my # —1:

1 2A 2A —1/2
= C?exp {/(C2 42 2 2 7_szrl) dT:|,

4 mi —|— 1 mo —|— 1
1 1 2A, 245 —-1/2
=C = (C — 2 mi+1 i eler B m2+1) d .
Y 1T€Xp|:2/ 2—|—47’ +m1+1T +m2+17— T
2°. Solution in the parametric form with m; # —1 and ms = —1:

1 2A —1/2
x=C%exp [/ (Cg + ZTQ + r_’ilelH +2A451n |T\) dT:l,

1 1 2A —1/2
y = CiTexp {3 /(Cg + ZTZ + P +1 7 7™M L 24, 1n \T|) dT:|.

_2(m+1)
(m + 3)?

Solution in the parametric form:

4. yl = 2y + Ax"2y™, m# —3, m # —1.

m+3 2
m—1 m—1
, y:br[/(1i7m+1)_1/2d7+02 ,

x=C} [/(1 + Tm+1)_1/2 dr + Cg]

(m+1m =107\,

here A = +
where 20m + 3)2
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5 "o 2(m—|—1)
© Yoo = T u g 3)

Solution in the parametric form:

2y + Ax—™m y™, m # —3, m # —1.

_m+3 m+1
m—1 m—1
r=C4 {/(lzlzrmﬂ)l/2 dr+Cs , y=bCyt [/(1:!:7'7”“)1/2 dr+Cs )

(m +1)(m — 1)?
2(m + 3)2

where A = + pl—m,

6. y/ =2z72y+ Az %y 2
Solution in the parametric form:
r=Ci[/r(r+1)—In(y7T+V7T+1) +C,2]71/37
y=br[/7r +1) —In(y7+ VT 1) +Co] >,
where A = —%b?’.
7.yl =2x"2y+ Azy2
Solution in the parametric form:
r=C[Vrr+1) —In(VF+vr+1)+C]"°,
y=bCir[/Tr+ 1) —In(y7+ V7T 1) + o],

where A = —%b?’.
8. yl = —24—5:1:_2y + Ax—2y~1/2

Solution in the parametric form:

—-5/3 —4/3

r=C (1 =31+ Cy) , y:b(7'2—1)2(7'3—37'—|—02) ,

where A = i%bg/z.

9. gyt = —;—sm_zy + Ax—1/2y—1/2,

Solution in the parametric form:

5/3

w=C (= 3r+ )", y=bCi (72— 1) (7% — 31+ Co)'?,

where A = izi‘sbi‘/z.

10. oY = —qo-x 2y + Az—2y5/3

Solution in the parametric form:

x = Cy[£(r* = 67° +4C,7 — 3)] 8t
y = b(r® — 37 + Cy)**[£(r* — 672 + 4Cyr — 3)] /"

_ 9 18/3
WhereA—imb/.
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11. gy = —%az_zy + Ag?/3y—5/3,

Solution in the parametric form:
2 =Cy £ (1 —6724+4Com—3)]>/*,  y=0bCy (7> —37+C3)3 2 [£ (71 =672 +4C,7—3)]"/8,
where 4 = £33,

12. y2 =3z 2y + Az—2y—5/3

Solution in the parametric form:

r=Cy (3 £37 + C’g)_l/2, y="b(r*+ 1)3/2(73 + 37+ C’2)_3/4,
where A4 = £4b%/3.
13. y” = %m_zy + Ag?/3y—5/3,
Solution in the parametric form:
x=Cy (3 £37 + 02)1/2, y=bCy (1% + 1)3/2(7'3 +37+ 02)71/4,

where A = j:%bS/?’.

14. y?” = —%m_zy + Ax—2y~1/2,

Solution in the parametric form:

x=C1(C1e2*T + Cope™*" sinw)fB, w = V3kr,
y = bk?(C1e®*™ + Cre ¥ sin w)72 [201€**™ + Coe™*™ (\/§ CosSw — sinw)]2,

where A = %bki”.

15. y/ = —%a:_zy + Ax—1/2y4=1/2,

Solution in the parametric form:

T = 01(0162’” + Coe™ k7 sinw)g7 w=V3kr,
y = bk*Cy (Clem” + Che™km sinw) [201€2kT + Che (\/gcosw — Sinw)]z,

where A = 1—966163.

16. y” = Ax?y= 5+ Ayy~5.

Solution in the parametric form:

o= (B [0 o) ]

—1
— 7L/ o1 T e
y=A, T{COS|:/<01 2A1A2T T ) dr + Cy .
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17. yl = Ay 3 4+ Ayt

1°. Solution in the parametric form:
l‘:a|:/ (Ch —|—7'*3:|:7’72)_1/2 dT+CQ:|7 y = br,

where A; = Fa~2b*, Ay = —%a_2b5.

2°. Solution in the parametric form:
x:a{/ (Cy —T_3i7'_2)71/2 dT+CQ:|7 y = br,
where A; = Fa=2b*, A, = %a*Qb‘r’.

18. y” = Ay 3+ Aszy~ .
1°. Solution in the parametric form:

-1

1
x:a[/(C’1+T3:I:72)1/2 dT+OQ:| , y=br {/(C’l—&—T?’:tTZ)l/Q d7'+02} ,

where A; = Fa~2b*, Ay = —%a_3b5.
2°. Solution in the parametric form:

-1

-1
x—a[/(Cl—T3:I:T2)1/2 dT+C2:| , y=br {/(01—7'3:&7'2)1/2 dT+CQ:| ,
where A; = Fa 2b%, Ay = %a‘3b5.

19. gy = Ajy™ + Aa, m # —1.

1°. Solution in the parametric form:
x—a{/(C& —|—7-m+1:|:7')_1/2d7'—|—02}, y = b,

where A; = %a_2b1_m(m +1), Ay = :E%a_%.

2°. Solution in the parametric form:
m+1 *1/2
J):a|:/(01—7' +7) dT—i-Cz} y = b,

where 41 = —1a720'"™(m+1), Ay =++a"?b.

3°. See equation 2.4.2.21 for the case m = —1.
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20. y/ = Az ™ 3y™ + A3, m # —1.

1°. Solution in the parametric form:

~1/2

—1
q;:a,li/(cl—‘rTm—HiT) dT+CQ:| ,

-1
y_bT[/(Ol + 7 iT)_1/2d7—+C’2] ,

where 4; = $a'™™b' "™ (m + 1), Ay = +1ab.

2°. Solution in the parametric form:
1/2 -t
$=a|:/(01—7'm+1:|:7')/ dT+CQ:| ,
1/2 -t
y:bT|:/(01—7'm+1:|:7’)_/dT+02:| )
where 41 = —La'Tmb1""(m 4+ 1), Ay =+1ab.
21. y;:Im = A; + Azy_l.

Solution: z = /(C1 + 241y + 245 In |y|) "V 2dy + C.

22. y! = Az 4+ Arx2y~ 1.

Solution in the parametric form:
-1
T = l:/(01+2A1T+2A21n|7‘|)1/2 dT+C2:| ,
-1
y = T[/(Cl + 24,7+ 245 In 7)) "2 dr + Cg] .

23, Y, = Aoy 12 4 Ay T 2y 12,

Solution in the parametric form:
k? 2k k 2
y = ?{2016 T4 Coe™ T [\/§COS(CUT) — sin(wT)]}",

A
where F = C1e%F7 4+ Che™*7 sin(wT) — A—l, Ay = 16k3, w = kV/3.
2

24. y" = Ayz—4/3y=5/3 4 A,x~T/3y5/3,

Solution in the parametric form:

T = (3—161427'4 + Ci173 4 Cor + 03)717

Y= (%AQTS +3Ci7% + 02)3/2(31—6/1274 +C173 + Cor + CS)_la

where 9C1Cy = A1 + A5CS5.
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25.

26.

27.

28.

y! = Ayz—8/5y=T/5 4 Apg—13/5y~T7/5,

Solution in the parametric form:

A\ ! A1
— e _ p(505/2 4 A1
x (aClF L ) , y=0bC1S (aClF L ) )
where S = C1e?F7 +Coe™*7 sin(v/3k7), F=(5.)2—2585" , Ay=— 10524 a3k,
yr = —13—633_2y + Ax—2y—5/3,

1°. Solution in the parametric form with A < 0:
x = Cy[cosh(T + Cy) cos 7] ~?[tanh (T + Co) + tan 7] 72,
y = bltanh(r + Cy) + tan 7] 7%/,
where 4 = —2-08/3.
2°. Solution in the parametric form with A > 0:
x = Cy[sinh 7 + cos(7 4 Cp)] 72,
y = blcosh 7 — sin( 4 C5)]*/?[sinh 7 + cos(1 + Cy)] /2,

where A = %bg/S.

y! = —%m_2y+Am2/3y_5/3.

1°. Solution in the parametric form with A < 0:
x = Cy[cosh(T + Cs) cos 7)%[tanh(T + Cs) + tan 72,
y = bC4 [cosh(T + Cy) cos 7)?[tanh(T + C5) 4 tan 7]*/2,
where A = —%bg/g’.
2°. Solution in the parametric form with A > 0:
x = Cy[sinh 7 + cos(T + 02)]2,
y = bCy[cosh T — sin(7 + C)]*/?[sinh 7 + cos( + Cy)]*/?,

_ 3 38/3
whereA—ﬁb/.

y! = Az ly™? + A3y 2
Solution in the parametric form:
A -1
T = {aCﬂ'_?/S[(TZ; + %Z)2 + T2Z2] — A—:} ,
‘ Ay -1
y= bC’17'2/3Z2{(1C’17'72/‘3 [(TZ; + %Z)2 + TQZQ] — A—l} ,
2
where
P C1J1/3(1) + CoYy3(7)  for the upper sign,
~ L Cili3(7) + C2Ky3(7)  for the lower sign,
Ji/3 and Yy 3 are Bessel functions, I;,3 and K;,3 are modified Bessel functions;
Ay = —%a_?’b?’.
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29.

30.

31.

32.

33.

» In the solutions of equations 29-30, the following notation is used:
Sy = Cre®FT 4+ Coe sin(\/§ kT),
So = 2kC1e®*™ + kCae 7 [V3cos(VBkr) —sin(v3k7)],
S = S35 —25,(S>)..

Yoo = — 36T 2y + Az 2y /5.

Solution in the parametric form:

r=0187 =825

where A = —T%Zlbm/f’k’q
y! = —%x_2y+Am2/5y_7/5.

Solution in the parametric form:
x=C182 oy =b08725M,

_ 5 112/57,—6
where A = —5z57rb /56,

» In the solutions of equations 31-39, the following notation is used:

R=/+(4r3-1), I= /TR_ldT, Fy =211 +Cor ¥R, Fy=1 YRF —1),

where I = I(7) is the incomplete elliptic integral of the second kind in the Weierstrass
form.

y! =6z %y + Az 3y
Solution in the parametric form:
x:Clr_l/sFll/5, y:b7_3/5Ff2/5,
where A = F1500°.
y/! =6z %y + Azdy~*.
Solution in the parametric form:
w=Cr PRy = bR
where A = F1500°.
y! =20z 2y + Ax—2y~1/2
Solution in the parametric form:
z=CF®  y=bF PR

where A = +108b3/2.
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34.

35.

36.

37.

38.

39.

y! =20z 2y + Az~ 1/2y~1/2,

Solution in the parametric form:
x=CF Y3 y=b0FPR2,

where A = +108b3/2.

Yy = 14—533_2y + Ax—2y~7.

Solution in the parametric form:

r=CrFEE )y =R P )7
where A = :i:%bs.
yr, = a2y + Axby~".
Solution in the parametric form:
w=Ci(4rF2 ¥ F2) Yy = b P2 (urFE F F2Y O,

where A = ﬁ:%bs.

Yy = —%w‘zy + Azx—2yl/2,

Solution in the parametric form:
1'101(14’02)77, y:bT2(1’+02)74,

4 12311/2
WhereA—iEb /2,

y! = —%m_zy + Ax—3/2y41/2,

Solution in the parametric form:
r=C(I+Cy)",  y=0bC172(I+CY)3,
where A = :i:i—gb”?
Yyl = Azty™" + AsxBy~".
Solution in the parametric form:
v = |aCrF ¥ F3) - 25

where Ay = +2-a73b5.
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40.

41.

42.

43.

» In the solutions of equations 40—43, the following notation is used:

Ri=C+73+r ) Ry=(C, -3+ )2
Elz/RfldT—i—C% EQZ/RgldT—l—CQ,
Fy=7—-RFy, Fy =7 — RayFy,

Hy =3mF2 +3(1 £ 71)E}, Hy =373F] +3(—1+7)E3.

y:/n/ac — Alm_4/3 +A2:c_4/3y_1/2.

Solutions in the parametric form:
x:a7'73E2, y:kaQ,

where A; = :F%a*2/3b, Ay = %a*2/3b3/2(—1)’“; k=1and k = 2.
y;:,:c — Al.’I}_5/3 + A2m_7/6y_1/2.
Solutions in the parametric form:

T = (:m'?’Ek_?’7 Y= bTBEk_ngZ,
where A; = :I:%a_l/Sb, Ay = %a_5/6b3/2(—1)k+1; k=1and k=2.
Yyl = Ay 4+ Aszy™".
Solutions in the parametric form:

x = ar 3Hy, Y= bTﬁl/zE;/Q,

where A; = $%a_2b4, Ag = —%a_?’bg; k=1and k = 2.

y! = Ay~ + Axxdy 7.
Solutions in the parametric form:
Z‘:CLTSHk_l, y:bT5/2E;/2Hk_1,

where A = +4-a72b?, Ay = —5-a7 " k=1and k=2

» In the solutions of equations 44—45, the following notation is used:

Ay

6116]‘3‘r + Cze_kT — A—’T Zf A1 > 0,
fi= ' A
Cy sin(kt) 4+ Co cos(kt) — A—27' if A1 <0,
1
kT —kT A2 .
k(01€ - C2€ ) - A— Zf Al > 0,
f2 = ! A
k[Cy sin(kT) — Cy cos(kT)] — A—2 if Ay <0,
1

where k = |/ 5| A1].
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44. y;:,a: = A, + A2’y_1/2.

Solution in the parametric form:
T = f17 Y= f22

45. y! = Az 73 + Ayz—5/2y~1/2,

Solution in the parametric form:

z=f  y=f1

» In the solutions of equations 46—47, the following notation is used:

For A; > 0,

Ty = C1e¥™ + Coe™ + Cysin(kr), k= (4A4;)"4,
Ty = k(C1ef™ — Coe ™) + kCs cos(kT);

For A; <0,

T, = e°"[Cy sin(sT) + Co cos(s7)] + Cze™ *" sin(s7), s= (—%Al)l/‘L,
Ty = s5e”[(Cy — Cq) sin(s7) + (C1 + Ca) cos(sT)] — sCse™*" [sin(sT) — cos(sT)].

46. y” = Aix%y~5/3 4+ Ayxy5/3.

Solution in the parametric form:

Az

_ 3/2
24, ’ Yy 2

I'ZTlf

where arbitrary constants C7, Cs, and C3 are related by
4010y + CF = LAT?AS if 4y >0,
016'3 = %A;QAg if A1 <O.

47. Yyl = Aqx2y=5/3 4 Ayy—5/3.
Solution in the parametric form:
€T = T17 Y= T23/2a
where arbitrary constants C7, Cs, and C5 are related by

4C10,+ C5 = -2 AT A, if Ay >0,
CiC3 = _%A;1A2 if A1 <DO.
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48.

49.

» In the solutions of equations 48—49, the following notation is used:

For Ay > 0,

Ty = Chef™ + Coe ™ + C5 sin(k7),

k= (542)"",
Ty = k(C1ef™ — Coe ™) + kCs cos(kT);
For Ay <0,

Ty = e*"[Cy sin(sT) + Ca cos(s7)] + Cze™*7sin(s7), s = (—+Az)"%,
Ty = 5eT[(Cy — Cy) sin(s1) + (C1 + C3) cos(sT)] — sCse™ " [sin(s7) — cos(s7)].

y! = A= T/3y=5/3 4 Apg—10/3y—5/3,

Solution in the parametric form:

Ay >—17

o i)

T (Tl - 24,

y:TQ?’/Q(T1 -

where arbitrary constants C7, Cs, and C3 are related by

4C1Coy + Cg = %A%A;2 if Ay >0,
CiC3 = %A%AQ_Q if As <O.

y! = Ayz—4/3y=5/3 L Apq—10/3y—5/3,

Solution in the parametric form:
x:Tfl, y:TflTQB/Q,
where arbitrary constants C7, Cs, and C3 are related by

401Cy + C5 = —2 A1 A1 if Ay >0,
CiC3 = *%AlAgl if As <0.

» In the solutions of equations 50-53, the following notation is used:

Ry = C17* + Corh2 4 Cyrhe,

Ry = (Cy + Cor)eP™ + Cse¥7,

Rs = C1e" + e’ (Cy sinwt + C5 coswT),

Q1 = Crky 7™ + Cokot™ + C3kst™e,

Qo = (kCy + Cy + kCor)e"™ 4+ wCse®T,

Q3 = kC1ef™ + e*[(sCy — wCs) sinwr + (sC5 + wCy) cos wT],
S1=7(Q1);, S2=(Q2);, S3=(Qs)7,

where ki, ko, and ks (real numbers) or k and s + iw (one real and two complex
numbers) are the roots of the cubic equation \3 — %Bg)\ — %Bl = 0. Subscripts of
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50.

51.

52.

53.

functions Ry, Qm, and Sy, (m =1, 2, 3) are selected depending on the sign of the
following expression:

QBS’ - 27B% =0 subscript 2,

{ >0 subscript 1,
<0 subscript 3;

if 2B3 = 27B? (subscript 2), then

k=(+B)Y?, w=-2LBy)Y? if B <0,
k=—(§B)"% w=2%B)"* if Bi>0.

Remark. The expressions for R,,, Qm contain three constants Cy, Cs, and Cs.
One of them may be arbitrarily fixed to set it equal to any nonzero number (for ex-
ample, we may set C5 = £1), and the other constant may be arbitrary.

Y, = Ay + Azzy /2

Solution in the parametric form:

=Ry, y=Q> Ay =By, Ay=B.

m?

y! = Ajx3 + Az~ /2y 71/2,

Solution in the parametric form:

x:R;zlv y:R_l 2

m mo

Alng, AQZBl.

Y, = Ay =35 + Ayay™7/5.
Solution in the parametric form:

z = a(2Q% — 4R, Sy + BoR2,), y=bR),

where Ay = —ab~ %% AyB,, Ay = —;—Qa*?’blz/‘%B;Q.

y! = Ayz—12/5y=3/5 4 A,q—13/5y=T/5
Solution in the parametric form:

2 = a(2Q%, — 4RmSm + BoR2) ',y =bRY*(2Q2, — 4R S + BoR2) ™,

where A1 = 2a?/°V3/°B*B,, Ay = —5:a%/%0'2/°B 2.

» In the solutions of equations 54-55, the following notation is used:

1°. For Ay > 0, Aq 7é 0:

T1 = ClekT + 026,]@7 + Cg sin wT,
Ty = k(C’lekT — 026_k7—> + wC3 cos wT,

where k= {Z[(A2+345)V2 + A }V/2, w={2[(A2+3A5)"/2 — A|]}/?; arbitrary
constants Cq, Ca, and C3 are related by the constraint 4k2C1Co + wQCg =0.
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54.

55.

2°. For —A3 <34, <0, A; >0:

= ClTkl + CQT_kl + Cngz + 6'47'_]%7
T2 = kl(Clr’“ — CzTikl) + kz(Ong2 — 6147'7162)7
where  ky = {Z[A1+ (A2 +3A2) V2|12, ko = {Z[A; — (A2 +342)Y2}1/2; arbitrary

constants Cy, Ca, and Cs are related by the constraint (C1Cs +C’304)(Af —|—3A2)1/2 +
(C1Cy — C3Cy) A = 0.

3°. For —A3 <345, <0, A <O0:

T1 = Cl sinwlT + 02 COSwW1T + 03 Sinng,

Ty = w1 (Cy coswiT — Cysinwy T) + waC3 cos waT,
where w, = {—E[Al + (43 + 34, Y1/2131/2, = {—%[ — (43 + 34, Y2312,
arbitrary constants Cy, Csy, and Cs are related by wl( + 02) - w2032 =0.
4°. FOT‘A%+3A2 :0, A1 > 0:

Ty = (Cy 4 Co1)e*™ + (C5 4 Cyr)e ™7,

= (kCy 4 Cy + kCo1)e*™ — (kC5 — Oy + kCy1)e™*7,
where k= (%Al)l/z; arbitrary constants Cy, Cs, and Cs are related by the constraint
(0104 — 0203)(%141)1/2 +2C,C4 = 0.
5°. For A% +34, =0, A <O0:

Ty = (C1 4 Cor) sinwt + C37 coswr,
Ty = (wCy + C5 4+ wCs7) coswt + (Co — wC3T) sin wr,

where w = (—%Al)l/z; arbitrary constants Cy, Ca, and C3 are related by the con-
straint C’ng(—%Al)l/2 +C2+C2=0.
6°. For 3Ay < —A3%:

T, = ekT(Cl sinwr 4+ Cy coswt) + Cye * sinwr,

Ty = eFT[(kCy 4 wC) coswt + (kC; — wCs) sinwT)]

+ C3e ¥ (wcoswr — ksinwr),

where k= {%[A1 4+ (—342)2}/2, w={L[-A1 + (—342)/2]}/2; arbitrary con-
stants Cy, Cy, and Cs are related by Co A1 + Cl(fAf — 3A2)1/2 =0.
Yo, = Ary =+ Agay /5.
Solution in the parametric form:

x:Th y_ 3/2

y! = Ayx—8/3y=1/3 4 A,g—10/3y—5/3,

Solution in the parametric form:
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56.

57.

58.

59.

» In the solutions of equations 56-59, the following notation is used:

T — Che?T + Coe " + CsT if Ay >0,
! Cysinwt + Cycoswt + C37  if Ay < 0;
T, — w(C1e?T — Coe™T) 4+ C; if Ay >0,
27\ w(Cycoswr — Cysinwr) +Cs  if Ay < 0;
where w = \%Aﬂlp,

uly = Ay~ 4 Ay,
Solution in the parametric form:
T = Tl, Y= T23/23

where arbitrary constants C7, Cs, and C3 are related by

3(1410; + AQ) + 16A%0102 =0 if Ay > 0,

3(A105 + Ap) +4A3(C3+C3) =0 if A; <0.
y! = Ayx—8/3y=1/3 L Apq—4/3y=5/3
Solution in the parametric form:

il':Tf17 y:TflTs/Q,

where arbitrary constants C7, Cs, and C5 are related by

3(A1C2 + Ap) +16A3C1Cy = 0 if A; >0,
3(A10% + Ap) +4A3(C? +C2) =0 if A, <0.

Yy = Ay~ 13 + Aywy—5/3,
Solution in the parametric form:

A
o=T - ——1° y:(TQ_

As T) 3/2
4A, ’

241
where arbitrary constants C7, Cs, and C3 are related by
341035 + 16A1C1C + 2 AT2A3 =0 if A; >0,
34105 +4A3(CT+C3) + = APA3 =0 if 4 <O.
y! = Ayz—8/3y=1/3 L Apg—T/3y=5/3,

Solution in the parametric form:

v (Tl o 4/11421 T2>_17 v= (Tl B 4f11421 TQ)_I <T2 B 21?421 T

where arbitrary constants C7, Cs, and C3 are related by

341035 + 16A7C1Cy + S AT2A3 =0 if A >0,
3A,C3 +4A%(CE+C3) + £ ATPA3 =0 if A <.
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60.

61.

62.

63.

64.

65.

66.

67.

» In the solutions of equations 60—67, the following notation is used:

Function p= (1) is defined implicitly in terms of the above elliptic integral of the first
kind. For the upper sign, function p coincides with the classical elliptic Weirstrass
function p = (7 + Ca, 0, 1). In the solution given below, one can take p as the
parameter instead of T and use the explicit dependence T = 7(p).

1 -2,2_ 6 _.—2
Yoo = Ax™ %y 25 Y.

Solution in the parametric form:
CU:C1T5, y:szp, where A= :I: b L

V7 -3 2 6 —2
Yy, = Ax 25X Y.

Solution in the parametric form:
r=Ct75% y=bC173p, where A= :I: b_

Y, = Az72y? + Sa2y.
Solution in the parametric form:
r=C1° y=0br’pF1), where A=+L2b""

Y, = Az3y? + a2y
Solution in the parametric form:
r=C77° y=0bC17°(T*p F 1), where A= :&:%b_l.

y! =12z 2y + Ax—2y~5/2
Solution in the parametric form:
—1/7 _ —4/7
e=Cip*T(f2rp%) "y =0p7T(f 270",

where A = F147b7/2.

y! =12z 2y + Az3/2y=5/2,

Solution in the parametric form:

7 _ —-3/7
2=Cp T(f 20Ty =bCie ¥ T(f £ 2rp?) T,
where A = F147b7/2.
_ 63 —2,,-5/3
You = 4T 2y + Ax—2y5/3,
Solution in the parametric form:
3/2

e=Cirf+20) 4 y=0b(rf+20) " 8(f £ 279777,
where A = —%bg/?’.

ylt, = a2y + Ax?/3y=5/3,

Solution in the parametric form:

w=Ci(rf+20)4, g = b0y f +20) T (f £ 27077,

where A = —%bg/?’.
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68.

69.

70.

71.

72.

73.

» In the solutions of equations 68—73, the following notation is used:

f1:\/i4pi’—2@1—02, - Ch,

_ / dpy
T =
VE4! 201 — Co

and

_Clv

) d
f2=\/i4@§+2@2—027 T=/ b2
\/i4p§+2m —Cy

where functions p1 = ©1(7) and ps = po(7) are the inverse functions for the above
elliptic integrals. For the upper signs, they are the classical Weierstrass functions
p1 =p(T+1, 2, Co) and p2 = p(7+1, =2, C3).
y! = A1y® + As.
Solutions in the parametric form:

r=ar,  y=bpk,

where A; = £6a72b7!, Ay =a"2b(-1)*, k=1and k = 2.

y! = Az 5y? 4+ Arx—3.
Solutions in the parametric form:
x:anly y:b’rilplm

where A} = £6a®b™1, Ay =ab(—1)*, k=1and k = 2.

y! = Az 15/Ty? 4 Apx—9/7.

Solutions in the parametric form:

r=ar’, y = br(r?pr F 1),
where A; = £-5a¥/Tb71, Ay = La/Tb(—1)%, k=1and k = 2.

y// :A1$_20/7y2+A2$_12/7.

xrxr
Solutions in the parametric form:

T = a7_77a y= bT*G(TQWk + 1)3

where Ay = :I:%aﬁﬁb’l, Ag = %a’zﬁb(fl)k7 k=1and k=2.

Yy, = A1+ Axy~2/3.
Solutions in the parametric form:

z=alfs — (D', y=1bgj,
where A; = £1a72b, Ay = 5a2%/3(-1)%, k=1and k = 2.

Y = Ajx73 + Az~ 7/3y—2/3,
Solutions in the parametric form:

x:a[fk_(_l)kT]_lv y:b@i[fk_(_l)kﬂ_lv
where 4; = +1ab, Ay = 5a'/Pb%3(—1)F, k=1and k = 2.

© 1995 by CRC Press, Inc.



» In the solutions of equations 74=75, the following notation is used:
E = /(1 Y a1 0y, K2 =41
Function E can be expressed in terms of elliptic integrals or lemniscate functions.

74,y = Ayz18/5y3 4 A,z 14/5y2,
Solutions in the parametric form:
r=aC{E°, y =bC{E~*(7E — k),
where 4; = :I:%ag/sb’2, Ay = :N:Q%a‘l/‘r‘b*lk.
75. y! = Ajz12/5y3 4 Az 1l/5y2,
Solutions in the parametric form:
r=aC?E®, y=bC1E(TE — k),

where A; = :I:%ag/5b’2, Ay = :N:Q%al/%*lk.

» In the solutions of equations 76-81, the following notation is used:

Ji3(1)  for the upper sign (Bessel function),
~ U 1iy3(r)  for the lower sign (modified Bessel function),

Y1,3(7)  for the upper sign (Bessel function),
N Kyy3(r)  for the lower sign (modified Bessel function),

1 .
HC1f+C2g+,6’w<g/def/ng>, w{?ﬂ for the upper sign,

—1  for the lower sign.

76. y:,t,:n = A1$y + Az.

Solutions in the parametric form:
x:aT2/3, y:Tl/?’H,
where 41 = F2a73, Ay = Fa72p.
7.yl = Az Sy + Axx5.
Solutions in the parametric form:
o:zanQ/S, y:771/3H,
where A1 = 7443, Ay = Laf.
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78. y! = Ajz73/2 4 Ayx—1/2y1/2,
Solutions in the parametric form:
x = ar?/3H? — br23(rH. + LH)?
- ) Yy =01 (T T + 3 H) ’

where 4; = f%a*I/Qbﬂ, Ay = :F%a*S/QbS/Q.

79. y! = Ajz32 4 Ayx—2y~1/2
Solutions in the parametric form:
e=arPH?, y=brYPH2(rH. + +H),

where 4; = —%a‘l/zbﬁ, Ay = :F%b3/2.

80. y” = Ay 324 Ay~

Solutions in the parametric form:
v =ar 2P [Fr2H? +26rH — (rH, + $H)'],  y=br?/H,

where Ay = —ab™ /2845, Ay = La=33.

81. y” = Ayx3/2y=3/2 4 A,z—2y—2
Solutions in the parametric form:

x = ar?/3 [:FT2H2 +2067H — (TH. + %H)2] _1,

y = br'BH?[Fr2H? + 267H — (rH. + LH))] 7,

where A; = —2a~V26%/23, Ay = 203

» In the solutions of equations 82-88, the following notation is used:

U — C1J, (1)  for the upper sign (Bessel function),
Yl Cil(T)  for the lower sign (modified Bessel function),

V. — CyY, (1)  for the upper sign (Bessel function),
V'l CoK,(T)  for the lower sign (modified Bessel function),
Zy :alUy+a2VV7 Xy :ﬁlUu+ﬂ2VV7

_ ZVXV fOT’ A= _(a1162 - a2/81)2;
aU; + BUV, V7 for A= day - B2,

F,=7Z +v2Z,, G, =7X, +vX,,
N, = ZVGV + XVFV fOT’ A= _(alﬁQ - a251)27
! TN’ 4+ 2uN for A = 4ay — 32,

2 .
No = N2 £ 472N? 4+ W2A, = for the upper sign,
—1  for the lower sign.

Prime denotes differentiation with respect to 7.
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82.

83.

84.

85.

86.

87.

88.

Yo = A1y + A2y~°.
Solutions in the parametric form:

x=a7'2/3, 312177'1/3’N1/27

where v = %, Al = ¥%a_3, Ay = %a_2b4w2A.

yu. = A1x"y + Axy~3, n# -2

Solutions in the parametric form:

r=ar?, ysz”Nl/z,
h _ ; A _ - —n—2 A o 1 72b4 QA
Wereufn+2, 1f:|:4y2a , A2 = qga w

y/! = Az y + Ay~3.

Solutions in the parametric form:
x=ar /3, y=br 1/3N1/2,

where v = %, A = :F%a3, Ay = %a”b‘*sz.
y! = Ajx73 + Az~ 1/2y"1/2,
Solutions in the parametric form:

a::aTQ/?’N, ysz_Q/?’N_le,
where v = %, A = —2abw?A, Ay = $%a‘3/2b3/2.
y! = A; + Az~ 2y~ /2
Solutions in the parametric form:

r=ar 23N y=0brYPNT2NE,

where v = 1, A} = —2a72bw2A, Ay = F50%/2.
Yyl = Aoy % 4+ Ay~
Solutions in the parametric form:

x:mf?/sN*lNg, y:b7'2/3]\77

_ 1 _ 9 313 _ 9 —234 2
where v = 5, A1 = —555a7°0%, Az = cra b w A

Yyl = Az 2y 4+ Ay~3.
Solutions in the parametric form:
x:a7'2/3NN2_1, y:bT4/3N2N2_1,

_ 1 _ __9 33 _ 9 —2p4 2
where v = &, A} = —555b°, Ay = gra “b wA.
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» In the solutions of equations 89-90, the following notation is used:

A =C% —201, R = (36A + 54B7 — 27°)1/2, z= 3/7—13—1 dr,

VvV=A
tan(+vV—-Az) + L if A <0;
Cl Cl
A tanh(FVAz) + e if A >0;
Cl Cl
Wi(z) = 1 9 A .
SN .. FA=0, Cy<0;
F ca ol f 2
1 2
A .
Yozt er fA=0, Cy>0

89. yl, = A1y %% + Aya—?/3y=5/3,

Solutions in the parametric form:

x = ar 32(CLW? = 20,W + 2)%/2,
y = br 4 (CLIW? — 205 W + 2)3/4(6C, W — 60y F R)/?,

where Ay = 24a=2b%/3C,, Ay = —36a~%/3b8/3B.

90. y” = Az 2/3y=5/3 4 A,x—4/3y~5/3,

Solutions in the parametric form:

z = ar®?(CLW? = 20,W +2)73/2,
y = br3/HCW? = 20,W + 2)73/4H(6C,W — 6Cy T R)*/?,

where A; = —36a*4/3b8/3B, Ag = 24a-2/3b3/3(,.

» In the solutions of equations 91-102, the following notation is used: functions Py
and Py are the general solution of four modifications of the first Painlevé equation:

P =+46P7 +7, Py =+6P; —7

(in the case of the upper sign, the equation for Py is the canonical form of the first
Painlevé equation, see Subsection 2.8.2). In addition,

Q1 = +6PF + 7, Qa2 = £6P% — 7,

T, =7P ¥ 1, Ty =72Py F 1,

Ui = (P))* —2PQ, + 8P, Uy = (Py)? — 2P,Qs + 8P5,
Vi=PlQ} + P - QF, Vo = P3Q5 — Py — Q3,

where primes denote differentiation with respect to T.
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91.

92.

93.

94.

95.

96.

97.

Yyl = Ay® + Az
Solutions in the parametric form:

T = ar, y = bP,

where A} = £6a72b7!, Ay =a3b(-1)*"; k=1and k = 2.

Yy’ = Az~ 5y? + Az~
Solutions in the parametric form:
r=ar !, y=>br 1P,

where A; = £6a%b~!, Ay = a?b(—1)¥*L; k=1and k = 2.
y:IEIm — A1$_15/7y2 + A2$_8/7.

Solutions in the parametric form:

r=ar’, y = brly,

where A; = :I:%alﬁb’l, Ay =45 a=%/Th(=1)k*1 k=1 and k = 2.

y// —A1$_20/7y2+A2£C_13/7

T

Solutions in the parametric form:

r=ar""

, y = br 5Ty,
where A; = £-5.a%Tp71, Ay = La V/Tb(—1)F*Y k=1and k = 2.
y:/n,w = Az + A2y_1/2'
Solutions in the parametric form:

x = aPy, y = b(P})?,
where A; = £24a73b, Ay = 2a726%/2(-1)F*1; k=1and k = 2.
yr = ATt + Agx—5/2y=1/2,
Solutions in the parametric form:

z=aP; ", y=bP'(P})?

where A} = £24a%b, Ay = 2a/?0%/?(—1)%*'; k=1 and k = 2.
vl = Ay + Ay,
Solutions in the parametric form:

x = alUy, y:bPkg/Q,

where Ay = T8ab 24,5, Ay = ——a_3b8/3, k=1and k = 2.
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98. y'’ — Az 10/3y1/3 4 Apg—T/3y=5/3,

Solutions in the parametric form:
sc:aUk_l, y:st/ZUk_l,
where A, = T8ab 24,5, Ay = —%a1/3b8/3; k=1and k= 2.

99. y” = Az 4 Ay~ /2

Solutions in the parametric form:
‘r:a(PI;)27 y:bQia
where 4; = 2a71/2b(-1)%, Ay = £6a72b%% k=1and k = 2.

100. y” = A1z~ 3/2 4 Az —5/2y~1/2,

Solutions in the parametric form:
x=a(P)7%  y=0bF) Q%
where A; = %a‘l/Qb(—l)k7 Ay = +6a20%/2; k=1and k = 2.
101. y” = A1y~ /3 4 Ayzy~5/3.
Solutions in the parametric form:
z=aVi,  y=0b(F)’,
where A; = ab™ /3 Ay(—1)F, Ay = 3—16a_3b8/3; k=1and k= 2.
102. y2 = Az 3/3y=4/3 f Apx~7/3y—5/3,
Solutions in the parametric form:
x = aVk_l, y= b(P,g)gvk_l7
where A; = 3—16a_l/?’b”?’(—l)k7 Ag = %al/?’bg/?’; k=1and k=2.
» In the solutions of equations 1053-108, the following notation is used: functions Py
and Py are the general solution of four modifications of the second Painlevé equation
(with parameter a =0):
P/ = 7P, 4+ 2P}, Py = —TP, +2P;5.

where primes denote differentiation with respect to . In the case of the upper sign, the
equation for Py is the canonical form of the second Painlevé equation (with parameter
a =0, see Subsection 2.8.2).
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103. y = A1y® + Aswy.
Solutions in the parametric form:
T = ar, y = bP,
where A; = £2a72b72, Ay = a®(—1)**; k=1and k = 2.

104. y” = Az~ %> + Ax%y.
Solutions in the parametric form:
T =ar *, y=br 1P,

where A} = £2a%*b72, Ay =a®(—1)*!; k=1and k = 2.

105. y” = Ay + Az~ 1/2y~1/2,
Solutions in the parametric form:
v=aP?, y=bP):  Pl= (P
where A; = £2a72b, Ay = +a73/26%/2(-1)**; k=1and k=2.

106. y” = Ajz~3 + Ayz—2y~1/2
Solutions in the parametric form:
v=aP % y=bP*P)*  P.=(P),
where A; = £2ab, Ay = +b%/2(~1)F*1; k=1and k =2.

107. y2” = Ay + Azxy~2.
Solutions in the parametric form:
v=afrP2 P} = (P)Y, y=bPZ  P=(P),
where A; = F2a72b(=1)%, Ay =2a73*(—1)**}; k=1and k = 2.

108. y” = Ayxz™3 4+ Az~ 3%y~ 2
Solutions in the parametric form:
v=a[rPl+ Pl = ()Y, y=bP[rP2+ Pl — (P,
where A; = 4+2ab, Ay =23 k=1and k=2.

-1

2.5. Generalized Emden—Fowler Equation
l
Yow = AT Y™ (y,)
2.5.1. The Classification Table

The case I = 0 corresponding to the classical Emden—Fowler equation is outlined in
Section 2.3. In this section, the case [ # 0 is considered.

Table 2.9 represents all solvable equations of the form 1/, = Az"y™ (y/,)" whose solutions
are outlined in Subsection 2.5.2. The two-parameter families (in the space of parameters
n, m, and [), one-parameter families, and isolated points are represented in a consecutive
fashion. Equations are arranged in accordance with the growth of I, the growth of m (for
identical 1), and the growth of n (for identical m and ). The number of the equation sought
is indicated in the last column in this table.
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Solvable cases of the generalized Emden—Fowler equation y” = Az"y™ (y’m)l

TABLE 2.9

No l m n Equation
Two-parameter families
1 arbitrary arbitrary 0 2.5.2.1
2 arbitrary 0 arbitrary 2.5.2.2
2n+m+3 arbitrary arbitrary
3 il 2.5.2.3
n+m+2 (m # —1) (n#-1)
One-parameter families
arbitrary
4 (1+1,2) -1 -1 2.5.2.6
arbitrary 1 1
5 _1 -1 2.5.2.97
(1#3%) 2 2
3m+5 arbitrary 1
6 _— —= 2.5.2.13
2m + 3 (m # _%) 2
3m+5 arbitrary
7 _ 1 2.5.2.10
2m + 3 (m # _%)
3n+4 1 arbitrary
8 —= 2.5.2.11
2n + 3 2 (n# _%)
3n+4 arbitrary
9 1 2.5.2.12
2n+ 3 (n # *%)
3n+4 arbitrary
10 -n—3 2.5.2.107
2n+3 " (n# _%)
arbitrary
11 1 (m # —1,0) -1 2.5.2.5
arbitrary
12 2 -1 (n # —1,0) 2.5.2.4
arbitrary
13 3 (m £ —2) 1 2.5.2.96
14 3 -n—-3 arbitrary 2.5.2.9
Isolated points
1 1 5
15 5 -5 -5 2.5.2.33
1 15
16 5 1 -5 2.5.2.83
1 20
17 1 1 —20 2.5.2.86
1 5
18 5 1 -1 2.5.2.80
19 + 1 0 2.5.2.78
2 1 7
20 2 -1 -I 2.5.2.53
4 5 1
21 5 -5 -5 2.5.2.76
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Solvable cases of the generalized Emden—TFowler equation y// = Ax"y™ (y;)l

TABLE 2.9 Continued

No l m n Equation
22 1 -2 1 2.5.2.14
23 1 -1 ~1 2.5.2.8
24 £ 1 -4 2.5.2.54
25 2 1 -5 2.5.2.52
26 2 -5 -2 2.5.2.68
27 5 1 —% 2.5.2.58
28 : 1 0 2.5.2.56
29 2 -2 1 2.5.2.39
30 2 -3 1 2.5.2.38
31 3 -5 -3 2.5.2.47
32 2T -+ -2 2.5.2.72
33 12 -5 e 2.5.2.40
34 Z - 1 2.5.2.18
35 £ -2 1 2.5.2.46
36 £ -2 1 2.5.2.32
37 < -3 1 2.5.2.17
38 L 1 0 2.5.2.89
39 < 1 1 2.5.2.91
40 < 5 1 2.5.2.75
41 2 -+ -2 2.5.2.19
42 2 -5 -2 2.5.2.70
43 2 -2 -3 2.5.2.106
44 = -2 1 2.5.2.99
45 3 -5 -2 2.5.2.100
46 2 -5 -5 2.5.2.29
A7 = -5 1 2.5.2.98
48 2 1 -2 2.5.2.105
49 3 1 -3 2.5.2.103
50 2z -2 -+ 2.5.2.84
51 2+ -2 -5 2.5.2.27
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TABLE 2.9 Continued
Solvable cases of the generalized Emden—TFowler equation y// = Ax"y™ (y;)l

No l m n Equation
52 2 0 1 2.5.2.73
53 2 1 - 2.5.2.26
54 £ 1 -2 2.5.2.48
55 2 1 -% 2.5.2.35
56 £ 1 -5 2.5.2.24
57 2 1 1 2.5.2.74
58 2 1 5 2.5.2.94
59 2 — -3 2.5.2.45
60 2 -Z -3 2.5.2.87
61 1z -3 -5 2.5.2.49
62 2 1 -3 2.5.2.44
63 2 1 -3 2.5.2.42
64 z -5 1 2.5.2.51
65 z 0 1 2.5.2.50
66 2 -2 -3 2.5.2.81
67 2 -3 1 2.5.2.65
68 2 -3 1 2.5.2.61
69 2 -1 -1 2.5.2.7
70 2 1 -2 2.5.2.16
71 i -+ -3 2.5.2.95
72 - -1 -5 2.5.2.64
73 s - -5 2.5.2.36
74 2 -2 1 2.5.2.69
75 < -3 1 2.5.2.71
76 s -5 1 2.5.2.67
77 = 0 1 2.5.2.66
78 3 -5 2 2.5.2.79
79 3 -3 -3 2.5.2.31
80 3 -2 -2 2.5.2.37
81 3 -2 2 2.5.2.85
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Solvable cases of the generalized Emden—TFowler equation y// = Ax"y™ (y;)l

TABLE 2.9 Continued

No l m n Equation
82 3 -2 -1 2.5.2.22
83 3 -2 -3 2.5.2.43
84 3 -3 -3 2.5.2.25
85 3 — 2 2.5.2.82
86 3 —2 —2 2.5.2.104
87 3 —2 -1 2.5.2.15
88 3 -2 -+ 2.5.2.101
89 3 —2 1 2.5.2.28
90 3 -3 -3 2.5.2.59
91 3 -< -3 2.5.2.60
92 3 -3 -3 2.5.2.93
93 3 -5 e 2.5.2.90
94 3 -5 -2 2.5.2.92
95 3 0 —4 2.5.2.55
96 3 0 -3 2.5.2.88
97 3 0 —% 2.5.2.20
98 3 0 2 2.5.2.77
99 3 1 -7 2.5.2.62
100 3 1 —4 2.5.2.57
101 3 1 -2 2.5.2.102
102 3 1 -2 2.5.2.23
103 3 1 —% 2.5.2.41
104 3 1 -3 2.5.2.30
105 3 1 0 2.5.2.21
106 3 2 -3 2.5.2.34
107 3 3 ~7 2.5.2.63
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2.5.2. Exact Solutions

1.y’ = Ay™(y,)"

1°. Solution in the parametric form with m # —1, [ # 2:

1
T = aCllfmfl / (1+ T’”H) =2 dr + Cy, y = bCf*lT7

1
where A = i%al_le_m_l.
2°. Solution in the parametric form with m = —1, [ # 2:

!
r = aC} /Tﬁ exp(F72) dr + Cy, y = bCy exp(F7?),

4b* a \!
where A = :Fm(:!:?b) .

3°. Solution in the parametric form with m # —1, 1 = 2:

1—m 2
x = aCy /7’ I+m exp(F72) dr 4 Cs, y =br m+l

where A = +£(m + 1)b=1—™,
4°. Solution with m = —1,1=2:

1
y= { (Crx+Cy)1-A4 i A#1,
Cy exp(Chx) if A=1.
2. ylf, = Ac"(y})".
1°. Solution in the parametric form with n # —1, [ # 1:
1
T = aC’ll_lT, y= bC’12+”_l / (147" I=T dr + Oy,

1
where A = :tq——’—lal*"*%l*l.

2°. Solution in the parametric form with n = —1, 1 # 1:
31
r = aC exp(F7?), y = bC, /T =1 exp(F72) dr + Cy,

2 _
%ﬁ%)g .

3°. Solution in the parametric form with n # —1, [ = 1:

where A = F

2 1—n
T =ar ntl, y = bC /7‘ 0 exp(F72) dr + Cs,

where A = F(n + 1)b17".
4°. Solution with n=—1,1=1:

. {Cle+1+CQ 1fA7é].,
S lCinfz|+Cy ifA=1.
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2n+m-+3
Yo = Ax"y™ (y,,) ntm+2

Solution in the parametric form with n # —1, m # —1:

n+1 dr _ n+1
m+1 f(r) m+1

d
x:exp[ f(:') —1-02}, y:Texp{— Csl,

where function f = f(7) is defined impicitly by the formula

_o_ Armt2 n+1
—1 l—0c = O _— = — .
[f + (o= D7l(f +07) e e
See equation 2.5.2.5 for the case n = —1. See equation 2.5.2.4 for the case m = —1.

Y’ = Az"y (y.)%

Solution in the parametric form with n # —1, n # 0:

1 1-n n n+1 1 -1
r=arn, y:j:exp[/T n ( T n +n7'n+01> dT—i—C’g],
n+1
where A = —a™".
See equation 2.5.2.7 for the case n = —1. See equation 2.5.2.1 for the case n = 0.

yr = Az tymyl.
Solution in the parametric form with m # —1, m # 0:

1—m m m—+1 1 —1 1
x:iexp[/T m ( T m +mTm +Cl) dT+CQ:|, y=(Ar)m.
m-+1

See equation 2.5.2.8 for the case m = —1. See equation 2.5.2.2 for the case m = 0.
1, - l
Yo = Az" Yy~ (y,)"
Solution in the parametric form with [ # 1, [ # 2:

7\ 1 1 dr dr -1
I'Zi(f—x) exp[y W+CQ:|, y:iexp[/m—l—)\Cg}, )\:l_—2,

where the function f = f(7) is defined implicitly by the formula

f 1 T B A _
ln(T A) o = ERT TG A= .

See equation 2.5.2.7 for the case I = 2. See equation 2.5.2.2 for the case [ = 1.

_ — 2
yr = Ax"ty=(yl)".

Solution in the parametric form:

r = +e’, y= C2(:FA7'+eT+C’1)exp[:|:A/(:FAT+eT +Cy) .
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8. yl =Axly 1y’ .

Solution in the parametric form:

x = Co(AT +€" + C1) exp [:FA/(:I:AT +e” + Cl)_l d’T:| , y=te’.

9. y’ = Axz"y " 3(yl)>.
Solution in the parametric form with n # —1:

—1 -1

xaC{LHTU(uT"H)1/2d7+02] . y=bCr! {/(117”“)1/251”02 ,
TL+1 l1—-nin+1

where A = F———a """,

See equation 2.5.2.15 for the case n = —1.

3m+5
10. y/ = Axzy™(yl) 2m+3.

Solution in the parametric form with m # —3/2:

T = a012{(1 :tT“+1)1/2 {/ (1 :I:T”H)_l/2 dr + Cz] — T},

42
y = bCH T =2) U (17 ar 4 02] :

1 4
2m+3 pb w2 { (,u—i—l)a}u

h __Emte
where i m+1" (p+2)a | 2(p+2)b

_1 3ntd
11. gy = Az"™y 2 (yl)2nt3.

Solution in the parametric form with n # —3/2:

2 —p—l
x:ac’fﬂﬂ) it [/(117”+1)_1/2d7+02} ,

2

y= bCf{(l :|:7""H)1/2 {/(1 :|:7'“+1)71/2 dT—i—Cg] —7-} ,
1
m 1
Wherep:—L, A= Aamb%(ig) =
n+l a(p+1) b

3n+4
12. y = Axz"y(yl)2n+3.

Solution in the parametric form with n # —3/2:

42
T = acfﬂ_l)(uﬁ) {/(1 + T“+1)_1/2 dr + Cz} )

Y= bsz{(l :l:T”Jrl)l/2 {/(1 :I:T”H)_l/2 dr + C’g] — T}a

1 4
2n+3 pa #+2 [ (,u—&—l)b]u

h = —_—— e
WHete # n+1"’ (n+2)b 2(p+2)a
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13.

14.

15.

16.

17.

18.

1 3m-+5
Y. = Az" 2ym(yl) 2m+3

Solution in the parametric form with m # —3/2:
2
T = aC’f{(l + T#+1)1/2 {/ (1+ T”H)_l/Q dr + C’Q] — T} )

—p—1
y = O htd [/ (A7) ™ dr 4 02} :

where = ——— =————az2bntl

m uw+3 L KB b\ 73
> (+2)"
m+1 b(p+1)

y! = Azy~3y’.

Solution in the parametric form:

x = aC’l{QT {/ exp(F7?) dr + Cgil :I:exp(:FTZ)}, y=bC [/ exp(F7r?) dr + Oy |,

where A = :F%a_%z.

1 3
Yoo = Az Y72 (y,)"
Solution in the parametric form:

-1

—1
r = aexp(Fr?) [/ exp(F72) dr + 02] , y=0C4 [/ exp(F7r?) dr + Ogil ,

where A = +2a2.

— 2
Yoo = Az %y(y,)"

Solution in the parametric form:

z = aC {/ exp(F72) dr + 02:| , Y= bC1{2T [/ exp(F72) dr + 02:| + eXp(:FT2>},
where A = +a?b~2.

_ 7/5
y, = Azy~1/2(y.)"®.
Solution in the parametric form:

r==4aCy(7? = 1)(1® = 31 + 02)—1/2’ y = bC1O(r* — 672 + 4CyT — 3)27

2/5

where A = :t15a*2b1/2(i) .
16b

Y, = Azy =T/ (y,) "

Solution in the parametric form:

v = a0 (75 — 37+ Co) (18 — 1574 + 200,73 — 4572 + 12C7 + 27 — 8C2),

y = bCP2(1* — 672 + 40T — 3)4/3,

_ .5 —2;7/4( @ 2/5
WhereA—j:12a b <9b) .
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— — 10/7
19. y” = Ax~3/2y~1/2(y’) as
Solution in the parametric form:

T = aCfl(T?’ — 37+ 02)71(74 — 672 +4CyT — 3)2/3,

y = bC2T (13 — 37+ Cy) (7% — 157 + 200573 — 4572 + 12057 + 27 — 8C2)°,

3/7
where A = 28a(ab)1/2(2i7b> .

20. y! = Az~12(y’)%
Solution in the parametric form:
z=aCir2=1)",  y=bC3(r3 =37+ Cy),

where A = :&:%a3/2b_2.

21. yl, = Ay(y'm)3.

Solution in the parametric form:

x=aC}(r® =31+ Cy), y=0bCr, where A = —6ab>.

— _ 3
22,y = Azx~1/2y=5/2(y!)".
Solution in the parametric form:

-1

r=aC (2= 1P —3r+Co)"",  y=bC7(rP —3r+Co)

where A = q:%a3/2b1/2.

_ 3
23. y” = Az~5/3y(y’)".
Solution in the parametric form:

x=aCy(r® =31 + 02)3/2, y = +bC¥(r* — 672 +4CyT — 3),

where A = ¥%a8/3b_3.
24, yl, = Ax—12y(y)"".

Solution in the parametric form:

r = aCi®(r* — 67% + 4Cy1 — 3)2, y = +bCy(t% —1)(7% = 37 + 02)71/2,
b \2/5
here A = F15a"/2072(—) .
where F15a /b (16a>

25. y = Aw_5/3y_7/3(y;)3.

Solution in the parametric form:
r==+aCy (T°=37+Cy)% 2 (14 =672 +4Cy7—3) 71, y=+bC ¥ (11 =672 +4Cy—3) 71,

where A = I%as/?’bl/?’.
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26.

27.

28.

29.

30.

y(y,)%/°.

Solution in the parametric form:

Yilp = Ax~7/

r = aCP?(1* — 672 + 40,7 — 3)4/3

y = £bC2T (13 — 37+ Co) (7% — 1574 + 200573 — 4572 + 12CoT + 27 — 8C2),

5 b \2/5
h A= 7/4b72 (_> )
where F 3¢ %
Y, = Az 1/2y=5/2(y )17,
Solution in the parametric form:

-1

2 = aC? (7% — 37 + Cy) " (78 — 1574 + 200,73 — 4572 + 12057 + 27 — 8C2)°,

y = bCr (7 = 37+ Cy) (74 — 677 + 4CT — 3)°°,
b \3/T
h = _ v2f—) " .
where A 28b(ab) ( 77a )

Yy, = Aoy ~3(yl,)".

1°. Solution in the parametric form with A < %:

r=T7(017" + Cot™"), y=r12, where v =+v1—4A.

2°. Solution in the parametric form with A = %:
r=71(CiIn|r|+Cy), y=1°
3°. Solution in the parametric form with A > %:

r=71Crsin(vinT +Cy), y =12 where v =+v4A —1.

Y, = A= 1/2y=1/2(y )2,
Solution in the parametric form:

v=2(Crr + Cor ),y = 1T+ (L= 0)Car ),
where A = Fk2, v =k 2(k* +4)1/2,

Yy, = Az~ 2y(y,)?.

Solution in the parametric form:

z = aCf exp(—27)[2exp(37) — Cs sin(x/g T) + V3C, cos(x/g 7)] 2,
y = bCy exp(—7)[exp(37) + C> sin(x/g 7)],

where A = —16a3/2p3.

© 1995 by CRC Press, Inc.



31. yl = Aw_1/2y_7/2(y;)3.

Solution in the parametric form:

aCy exp(—7)[2exp(37) — Cysin(V37) + V3 Ca cos(v37)] 2
exp(37) + Casin(v/37)
bC; ! exp(7)
exp(37) + Casin(v37)

)

where A = —16(ab)?/2.

32. yl = Awy_2/3(y;)7/5.

1°. Solution in the parametric form with A < 0:

& = aC[cosh(t + Cy) cos 7]/ [tanh(r + Cy) — tan 7],
y = bC?® cosh® (1 4 Cy) cos® 7 [tanh (1 + Cy) + tan 7],

_ nan3 ()
where A 5a~“b (12b) .

2°. Solution in the parametric form with A > 0:

z = aCy[cosh T — sin(r + Cy)]~/?[sinh 7 — cos(r 4 Cs)],

y = bC¥[sinh 7 + cos(7 + Cy)]?,
_ . —232/3( & 2/5
where A = 5a™*b (6b> .

_ _ 1/2
33. yy, = Ae~5/2y~1/2(y,)" 2
Solution in the parametric form:

z = aCy eosh(r + Cz) cos 7] 1,
y = bC cosh(1 + Cy) cos 7 [tanh(T + Cy) — tan 72,

where A = —4ab.
34. y! = Ax—5/3y2(y")%.
1°. Solution in the parametric form with A > 0:

x = aC?[cosh(r + Cy) cos 7]*/2,
y = bC? cosh(r + Cy) cos T [tanh(7 + Cy) + tan 7],

where A = %a8/3b_4.

2°. Solution in the parametric form with A < 0:
x = aCP[cosh T — sin(1 + C3)]*/2, y = bO?[sinh 7 + cos(T + C)],
where A = —%as/?’b_‘l.
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35. y! = Am_2/3y(y;)8/5.
1°. Solution in the parametric form with A > 0:
z = aC%¥ cosh® (1 + Cy) cos® T[tanh (T 4 Cy) + tan7]3,
y = bC[cosh(r + Cy) cos 7]'/2[tanh (7 4 C5) — tan 7],
b \2/5
)
2°. Solution in the parametric form with A < 0:

where A = 5a2/3b*2(

x = aC¥[sinh 7 + cos(T + Co)]?,
y = bCy[cosh T — sin(7 + Cy)] Y/ ?[sinh 7 — cos(r 4 Cs)],

b \2/5
where A = —5a2/3b_2(a> .

36. y = Aa:_l/zy_5/2(y’m)5/2.
Solution in the parametric form:
x = aCy cosh(7 + Cy) cos T [tanh (T + Cy) — tan 7]?,
y = bC; '[cosh(r + Cy) cos 7] 71,
where A = 4ab.

37. yl = Am_5/3y_10/3(y;)3.

1°. Solution in the parametric form with A > 0:
x = aC) [cosh(T + Cs) cos 7]/ [tanh (T 4 Cy) + tan7] L,
y = bC; ?[cosh(T + Cy) cos 7] !tanh(7 + C2) + tan 7]~ *,

where A4 = -3a%/3p%/3.

2°. Solution in the parametric form with A < 0:
& = aCy[cosh T — sin(r 4 C5)]3/%[sinh 7 + cos(T + Ca)] 7,
y = bCy ?[sinh 7 + cos(T + Cz)] 1,

where A = —%as/?’b‘*/?’.

» In the solutions of equations 38—45, the following notation is used:
E =exp(3r), S1=FE+C, sin(\/gf), So =2 —Cy sin(\/gT) +V30, cos(\/gr),
S3 = 2851(S2). — (S1),.S2 — S1S2, S4=251(53), —5(S1),S3 + S155.
38. yl! = Amy‘1/2(y'm)9/7.
Solution in the parametric form:
z=aC EV0571%8,  y—bCSETY3S2,

_m—231/2( @ 2/
where A = 7a™“b (—646) .
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39.

40.

41.

42.

43.

44.

45.

— 7
yll, = Ay 13/8(y,)*".
Solution in the parametric form:
v =aCPE0S 28, y=bOPETEG,

2 2/7
where A = 7a_2b13/8(%) .

Yy = AxT T2y =12 (y )1,

Solution in the parametric form:

w=aC BYVSSIISYS g =00 ETPS1SE,

5/13
where A = —208@5/261/2(%51)> .
Y, = Az~T/y(y))".

Solution in the parametric form:

z=aCETY0SY2 = 0O ETYR S,

_ 5 12/57-3

where A = —4g55ra /5p=3.
_ 12/7

y = Az 2y(y )7

Solution in the parametric form:
x=aCSE~Y382,  y=bC EV051,,
b >2/7

here A = —7 1/%—2(—
where a 64@

Yitp = AxTT/Sy= 135 (),

Solution in the parametric form:

r=aC E"YO8YP8SN oy —bO T ERRS,

where A = —T524a12/5b3/5.
Yy = Az /5y (y )T,

Solution in the parametric form:

w=aCRETSY = bOP RSP,

2/7
where A = —7a*3/8p=2 (2—5b> .

256a
Yl = A~V 2y=T/2(y )P/18,
Solution in the parametric form:
v =aCPEPSIISE, Yy =bCr ETYSSY

5/13
where A = 208a'/2b%/? (L) .
25a
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» In the solutions of equations 46—49, the following notation is used:

T, = cosh(t + Cy) cos T, 01 = cosh 1 — sin(r + C3),
Ty = tanh(7 + C3) + tan T, 2 = sinh 7 4 cos(7 4 Cs),
T3 = tanh(7 + C3) — tanT, 03 = sinh 7 — cos(7 + Cy),
Ty = 3T T — 4; 04 = 360205 — 26°.

46. yy, = Azy~1/7(y;)"/".

1°. Solution in the parametric form with A < 0:

3/2 7/377/3 5 - 9a_\2/°
T = aC’?Tl/ ’1“47 Yy = bCll4T1/ T2/ s where A= —Ea 2b10/7(2—8b) .
2°. Solution in the parametric form with A > 0:
—1/2 7/3 5 _ 9a />
T = aC?@l / 01, y= 5011492/ ) where A = ga 2b10/7(m) '

47. y! = Ax_5/2y_1/2(y;)13/10.

Solution in the parametric form:

~ 3/10
z=aCT T] VTR y=bCTPT2,  where A= —20a(ab)1/2(%> .

48. y!t = Az10/Ty(y )5
1°. Solution in the parametric form with A > 0:
5 9b \2/5
T = CLC114T17/3T27/37 Y= bCfo’/2T4, where A= gawﬁb*z(w) .
a

2°. Solution in the parametric form with A < 0:

T = aC%4(9;/3, y= bCf9;1/294, where A= —iawﬁb*?(

/
o ()

14a
_ _ 7
49. y! = Ax 1/24 5/2(3/;)1 /10
Solution in the parametric form:

_ b \3/10
v =aCT3T2, y=bC T P12, where A= 20b(ab)1/2<9—) .

a

» In the solutions of equations 50-65, the following notation is used:

R=\/+473—1), F =271I(1)+Cor ¥R, Fo=1 YRF\,—1), Fy=47F}FF},

d
where I(T) = / TRT is the incomplete elliptic integral of the second kind in the

Weierstrass form.

© 1995 by CRC Press, Inc.



50.

51.

52.

53.

54.

55.

56.

57.

7/4
vl = Az(y,)"".

Solution in the parametric form:

T = aCl_3R, y=0bCPT Ry,

y! = Axy=1/2(y.)"/*.

Solution in the parametric form:

v=aC'F, y=0bCr2F 2,

— 8/7
yll, = Az~ 2y (y,)™".

Solution in the parametric form:

T = aC;16F32, y = bCfFl_3/2F2,

Yyl = Ax=T/Oy=1/2(y! )23,

Solution in the parametric form:

x=aCiF3FS, y=0bC F 3 (FyFy — 8F2)?,

_ 8/7
y! = Az=3/4y(y,)*".

Solution in the parametric form:

_ 2 o, 3a
where A—:F3a b (:I:b

where

6a

2
where A=T=a 2(F—)%%

3 b

3a)3/4

16—a)1/7.

R (- S
A=Fgga b (3b

2/3
where A::F4a_5/6b3/2(%) .

r=aCyRF;Y Yy = bCIF Y (FyFy — 8FD),
7 32a \1/7
here A = F——q~1/4p~1 (—) .
where Fgg0 o
Yy, = Az (y,)".
rax x
Solution in the parametric form:
r=aCit™t, y=0CiT ' FY, where A = +6a°b2.

y! = Ay(y,)**.

Solution in the parametric form:

r= aCir’Tith Y= bCl_BR7

_ 3
Yo, = Az y(y,)"
Solution in the parametric form:

r=aCiF', y=bCoTF !,

© 1995 by CRC Press, Inc.
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58.

59.

60.

61.

62.

63.

64.

65.

vl = Az 2y(y, )"t

Solution in the parametric form:

2 3/4
T = aC’157'2F1_27 y= bC’l_ng, where A= :lzgal/Qlf2 (:I:B—b) .
a

Y = Az 2y=4/3(y )3,

Solution in the parametric form:

4
r=aCtF;, y=bCYF}, where A= q:§a3/2b_2/3.

Yl = Az~ /2y =T/0(y ),

Solution in the parametric form:

4
x=aCiF3Ff, y=b0)F?, where A= $§a3/2b_5/6.

y! = Axy=1/2(y)"".

Solution in the parametric form:

T = aCfFf3/2F2, Y= bC’l_wF??, where A= :I:icflbfl/Q(

/
10 50

3a

_ 3
Y, = Az~ Ty(yl)".

Solution in the parametric form:

3
T = aC’fFll/z, y = bCY F3, where A= ¥aa8b_3.

_ 3
yr = Az~ "y (yl)".

Solution in the parametric form:

3
T = aC’fFll/ZFgl, Yy = bC’ngl, where A =F—a%b°.

64
Yyl = Az /2y~ T/ (y! )T/3,
Solution in the parametric form:
2/3
v =aCy F3(FyFy — 8F2)2, y=0bCPF*FS,  where A= 44q32p=%/8 (3) .
a

Yl = Azy =34y, )T
Solution in the parametric form:

3 2b\ 1/7
w=aC3F ¥ (FyFs—8F2), y=bC7%F; %, where A:ig%aflb*/‘*(?’g—a) .

© 1995 by CRC Press, Inc.



66.

67.

68.

69.

70.

71.

» In the solutions of equations 66-95, the following notation is used:

T=/$—C& fz\/m-

Function p = p(1) is defined implicitly. The upper sign in the formulae corresponds
to the classical elliptic Weierstrass function p = p(7+ C2, 0, 1). The solutions given
below are written in the parametric form. One can assume as the parameter either T,
hence p = p(7), or p, hence T = 7(p).

y! = Az(y,)">.

Solution in the parametric form:

1/2
x:aCfo, y = bCqT, where A = i%(i%) .
a

Y = Azy=5/4(y,)%2.

Solution in the parametric form:

1 3a \ 1/2
'T:aC;l(Tf—@)’ y:b0127-47 where A = _5a71b1/4(:|:2_(;’> )

Yyl = Ax—2/3y=1/2(y! )5/,

Solution in the parametric form:

5 1/5
r=aC)773%  y=0bCH(Tf — )7 where A= iga_l/?’bl/g(%) .

Yy, = Azy™15/5(y] )%,

Solution in the parametric form:

1 1/2
x=aC3r (3 f 4+ 3% F 1), y=0bC{T"8, where A= gcflb”8 (:F?)—ba> .
Yl = Az /3y T2y, )220,

Solution in the parametric form:

r=aC{' (T2 F 1)37 y=bCtT (P f + 3% F 1)2,

7/15
where A = —5a~1/3p!/2 (i%) .

YL, = Awy=20/13(y, )%/,

Solution in the parametric form:

6a )1/2'

. 2 .
r=aCy7(r3f —47%p+6), y=0bCi3r'3, where A::Fﬁaflbwm(:tl—gb
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72.

73.

74.

75.

76.

7.

78.

— — 7
Yyl = Aa—2/3y=1/2(y! )¥T/20,

Solution in the parametric form:
z=aC; 77 8(r2p F 1)37 y=bCi 73 (r3f —4r%p + 6)2,

0

) 7/20
where A = 3 ) .

—1/3p1/2 (:tﬂ
¢ 4

y! = Ax(y,)%°.

Solution in the parametric form:

r = acfl—?)f7 y = bc'{p72(f + 27_p2)7 where A= :Fia*2<3_a

6 b

8/5
yit, = Azy(y,)®/°.
Solution in the parametric form:

v =aCy8(rf+20), y=bCTo(f+2rp?) /%

10,/ 3a\3/0
WhereA—?a b (T) .

7/5
vl = Azy®(y})"/".
Solution in the parametric form:

_ —1/2 iy
x=aCy? (20 F 1)(f £ 219p%) /, y =bCS(rf +2p)" /3,

where A = —10a"2b7° (%)2/5.

Yyl = Az /2y =52 (y! )45,

Solution in the parametric form:

>3/5.

2 -1 -1
x=aCi (2o F 1) (f£2rp%), y=0bCT(f£27p?) (Tf+2p)"3,

where A = —5a3/2p7/2 (%)4/5.

3
Yow = AT?(y;,)".
Solution in the parametric form:
r=aC%, y= bC’l_lT7 where A = F6a" b 2.
no_ A r\1/2
Yo = Ay(y,) "

Solution in the parametric form:

2 1/2
x = aCyT, y:bCl_Bf, where A::I:—(:I:i) .
a ab
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79.

80.

81.

82.

83.

84.

85.

86.

_ 3
Yoo = ATy (y,)"
Solution in the parametric form:

r=aCit o, y=bCiT 7},

y! = Az~ Yy (yl)" /2.

Solution in the parametric form:

z=aCir!, y=bCr'(rf —p),

Yyl = Az 2y=2/3(y! )5,

Solution in the parametric form:

v =aCi(rf - )%, y=0bCPT7%p"

Vi, = APy (y})>.

Solution in the parametric form:

r=aC7(r?pF 1), y=>bCi7",

— 1/2
Y, = Azt By(yl)'

Solution in the parametric form:

T = aCfT_S, y= bCfT_6(73f +37%pF 1),

Yyl = Az /223y )28/,
Solution in the parametric form:
x=aCir (3 f + 3% F 1)2,

7/15
where A = 5a'/2p~1/3 (ii) .
4da
y! = Aa:2y_20/7(y' )3.

Solution in the parametric form:

r=aCi77 (%0 F 1), y=0bCTr77,

y :A:c_zo/l?'y(y;)l/z.

T

Solution in the parametric form:

r=aCP37m3,  y=0bC7(73f —41%0+6),

© 1995 by CRC Press, Inc.

2
where A=+—q"/13p~! (:I:

where A = F6a~ 103

1 14,1 3b\1/2
where A—Ea b (:I:—) .

2a

_ 5 (NP
where A—:F3a b ( ) .

4a

_ .6
where A—:F49a b/t

3_())1/2.

_ L asa
where A= 8a b (:Fa

_ 3
y = bC| 17'3(7'2p:|: 17,

6
h A=F—qa 19/,
where $49a

6b )1/2
13 13a '



87.

88.

89.

90.

91.

92.

93.

94.

95.

y! = Am_1/2y_2/3(y;)33/20.
Solution in the parametric form:
x=aC1 (3 f —47%p F 6)2, y=bC 7 8(r2p ¥ 1)3,
20 b \7/20
where A = —==q!/?p~1/3 (:l:—) .
3 4a
— 3
Yo, = Az~5/%(y,)".
Solution in the parametric form:
x=aClp 2, y=0b07p 2(f +27p?), where A= +3a"/?p2.
y, = Ay(y,)"/®.
Solution in the parametric form:

5 3b\3/5
r=aCp 2(f £219%), y=0bC>f, where A:igb_Q(—) .
a
Ylle = Az~ 2y =12 (y ),
Solution in the parametric form:
z=aC3(f £2rp?) ", y=bCT(f +2rp%) ", where A = +3a"/2p73/2,
y, = Azy(y,)"’".
Solution in the parametric form:
3b )3/5

- 1
x=aClp(f + 279 1/27 y=bC;8(Tf+2p), where A= ——Oafllfg(
a

3
_ _ 3
Yy, = Az 3y~ 12(yl )",
Solution in the parametric form:

v=aC)(f £ 2rp")"%, y=bClS(rf +2¢)%,  where A=La¥/% %2

— — 3
Yy, = Ax=?/3y=5/5(y )",
Solution in the parametric form:

v =aCl(f +2rp®)*2(rf +20)7% y=bCI(rf +20) 2,
where A = %a8/3b*7/6.

yr, = AzSy(y,)®/®.
Solution in the parametric form:
v =aCi(rf+20)" 3, y=b07 T (PR F1)(f £2rp%)

where A = 1Oa*5b*2<%)2/5.

Yl = Az 52y =12 (y )10,

Solution in the parametric form:
-1 2 -1
r=aC{(f £210") " (rf+20)"°, y=bCF (P F 1) (f£270%)

b \4/5
where A = 5a7/2p=3/2 (—) .

2a
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96.

97.

98.

99.

100.

» In the solutions of equations 96-97, the following notation is used:

g { C1J, (1) 4+ CY, (1)  for the upper sign,
~ \CLL(7) + C2LK, (1) for the lower sign,

where J, and Y, are Bessel functions, I, and K, are modified Bessel functions.

v, = Azy™(y})".

Solution in the parametric form with m # —2:

1 2\2
v=71"2Z, y=>br", where v = L A::I:(m;l; )
See 2.5.2.28 for the case m = —2.
yll, = Az 2y12 (y )
Solution in the parametric form with | # 3/2:
r=ar? 7% y=br"(1Z. +vZ)?,
h -0, 1 ( b)%ls 2.5.2.29 for th I =3/2
re v = = — . 5.2, T =3/2.
where TR T Ty ee or the case

» In the solutions of equations 98—106, the following notation is used:

p C1J1y3(1) 4+ CaYiy3(T)  for the upper sign,
~ \CiL3(7) + CoKyy3(1)  for the lower sign,

where Jy 3 and Y13 are Bessel functions, I3 and K13 are modified Bessel functions;

Uy=71Z.++2, Uy=U;+£7°2% Us==+27°2°-20,Us.

Y, = Azy =2y, ).

Solution in the parametric form:
2 1/2
v =ar P77, y=br 33, where A:__<:Fi) )

yr, = Azy=2(y.)%>.

Solution in the parametric form:

b 1/2
e =ar BZ7U;,  y=br230,, where A= — (j:?)ab) .

a?

Y = Ax—2y~1/2(y)%2,

Solution in the parametric form:

z=ar Y3Z720,, yzb778/3Z72U§, where A::ﬁ:%ag/Q.
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101.

102.

103.

104.

105.

106.

107.

_ — 3
Yoo = Az 2y~2(yy)".
Solution in the parametric form:

T = (1774/3Z72U127 y=br 23272, where A= :I:%a?’/Q.

— 3
Yoo = Az "y (y,)"

Solution in the parametric form:

3
x=ar??72, y=br230,, where A= %(%) .

y! = Azx—12y(y,)%/>.

Solution in the parametric form:

2 1/2
x:a774/3U22, y=br 23727y, where A = ?<:FE> .

— — 3
Yoo = Az "2y ™2 (y,)"

Solution in the parametric form:

x:a74/3Z2U2_1, yszQ/nglUQ_I, where A= %a3.

y! = Az—2y(y.)%>.

Solution in the parametric form:

1/2
T = CL7'72/3U2, y= b7'74/3Z71U3, where A= l% (:I:Sab) .

y! = Aa:_l/2y_2(y’ )3/2.
Solution in the parametric form:
r=ar %PZ7202, y=0br"Y3272U,, where A= F2b3/2.
3n+4
Yoo = A"y~ (yy) 2nHS

In the books by Zaitsev & Polyanin (1993, 1994), it was shown that this equation is
reducible to the Riccati equation whose solution is expressed in terms of associated
Legendre functions.

2.5.3. Some Formulae and Transformations

For the sake of visualization, we use the symbolic notation

{n, m, I}

to denote the generalized Emden—Fowler equation

Yy, = Az"y™ (y,)".
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Hereinafter we omit the insignificant parameter A (which can be reduced to 1 by scaling
the variables in accordance with the rule x — ax, y — by, selecting appropriate constants
a and b).

1. With m + [ # 1, the generalized Emden—Fowler equation has a particular solution:

n+2—1
y= Bx1-m-l where B = (

_ 1
n+2—l)#f_1 ntmyl T
1—m-—1 '

A(l=m—1)

2. Assuming y as the independent variable and z as the dependent one, we obtain the
generalized Emden—Fowler equation for function x = x(y) with the parameters changed:

3—1
xgy = fAymx"(x;) .
Denote this transformation as F and represent it as follows:

{n,m 1} «—-——-——-——= {m, n3-1} transformation F.
Twofold transformation F yields the original equation.
3. With m #£ 0, n # —1, and [ # 1, the transformation
t=@)"  w=at

leads to the generalized Emden—Fowler equation for function w =w(t) with the parameters

changed:
1 2m+1

n
no_ e e )
wyy = Bt1-lq n+l (wt) mo

AQ =D 1m
where B = — mn ( ) . Denote this transformation as G and represent it as
n+1 n+1
follows:
1 2 1
{n, m, I} { T :L_ T mm—|— } transformation G.

Threefold transformation G yields the original equation.
When obtained the solution of the transformed equation in the form w = w(¢), the
solution of the original equation can be written in the parametric form as

1 1

x=wntl, y:k(wé) m,

1
n+1 ]m
where k = | ———
{ A(l=1) ]
Different compositions of transformations F and G generate six different generalized
Emden—Fowler equations whose parameters are shown in Figure 1.

4. In the particular case [ =0, the transformation y =w/t, x = 1/t leads to the Emden—
Fowler equation with the independent variable to a different power:

wg/t — At—n—m—3wm.
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{ m 1 n—l}
m+1’ -2

{ 1 m 2n—|—1}
-2 m+41’ n

1 n 2m+1
{n, m. 1} g {1—17_n—|—17 m }

FIGURE 1

Denote this transformation as G and represent it as follows:
{n, m, 0} «—— {—n—m-3, m,0} transformation H.

With [ = 0, different compositions of transformations F, G, and H generate twelve
different generalized Emden—Fowler equations whose parameters are shown in Figure 2.

With [ = 0 and n = 1, different compositions of transformations F, G, and ‘H generate
twenty four different generalized Emden—Fowler equations whose parameters are presented
in Figure 3.

5. The substitution
o ﬁy;, v = AghlF2ymHi-1
reduces the generalized Emden—Fowler equation to the equation
Zo—22 4200, =[(m+1-1)z+n—1+2.
Furthermore, using the substitution
E=v— 22420
we obtain the Abel equation

€ =(m+20-3)z+n—2+3]z"¢+[(m+1-1)2>+(n—m—21+3)z —n+1—22' 72

2.6. Equations of the Form
y;,w = Ajx™my™ (y;)ll + Agx™2y™2 (y;/p)l2

2.6.1. Modified Emden—Fowler Equation y”/ = Az~ 1y’ 4+ Ayz"y™

See Section 2.3 for the case A; = 0.

For the sake of clearness, below in this subsection we use the convetional notation
xyl — ky, = Az"ly™ for the modified Emden—Fowler equation.

The classification Table 2.10 represents all solvable equations whose solutions are out-
lined in Subsection 2.6.1. Equations are arranged in accordance with the growth of pa-
rameter m. The number of the equation sought is indicated in the last column in this
table.
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{1 n 2m—|—1}
’ n+1’ m

{ n 1 m—1
n+1 7 m

{m, —m—n—-3, 3}

m 2m+2n+5

{_57 _m—l—l7 m+n+3

m+n+3 m—1
m+n+2""7 m

{1 m+n+3 2m—|—1} {_ m _l m+n+4
" m+n+2’ m m+1" 2" m+n+3
FIGURE 2

n
1. zy! — —y. = Az"ty™, m# —1, n# —2.

2

Solution in the parametric form:

2
n+2
T :aC%_m {/(1i7’"”+1)_1/2 dr + Cy , Y= bCIH_QT,

where A = +L(m+ 1)(n + 2)%a™" 2! ™.

n+m-+3

Solution in the parametric form:

m+1
— n+2
T = aC’ll_m {/(1 :I:T"Hl) 1/2 dT+CQ:| ' ,

-1
y = bcﬁ%[/ (L) "2 ar 4 02} :
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m+4 m—l} { 1 3m+5 m—I—ll}
2’ 2(m+1)’ m47

{_ 3m+5 1 2(m—|—5)}

20m+1)" 27 m47

m+3 ’ m—|—37

1 m 2m+7
m+7 5m+7 {_

2’7 m+1’ m+4 1 ,

3m+5 m+4+7 3}
4 3m+5

{m, -m—4, 3} {_m-l—? 1 4(m+2) m4+7 3m+5 0}
’ 3m+5 m+3'  m+3’

{ 1 3m+5 3}
2’ m-I—l ’

m 1 { 3m+5 }
_ _— - - ,0
m4+1" 2’ } 2(m+1)’
{_l ) 4(m—|—2)}
27 3m+5
FIGURE 3
22
where A = :N:Ma*"”b“m_
2(m+1)
2 3
3. wy;/m_'_%y; :Amn+lym’ m¢_1’ n¢_2
m_

Solution in the parametric form:

1 1 2B —-1/2
:C:eXp[ +202/(01+ZT+7 +17'm+1> dT}
2B -1/2
y = Texp[ Cl + —T + o T'""H) dT:| )
4 2)2
where A = MB.
(m—1)2
" n_, Agntiy—1
4. =zy,, — ?yw = Ax y o, n # —2.
Solution in the parametric form:
_2
2 2 nt2 n+2 2
x =aCj exp(F1°) dr + Co , y = bC " exp(F7°),

where A = F1(n+2)%a™"" 2%
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TABLE 2.10

Solvable cases of the modified Emden—Fowler equations

zy! — ky! = Az"tly™

No m n k Equation
arbitrary arbitrary 1
) ity oy 1n 2.6.1.1
arbitrary arbitrary n+m+3
9 L 2.6.1.2
(m # —1) (n # —2) m+1
arbitrary arbitrary 2n+m+3
3 2 Y 2.6.1.
(m # —1) (n# —-2) L—m e
A ?;lb;zrirff) _9 1 2.6.1.6
bit
; - ;(171; ;rilr;; %(n —-1) 2.6.1.45
bit
. - ?Trl ;ri;}; %(n —-3) 2.6.1.46
- . ?;birimg}; %n 2.6.1.40
< . ?;b;:rigy) %(n —1) 2.6.1.42
5 ) 5 ) 2.6.1.41
10 L ?;b;:rig}; Lin—-1) 2.6.1.28
O , Ly ?]zb:rfrg 2.6.1.29
12 5 ?;b;:rf% 1n 2.6.1.35
5 arbitrary 1
13 s i L(2n+1) 2.6.1.37
” 3 5 1 2.6.1.36
5 s ?Zb;:rj‘% 30 -7 2.6.1.14
5 arbitrary 1
y s e 1p 2.6.1.8
5 arbitrary 1
B s i 1(3n+4) 2.6.1.9
bit
18 -5 ‘E‘; :fg Ln—-1) 2.6.1.13
10 _% ?:Lb;:ri;}; %(271 +1) 2.6.1.38
50 s ?;b;:rim% +(n—2) 2.6.1.18
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TABLE 2.10 C(Continued
Solvable cases of the modified Emden—Fowler equation
xyl — ky., = Agntiym

No m n k Equation
5 arbitrary 1
21 5 (n 2 -5) —1(3n+10) 2.6.1.19
’s s ?:Lbirir% L(6n +5) 2.6.1.39
23 -3 —2 ~1 2.6.1.22
7 arbitrary 1
24 e (n # —2) 5(n—1) 2.6.1.24
95 _% ?:Lb;;crii;}; _%(571 +13) 2.6.1.25
26 -1 ?;birfg n+1 2.6.1.5
27 -1 ?;b;zrfg Ln 2.6.1.4
arbitrary
28 -1 -9 (k # —1) 2.6.1.7
29 -1 -2 -1 2.6.1.20
1 arbitrary
30 - (n# 5) —2n—5 2.6.1.12
1 arbitrary 1
31 _— (n# —2) Ln 2.6.1.11
39 _% ?Zb;:ritg}; %(37; +4) 2.6.1.43
1 arbitrary 1
33 -+ (n £ —2) 5(n—1) 2.6.1.16
34 _% (arrlb;;crilg}; %(21@ + 1) 2.6.1.26
. 1 ?;b;trimg —+(2n+7) 2.6.1.17
36 _% ?;b;étritg}; %(Gn +7) 2.6.1.44
57 1 9 ?éb;rf%’ 2.6.1.27
38 -5 -2 -1 2.6.1.21
39 1 ?:Lb;:rfgy) 1n 2.6.1.15
0 f ?;b;:rixrz}; —Ln+7) 2.6.1.10
41 1 -2 -1 2.6.1.23
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TABLE 2.10 C(Continued
Solvable cases of the modified Emden—Fowler equation
xyl — ky., = Agntiym

No m n k Equation
42 2 ?Zb;:rfg ~Tn—15 2.6.1.33
43 2 ?;b;:rfgy) 1n 2.6.1.30
14 2 ?ﬁfrfg ~L(n+5) 2.6.1.32
45 2 ?;b;:rfg‘; —L(7n +20) 2.6.1.34
16 2 —2 -1 2.6.1.31

5. zyl —(n+ 1)y, = Az" Ty, n # —2.

Solution in the parametric form:

2C! 1 2A —-1/2
x:exp{ - 2 /[Cl+—72+71n|7'|:| dT},

+2 4 (n+2)2
B 1, 24 ~1/2
y—Texp{Cg/[Cl—l—ZT +(n_’_72)2h’1|7-|i| dT}

6. xzy! 4y =Az"'y™, m # —1.

Solution in the parametric form:

x:CQexp[/(C'l iTmH)_l/QdT], y = br,
where A = +1b'"™(m + 1).

7. wy! —ky, = Az"ty!, k#—1.

Solution in the parametric form:

24 1/ ~TT
=2
T {/[(k+1)2 nT+C1] dT+02} )

94 ~1/2 1
y{/[7<k+1>2 lnT+C1] dT+CQ} .

n
8. wxyl — ?y'm = Ag"tly=5/3, n # —2.
Solution in the parametric form:

2
= aC¥(r® £ 37 4 Co) n+2 Y= bC’f’"JFG(T2 + 1)3/2,

where A = £-5a7"7205/3(n 4 2)2.
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3n+4
9. wyl — Ty; = Agntly=5/3, n # —2.
Solution in the parametric form:

2

z=aC(r® £37 + Cy) 36, y=pC¥t0(r? £1)°7

—1

(T3 4+ 374+ Cy) 7,
where A = £347"25%/3(n 4 2)2.

2n + 7
3
Solution in the parametric form:

10. zy” + y! = Ax"tiyl/2) n # —2.

_3 1
Tdr 2n+4

\/ii4r3——1)_+6&

where A = £18472p1/2(n + 2)2.

Tdr

L UE—— .
JE@drs 1

a::aCH[ , y=b0§"+472[

n
11. =zyl — ?y:’c = Agntly—1/2, n # —2.

Solution in the parametric form:

2
z=aC(r® =37+ Co) ™2, y=bC2H(r2 —1)%,

where A = +X(n +2)2a"""2p%/2,

12. zy” + (2n+ 5)y., = Azntiy—1/2 n # —2.
Solution in the parametric form:
—1 —
x=aC}(m® — 31 + Cy) 2n+d | y = bCE" (2 — 1)2(7'3 — 374 Cs) 1,
where A = 45 (n + 2)2a=""2p3/2,

n—1
13. xyl — 3 y! = Az tly=5/3, n # —2.

Solution in the parametric form:

_3
= aCy[£(r! = 672 +4Cor — 3)] T, y=bCI (7% — 37 4 ),

where A = £ (n+2)2a7""2p8/3.

14. zy” + (3n+ 7))y, = Azntiy=—5/3, n # —2.

Solution in the parametric form:
_1
z = aC? [:I:(T4 — 672 + 4CoT — 3)] 3n+6
y = bC3 O — 37 4 Cy)* P [+ (r* — 677 +4Cyr —3)]
where A = +8L(n 4 2)2a"2p8/3.
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n
Tyl = Ay n 2

Solution in the parametric form:

15. zyl —

2
Tdr n+2

- +C ,
JE@s—1

where A = +3a=""2bY/2(n + 2)2.

r = aCy [ Yy = bC’12"+47'27

n—1
y! = Az tly=1/2, n # —2.

16. xzyl —
Solution in the parametric form:
_3
T = [016257 + 026737' sin(\/§S7')] n+2 ,
y = {2C15€*7 + Case™*" [\/gcos(\/g ST) — sin(v/3 s7)] }2,

where A = 40.53(n +2)2.

2n + 7
3

Solution in the parametric form:

17. xyl + y! = Az tly=1/2, n # —2.

3
= [016257 + 026757 sin(\/§$7')} 2n+4 ,
_ {201562” + Cyse™57 [\/§ COS(\/g 57') — sin(\/§ 57')] }2
B C1e257 + Cqe—sT sin(\/§ .97')

Y

)

where A = &L63(n + 2)2.

n—2
18. wzyl — 2 Yy, = Agntly=5/3, n # —2.

1°. Solution in the parametric form with A < 0:
_4 _4
z = aC¥ [cosh(r + C3) cos 7] nF2 [tanh(r + Cs) + tan 7| n+2

y = bC3" O [cosh(r + C2) cos 7]3/2,

where A = —=3-a"""2b8/3(n + 2)2.

256

2°. Solution in the parametric form with A > 0:

4
z = aC? [SiIlhT + cos(T + 02)} nt2
y = bC3" % [cosh 7 — sin(r + 6'2)]3/27

where A = 2-a7"72b%/3(n + 2)2.
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3n + 10
4
1°. Solution in the parametric form with A < 0:

19. xzyl + y! = Ax™tly=5/3, n # —2.

_4 4
z = aCf [cosh(t + C3) cos 7] 306 [tanh(r + Cy) + tan 7] 3716
y = bC7" 8 [cosh(r + Cs) cos 7] 1/2 [tanh(7 + C3) + tan 7| -

where A = —%a_”_ng/g(n +2)2.

2°. Solution in the parametric form with A > 0:

_4
= aC? [SiHhT + cos(T + 02)] 3n+6

y = bCP"To [cosh T — sin(7 + Cy)] 32 [sinh 7 + cos(T + C»)] -

)

where A = 2Lq™"=2p83/3(n 4 2)2.

20. zy!” 4y =Az"'y~L

Solution in the parametric form:

Jc:Cgexp{/(2A1n|T|+C’1)_1/2d7 , y=r.

21. zy” +y, = Az~ ly~1/2

Solution in the parametric form:
r=exp(£7® - 3C1T + Cy), y=>b(£r* - 01)2, where A= :I:%b3/2.

22. zy” +y. = Az~ ly=5/3
Solution in the parametric form:

z=exp(CiT® £37+ Cy),  y=(£34/01)¥3(Cir? £1)*>.

23. zy” +y, = Az~ ty'/2
Solution in the parametric form:

Tdr

VEAS =Cy) 1

x—Clexp{ y = br?,

where A = +12p1/2.

» In the solutions of equations 24-25, the following notation is used:

Sy = Cre*T 4+ Coe™*" sin(\/§ 57),
Sy = 2015627 + Coyse™*" [\/gcos(\/g 57') — Sin(\/§ 57)],
S3 = S% —251(Ss)".
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24.

25.

26.

27.

28.

29.

n—1
Yyl — 3 y! = Ax"tly=7/5, n # —2.

Solution in the parametric form:

3

r=aS;""?, y= bSi’/Q, where A= —925—16a_"_2b12/5s_6(n +2)2.
5n + 13 _
xy,, + Ty; = Az"tly~7/5, n # —2.
Solution in the parametric form:
_3 )
z=aS,""0 Y= bSi)/253_1, where A= —%a‘”‘2b12/55_6(n +2)%

» In the solutions of equations 26-29, the following notation is used:

p C1J1y3(1) + CaYy3(T)  for the upper sign,
~ \CiL3(7) + CoKyy3(1)  for the lower sign,

where Jy /3 and Yy 3 are Bessel functions, I, /3 and K3 are modified Bessel functions.

1

2n +1
TYpo —

3
Solution in the parametric form:

y; = Aa:"+1y_1/2, n # —2.
= aC‘fT%H Z%H, y = bO =231 7! ¢ +7)%,
where A = F-£a " 72b%/2(n + 2)2.
zy! —ky! = Az~ly~1/2, k#£ —1.
Solution in the parametric form:
z:C’l(Tl/‘gZ)_%ﬂ, y:b7'74/3Z72(7'Z;+%Z)2,
where A = F1b%/2(k +1)%

n—1
3
Solution in the parametric form:

y, = Az" Ty~ n # —2.

7
wymm -

2 3 )
xr = aCfT n+2 [(TZ*,r + %Z)Z j:7-2Z2] n+2 , y = bC{L+272/3Z27
where A = *%a7"*2b3(n+ 2)2,
xyl, — kyl, = Az 'y™2, k# -1

Solution in the parametric form:

2 1 —
e=Ci7 33 [(TZL+ 222 &2 2% BT, y=br'B22 (1 2L+ Z)? £ 727

1

where A = —2b%(k + 1)2
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30.

31.

32.

33.

34.

35.

» In the solutions of equations 30-39, function @ is defined implicitly:

Tfﬁ@, f=1/£dp® - 1).

The upper sign in the formulae corresponds to the classical elliptic Weierstrass func-
tion p = (T + Ca, 0, 1). The solutions outlined below are written in the parametric
form—one can assume both T as the parameter, hence p=(7), and p, hence T=T1(p).

n
Tyl — ?y; = Azx"T1y2?, n # —2.

Solution in the parametric form:
2 )
x = CLCl_lT nt2 oy = bCI’Hp, where A= :I:%a_"_Qb_l(n +2)2

zy! +y, = Az~ 1y

Solution in the parametric form:
x = Coe™, y =bp(r, 0, Cy),

where A = +6b~!, and the elliptic Weierstrass function p = (7, 0, Cy) is defined
o
implicitly by the integral 7 = / (423 — C’l)_l/2 dz.

o0

n+5
3
Solution in the parametric form:

Yex Yp = AT Yy, n —4.
w”+ ’ An+12 # 2

3
x = aC’l_l'r nt2 oy = bC’IH'Q'r*lp, where A= :I:%a7”72b71(n +2)%

zy + (Tn + 15)y. = Az"t1y?, n # —2.

Solution in the parametric form:
1
r=aC; 't 2 y=bCT2r(rip F 1), where A = +£6a"""2b"(n + 2)%.

1

Tn + 20

6
Solution in the parametric form:

y, = Az"T1y?, n # —2.

__6
z=aC; 7T+ |y =pC (20 F 1),

where A = ++a™ "2 (n +2)%

n
Tl =AY

Solution in the parametric form:

n
TYpe —

2

4
x=aClp nt2 (f£2rp*) "2, y=0bC7"Tp=2

where A = F347"207/2(n 4 2)2.
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36. zy” +y, = Az~ ly~5/2
Solution in the parametric form:
_ -2 2 2
x = Cyexplp™*(f £ 21p7)], y=>bp °,

where A = F3b7/2, and the elliptic Weierstrass function p = p(1, 0, Cy) is defined
[

implicitly by the integral 7 = / (42° — Cl)_l/z &
2n+1
37. zy” —+y/m — A:c”+1y_5/2, n ot —2.

rxr - 3
Solution in the parametric form:

3

3 -
v = aCTpni? (f £ 2rp?) THT |y = bOPH(f £+ 27p?) ",
where A = F4a""2b7/2(n + 2)2.

2n +1
3

Solution in the parametric form:

"

38. wyl — y! = Az iy =5/3, n # —2.

3
7= aCH(rf +29) W,y =bCIO(f & 2r6?)”,
where A = 72%(1*”*2{)8/3@ +2)2.

6n + 5
7

Solution in the parametric form:

"

39. wyl — y! = Az tly=5/3, n # —2.

T
v =aC(rf +20) B0y =bCIO(f £ 2701 (rf +20)72,

where A = 74%&*"*%8/3(71 +2)2.

» In the solutions of equations 40—46, the following notation is used:

R= /%413 -1), Fy=271(1)+Cor ¥R, Fo=7'(RF —1),

where I(1) = fTR_l dt is the incomplete elliptic integral of the second kind in the
Weierstrass form.

n
40. wxy! — Ey; = Ax"Tly™4, n # —2.

Solution in the parametric form:
_2
r=aC}(t7 ) "2y =bCP L where A= F3a7"7%%(n +2)%
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41.

42.

43.

44.

45.

46.

zy!l +y, = Az~ ly™

Solution in the parametric form:

dr 1 1/5 _
xzc*?exp[z T Oy —y/rri—C ] y = T(AC?/6)/% 7.
2 o T ( 1) (AC7/6)
n—1
zyl — 3 y, = Az Ty, n # —2.

Solution in the parametric form:
_3
r=aC(r7 ) "2y =bCPTPE where A =F2a "%’ (n+2)%

7

3n+4 _
zy! — ———y' = Ax"Tly 1/2, n # —2.

2 xr
Solution in the parametric form:

2
r=aCiF""? y=bC"MF], where A= 43a"""2%?(n 4 2)%

" 6n+7
Yoz — 5
Solution in the parametric form:

y; = Aa:""'ly_l/z, n # —2.

5

x=aC}F, "™ y=bCPTEFE, where A=+4847""20%2(n+2)%

n—1
Yyl — 3 y, = Az"Ty™7, n # —2.

Solution in the parametric form:

3
r=aC{(4rF2F F3)n+2, y= bC’IH'ZFllm, where A =+1l-a "% (n+2)%

n—3
Yyl — 5 y, = Az" Ty ™7, n # —2.

Solution in the parametric form:

—1
’

__5
w=aC(ArF2 T F3) ™2 y=bCr 2R (4rF2 T F})

where A = + 207728 (n + 2)2.

2.6.2. Equations of the Form y”/ = (Ajz™y™ + Azwnzymz)(y;)l

See Section 2.4 for the case [ = 0.
Table 2.11 represents all solvable equations whose solutions are outlined in Subsection

2.6.2. Equations are arranged in accordance with the growth of I, the growth of m; (for
identical 1), the growth of mq (for identical I and mq, m; > ms), the growth of n; (for
identical I, mj, and ms), and the growth of ns (for identical I, my, mg, and n;). The
number of the equation sought is indicated in the last column in this table.
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TABLE 2.11

Solvable cases of the equation y!/ = (A;z™y™ +A2wn2ym2)(y;)l

[ my ma n1 no Ay | Ay |Equation
Any Any Any
Any|A 2.6.2.1
(#2)  |m#-1)|ma#-1)| O 0 i
mi+2n;+3 ma(ny+1)—my+ny
— | A A A .6.2.
2 ny ny ny | Any|Any| 2.6.2.98
Any Any Any
Any|A 2.6.2.5
(1#1) 0 O Jm#-1| m#E-1) ny| Ay
Any Any
-1 Any|A .6.2.
(1#2) |om#-1) ! ° il i s
Any Any
3m1+5 A 2 1 0 Any|Any| 2.6.2.21
—_— n —_ _— V.4
13 y mi ny | Any
mi1-+5 mi—1
A —_— .6.2.
—— ny 5 1 0 Any|Any| 2.6.2.94
3ng+4
A —ng— .6.2.
il 1 0 ny ny—2 Any|Any| 2.6.2.22
2 2 -
2(na+2) 1 0 Any m-l Any|Any| 2.6.2.95
n1+3 2
Any Any| Any| 2.6.2.20
(1£1,2) 1 0 0 1 ny|Any| 2.6.2.
1 —1 o 0 1 Any|Any| 2.6.2.71
< 1 0 4 -z Any|Any| 2.6.2.81
- 1 0 -1 -3 Any|Any| 2.6.2.66
1 1 0 -2 -2 Any|Any| 2.6.2.68
- 1 0 -2 - Any|Any| 2.6.2.84
1 1 0 - -3 Any|Any| 2.6.2.64
1 1 0 - -+ Any|Any| 2.6.2.78
1 1 0 0 1 Any|Any| 2.6.2.62
% 1 0 0 2 Any|Any| 2.6.2.75
Any Any
1 Any|A 2.6.2.7
0 O Hm#-1)]  (a#-1) il
Any
1 0 -2 0 1 Any|Any| 2.6.2.25
1 1 0 0 1 Any|Any| 2.6.2.23
% Any Any mq mo Any|Any| 2.6.2.97
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TABLE 2.11

Continued

Solvable cases of the equation y// = (A;z™y™ +A2w"2ym2)(y;)l

[ my ma ny n2 Ay As Equation
3 0 -2 0 1 Any | Any | 2.6.2.107
2 0 -3 0 1 Any | Any | 2.6.2.105
3 1 0 -2 0 Any | Any | 2.6.2.108
3 1 0 -1 0 Any | Any | 2.6.2.106
2 (mf;yil) (mf;yil) 0 0 Any | Any | 2.6.2.3
P (mf;y_l) -1 0 0 Any | Any | 2.6.2.4
2 1 0 -2 0 Any | Any | 2.6.2.26
2 1 0 0 1 Any | Any | 26.2.24
5 -T -2 0 1 Any | Any | 2.6.2.80
< -2 - 0 1 Any | Any | 2.6.2.65
o —13 35 0 1 Any | Any | 2.6.2.67
< 15 —2 0 1 Any | Any | 26.2.83
< -2 -7 0 1 Any | Any | 2.6.2.63
5 -3 -% 0 1 Any | Any | 26.2.77
s 1 0 o —+ Any | Any | 2.6.2.72
s 1 0 0 1 Any | Any | 2.6.2.61
2 2 0 0 1 Any | Any | 2.6.2.74
3 Any Any —mq—3 —mg—3 Any | Any 2.6.2.9
3 Any Any —2m1—3 —2mo—3 | Any | Any 2.6.2.93
3 (mf;ly_z) Any 1 0 Any | Any | 2.6.2.49
3 Any -3 —mi—3 0 Any | Any 2.6.2.19
3 (m?;ly—Z) 0 1 -3 Any | Any | 2.6.2.51
3 -5 —6 1 3 Any | Any | 2.6.2.100
3 —4 -5 0 2 Any | Any 2.6.2.76
3 -3 -5 0 1 Any | Any | 26.2.44
3 -3 -5 0 2 Any | Any 2.6.2.58
3 -3 — 0 -5 Any | Any 2.6.2.28
3 i -2 2 3 Any | Any | 2.6.2.112
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TABLE 2.11 Continued
Solvable cases of the equation y// = (A;z™y™ +A2w"2ym2)(y;)l

l my ma ny 2 Ay As Equation
3 -3 2 -3 2 Any Any 2.6.2.38
3 -3 —4 -5 0 Any Any 2.6.2.86
3 -3 -% -5 -+ Any Any 2.6.2.13
3 -2 -3 -3 0 Any Any 2.6.2.32
3 -2 -2 -3 e Any Any 2.6.2.30
3 -1 2 -3 2 Any Any 2.6.2.34
3 -3 -2 -3 L Any Any 2.6.2.88
3 — -3 ~-2 0 Any Any 2.6.2.70
3 -3 -3 -3 + Any Any 2.6.2.42
3 -5 - 2 3 Any Any 2.6.2.113
3 -2 —ny—1 1 Any 2&1?3” Any 2.6.2.132
3 —2 -3 -2 0 Any Any 2.6.2.104
3 -2 -3 1 2 - Any 2.6.2.145
3 -2 -3 1 2 -5 Any 2.6.2.144
3 -2 -3 -1 0 Any Any 2.6.2.12
3 -2 -3 -+ 0 Any Any 2.6.2.102
3 -2 -2 1 Any ZEZT;) Any 2.6.2.116
3 -2 -2 1 -7 -4 Any 2.6.2.117
3 -2 —2 1 —4 —6 Any 2.6.2.118
3 -2 —2 1 -5 —12 Any 2.6.2.119
3 -2 -2 1 2 —2 Any 2.6.2.120
3 -2 —2 1 -2 -8 Any 2.6.2.124
3 -2 -2 1 -3 -3 Any 2.6.2.123
3 -2 -2 1 s 2 Any 2.6.2.121
3 -2 -2 1 -2 o Any 2.6.2.122
3 -2 -2 1 -< = Any 2.6.2.125
3 -2 -2 1 < —20 Any 2.6.2.128
3 -2 -2 1 -5 = Any 2.6.2.127
3 -2 -2 1 -+ 2 Any 2.6.2.126
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TABLE 2.11
Solvable cases of the equation y// = (A;z™y™ +A2w"2ym2)(y;)l

Continued

l my ma ny N2 Aq Ay Equation
3 -2 -2 1 + 2 Any 2.6.2.129
3 -2 -2 2 1 Any - 2.6.2.131
3 -2 -2 2 1 Any = 2.6.2.130
3 3 -2 0 2 Any Any 2.6.2.82
3 -2 -2 0 2 Any Any 2.6.2.60
3 -3 -% -% -3 Any Any 2.6.2.92
3 -3 -3 -L -1 Any Any 2.6.2.109
3 -3 -3 0 -3 Any Any 2.6.2.90
3 -3 -2 -3 -2 Any Any 2.6.2.48
3 -3 -2 0 -1 Any Any 2.6.2.46
3 -3 -2 + 1 Any 12 2.6.2.143
3 -3 -2 -2 -3 Any Any 2.6.2.36
3 -3 -3 -2 -1 Any Any 2.6.2.40
3 -5 -% -3 -3 Any Any 2.6.2.14
3 -3 -3 0 -3 Any Any 2.6.2.15
3 -2 -2 0 2 Any Any 2.6.2.59
3 -% -2 -+ 0 Any Any 2.6.2.16
3 -3 -2 0 2 Any Any 2.6.2.79
3 ~1 -2 —2 —2 Any Any 2.6.2.110
3 -2 -4 -2 -3 Any Any 2.6.2.115
3 -5 -3 -3 0 Any Any 2.6.2.53
3 -4 -2 -1 1 Any —20 2.6.2.141
3 -5 -2 -3 1 Any e 2.6.2.134
3 -5 -2 ~-+ 1 Any 2 2.6.2.137
3 -5 -3 -+ 0 Any Any 2.6.2.45
3 0 -5 -3 1 Any Any 2.6.2.52
3 0 -2 -3 ~2 Any Any 2.6.2.56
3 0 -2 0 -4 Any Any 2.6.2.54
3 0 -3 -3 0 Any Any 2.6.2.89
3 0 -% - - Any Any 2.6.2.114
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TABLE 2.11 Continued
Solvable cases of the equation y// = (A;z™y™ +A2w"2ym2)(y;)l

l my ma ni no Aq Aq Equation
3 0 -+ 0 -1 Any Any 2.6.2.101
3 0 0 -5 o Any Any 2.6.2.39
3 0 0 0 -1 Any Any 2.6.2.11
3 0 0 0 -2 Any Any 2.6.2.69
3 0 0 0 -5 Any Any 2.6.2.31
3 0 0 2 0 Any Any 2.6.2.57
3 = -2 -1 1 Any s 2.6.2.139
3 2 -2 -3 1 Any — & 2.6.2.147
3 2 -2 -2 1 Any -3 2.6.2.136
3 % -2 -3 1 Any o 2.6.2.135
3 2 -2 — 1 Any 3 2.6.2.138
3 1 -2 -2 1 Any -2 2.6.2.133
3 1 0 -7 -3 Any Any 2.6.2.17
3 1 0 —4 -3 Any Any 2.6.2.10
3 1 0 -2 -3 Any Any 2.6.2.55
3 1 0 -2 -3 Any Any 2.6.2.47
3 1 0 -2 0 Any Any 2.6.2.103
3 1 0 - -4 Any Any 2.6.2.91
3 1 0 - -+ Any Any 2.6.2.41
3 1 0 -2 + Any Any 2.6.2.87
3 1 0 -1 o Any Any 2.6.2.29
3 1 0 -+ 0 Any Any 2.6.2.27
3 1 0 0 -+ Any Any 2.6.2.85
3 1 0 0 2 Any Any 2.6.2.73
3 1 0 1 -3 Any Any 2.6.2.50
3 1 0 1 0 Any Any 2.6.2.43
3 1 0 1 3 Any Any 2.6.2.99
3 3 -2 -5 1 Any ~12 2.6.2.146
3 2 0 -5 -5 Any Any 2.6.2.96
3 2 0 -3 - Any Any 2.6.2.35
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TABLE 2.11 Continued
Solvable cases of the equation y// = (A;z™y™ +A2w"2ym2)(y;)l

l my mo ny N2 Ay Aq Equation
3 2 0 -2 -+ Any Any 2.6.2.37
3 2 1 — -+ Any Any 2.6.2.33
3 3 -2 —4 1 Any —6 2.6.2.140
3 3 0 —7 -3 Any Any 2.6.2.18
3 4 3 —7 —7 Any Any 2.6.2.111
3 6 —2 —7 1 Any Any 2.6.2.142

1yl = (Ay™ + Asy™)(v))',  1#2, mi#—1, my#—1

1°. Solution in the parametric form:
_1

x:a/(Cl pmatl £ pmet =2 gr 4 Oy, y = br,

my + 1 a=2plmil AL — g ma + 1

2-1 21

2°. Solution in the parametric form:

where A; = al—2pl—ma—1

_1
T = a/(Cl — pmatl + 72T I=2 dr + Oy, y = br,

m1+1 al_zbl_ml—l, A2 _ i77’12"‘1

1—231—mo—1
12 51 ¢ 0 '

where A; =

2.yl = (A" + Ay (W), 1#£2, m#-L
Solution:

1
A1(2-1 -2
x:/[cl-kﬁymﬂ—i—@—l)/lglny] dy + Cs.

3. ylm,m = (Alyml + A2ym2)(y;)27 ma ;é -1, mg # —1.

Solution:

A]_ A2
=C b omat+l 72 me+d d Cs.
T 1 /eXp( my + 1 Y S+ 1 Y Y 2

4.y’ = (Ay™+ Ay V) (¥)?, m # —1.
Solution:

A
x=C /y_A2 exp(——ly"”rl) dy + Cs.
m+1
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5.yl = (Az™ + Asz™)(yl),  l#£1, mi#-1, ny# -1

1°. Solution in the parametric form:
1
x = ar, y= b/(C’1 4+t 4 T"2+1) 1=l dr + Cy,

ni +1 a2l A, — 4 ng + 1 gl—me—2pl—l
1-1 1-1
2°. Solution in the parametric form:

where A; =

_1
T = ar, Yy = b/(Cl — ptl i7"2+1) 1=l dr + Oy,

n +1 almi—2pil g, g2 L ioms2pi1

where A; = 1 1

6. Yy’ = (Aix"+ Az~ (), 1#1, n#-1
Solution:
1
Y= /[01 + %}l)xnﬂ + (1 =1)As lnm] = dx + Cs.

7. yo . = (Arx™ 4+ Azx™)yl, ny #% —1, ng #* —1.
Solution: A s
— C 71 ni+1 2 no+1 d C .

8. y! = (Ax™+ Az~ ')y, n # —1.
Solution: 4
y=0Ch /xA"’ eXp(—1 x”“) dx + Cs.
n+1

9. g/ = (AjzT™3y™ 4 Az m23y™m2)(y)?, my # —2, mg # —2.

1°. Solution in the parametric form:
1/2 !
x—aT{/(Cl T2 g e )T / dT+C'2] ,
1/2 !
y:b|:/(01 +T_77L1_2:|:T_m2_2)_ / dT+CQ:| ,

where 4 = 2a™Tb™™2(my +2), Ay = £La™ ™22 (my + 2).

2°. Solution in the parametric form:
1/2 !
r=ar {/(Cl = i I Par+ Cg] ,
1/2 -t
y:bl:/(cl—Tm12:|:7‘m22)_ ! dT+C’2] ,

where A) = —La™ b2 (my +2), Ay = £L+a™2Tbm272 (my + 2).
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10. y” = (Aiz~y + Ax73)(y))>.

1°. Solution in the parametric form:

-1
.Z‘:a7'|:/(01—|—T_3i7'_2)_1/2d7'+02:| :
-1
y_b|:/(01+7’3:|:7'2)1/2d7'+02:| 5

where A; = %aSb*“‘, Ay = a2,

2°. Solution in the parametric form:
1/2 !
T = aT[/(Cl —T_3:|:T_2)_ / d7—+02:| ,
1/2 !
y——b[/(Cl—T_S:I:T_Q)_ / dT+02:| ,

where 41 = —3a°b73, Ay = +a’h2

11. y” = (A1 + A2z V) (y))>

Solution:
y= /(01 —2A1x — 24, ln:L')fl/2 dx + Cs.

12,y = (A ly 2+ A2y_3)(yc'v)3.

Solution in the parametric form:
—1
1':7'|:/(Cl—2A11HT—2AQT)_1/2dT+CQ:| )

-1
y = [/(c1 — 24 1nT—2A27)—1/2dr+02] :

13. ylmlw — (Alm—l/Zy—S/Z + A2m—1/2y—7/2)(y/w)3'

Solution in the parametric form:

2
x = %{20162’” + Cpe 7 [\/gcos(wr) — sin(wr)] }2, y= %,

Ay

AL A, = 168, w = k3.
Ay

where F = C1e**™ + Che™*7 sin(wt) —
14. ylmlw — (Alm—5/3y—4/3 + A2m—5/3y—7/3)(y;)3.
Solution in the parametric form:

(2 Ao + 17 + Cor? + Cyr) (L Agr® + 30172 + 2007 + C3) /2

(%AQTLL + 017'3 —+ CQTQ + 037')71,

T

Yy
where A; = 9C1C5 — 3022.
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15.

16.

17.

18.

» In the solutions of equations 15—18, the following notation is used:

Ry = (01 +7734 7'72)1/27 Ry = (Cl — 34 7—*2) 1/2’
Elz/RfldTJrcg, EQ:/R;1d7+CQ,

Fy =71—- R Fy, Fy =7 — RyFEs,

Hy =37°Ff +3(1+7)E}, Hy =37°F3 +3(-1+7)E3.

Y = (Ary=4/3 4+ Aqe=1/2y=4/3)(y!)>.

Solution in the parametric form:
x:aF,f, y:bT_SE,‘j7
where Ay = +2ab™?/3, Ay = +a?/2b72/3(=1)F+ k=1and k = 2.
Yllp = (Arz ™12y~ 7/0 4 Agy=5/%)(y])".
Solution in the parametric form:
r=ar’E K, y=0br"E"?,
where Ay = +a®2b75/6(—1)F, Ay =F2ab"'/3; k=1and k = 2.

y! = (Arz~ Ty + Azz~3)(y))>.

Solution in the parametric form:
T = anl/zE;/Q, y = br 3Hy,
where A; = %asb_:i, Ay = i%a‘lb”; k=1and k = 2.
_ - 3
Yo = (A1 Ty® + Az2™%)(y),)".
Solution in the parametric form:
1/2 pp— _
v =ar®?EPHY,  y=0r0H

where A; = %asb%, Ay = :F%a‘lb_Q; k=1and k =2.

» In the solutions of equations 19-22, the following notation is used:

R1: (CliT’Y+1+T)1/27 RQ: (CliT’y—i_l—T)l/?,
E, = /Rl_ldT—l—Cg, Ey = /R;ldr+(}2,
G1:2R17E1, G2:2R2+E2,

H, = 4(1 — R F\) + E2, Hy = 4(1 — RoFy) — E3.
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19. y” = (Aiz~ " 3y™ 4+ Ay~3)(v))>, m #£ —2.

Solution in the parametric form:

x:aTEk_l, y:bEk_l, ¥ =-m-—3,

where A; = £1a™Mbm"2(m +2), Ay = +ab(-1)*; k=1and k=2.

20y, = (Ay+ A@)(yl)'s  L#1, 1#£2

Solution in the parametric form:

1
=arG =bF e
X atGg, Yy k> v 1—9 )
v [, (r+Da]”
where A; = ab ' Ay(—1)FF1 Ay = — + i k=1and k= 2.
2ab b
3m+5
21. yl = (Ajzy™ + Ay~ ?)(y.,) 2m+3 .
Solution in the parametric form:
2m 4+ 3
= aH = pEH2 -T2
T =aty, Y k> Y m+1

2(y+1)a

1
2 2

1 2)b } 77 Ay =ab 2 A (-1)*; k=1and

v

_ Y —1 12
where Aj = ————a " b7+2 |F
Y
k=2.

3n+4
22. y’ = (Ax"y+ Azw_"_z)(y;) n+l

Solution in the parametric form:

2n+3

—aE? = bH, =
€ a k ’ Y k> Y TL+1

)

2(v+ 1)b

k=1
(v+2)a

where A; = —

and k£ = 2.

1
1 N 2
a2yt {:F } ! . Ay =a 7F2bA(-1)F;

_r
4(v+2)

» In the solutions of equations 23-26, the following notation is used:

R1:(C1+’T:|:1n’7')1/2, RQZ(Cl—TilnT)1/27
Elz/Rl_ldT+Cg, EQZ/RQ_ICZT+027
Gi1 =2R, — Ey, G2 = 2Ry + Ey,

H1:4(T7R1F1)+E%, H2:4(7'7R2F2)7E22,
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23.

24.

25.

26.

yu . = (Ary + Azx)y.,.
Solution in the parametric form:

x = aG, y = bEg,
where A = ab™'Ay(—1)F, Ay = :I:%a*Q; k=1and k = 2.

Y2, = (Ary + Azz)(y,)*.
Solution in the parametric form:

T = aky, y = bGy,
where A1 = $%b‘27 Ay =a"'bA;(-1)F; k=1and k = 2.

yr = (A + Azzy—2)y.,.
Solution in the parametric form:
r = aHyp, y = bEg,
where Ay = ab™2A5(—1)k, Ay = j:%afzb’Q; k=1and k = 2.

Y, = (A1 ™2y + Az)(yl,)”.
Solution in the parametric form:
T = aky, y = bHy,
where A; = $%a2b_2, Ay =a"2bA;(-1)*; k=1and k =2.

» In the solutions of equations 27-30, the following notation is used:
R, = ClTkl + 027k2 + C3Tk3,
Ry = (Cl + CQT)@ICT + Cse”",
Ry = Cef™ + e’ (Cy sinwt + C5 coswT),
Q1 = Ciky 7™ + Cokot™ + Cskst™s,
Q2 = (kCy + Co 4 kCy71)er™ 4+ w(Ci3e®T,
Qs = kC1eF™ + e57[(sCy — wCs3) sinwt + (sC3 4 wCs) cos wr],
S1=7(Q1);, S2=(Q2), S3=(Q3),
where k1, ka, and ks (real numbers) or k and s £ iw (one real and two complex
numbers) are the roots of the cubic equation A3 — %BQA — %Bl = 0. Subscripts of
functions Ry, Qum, and S,, (m =1, 2, 3) are selected depending on the sign of the
following expression:
>0 subscript 1,
2B; — 27B} { =0 subscript 2,
<0 subscript 3;

if 2B3 = 27B% (subscript 2), then
k= (3B w=-25B)Y? i B <0,
k= (3B w=24B)"> i Bi>0.

Remark. The expressions for R,,, and Q,, contain three constants Cy, Cs,
and Cs. One of them may be arbitrarily fized to let it be any nonzero number (for
instance, we may set C3 = 1), while the other constants remain arbitrary.
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27.

28.

29.

30.

31.

32.

Y = (Ax 2y + Az)(y)°.

Solution in the parametric form:

r=Q%, y=Rn, Ay =—-B1, Ay=-DB,.

yr, = (Ary~® + Azm_l/zy_7/2)(y'm)3-
Solution in the parametric form:

I:R;Il En, y:R:nl, A1 :732, AgifBl.
Y. = (A "/Py + A2a:_3/5)(y;)3.
Solution in the parametric form:

z=aR)?  y=b(2Q% — 4RnSm + BoR%),

where A; = 3%alz/‘r’lf?’Bfl, Ay = —a~%/°bA, Bs.
y! = (Ayx—3/5y—12/5 4 Azm_7/5y_13/5)(y;)3_

Solution in the parametric form:

v = aRy*(2Q% — 4R Sy + BoR2) ™,y = b(2Q%, — 4R, S, + BoR%) 7,

where A; = —2a%°b*/5B?By, Ay = 5:a'?/°3/°B 2.

» In the solutions of equations 31-32, the following notation is used:

B
ClekT + 0267]” — —17' ’Lf By >0,
By
fi= .
Cy sin(kt) 4+ Co cos(kt) — ?17 if By <0,
2
B
k(Cyeb™ — Che™ Py — =1 if By >0,
f2= B

B
k[Cy cos(kT) — Cosin(kT)] — B—1 if By <0,
2

where k = \/ +|Ba|.

y” = (A1 + Azz—1/2)(y)%.

Solution in the parametric form:
v=f3, y="I, A1 =-By, Ay=-B.
"o — (A, p—1/24=5/2 & Aoqy—3 7\3
Yo = (Arx™ /2y ™2 + Apy ™) (y,,)"
Solution in the parametric form:

foflfg, y:ffl, Ay =—-B, Ay =—-Ds.
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33.

34.

35.

36.

» In the solutions of equations 33-36, the following notation is used:

For B; > 0:

1/4

Ty = C1e¥" + Coe™ " + Cysin(kr), ($B1)"",

k
Ty = k(C1ef™ — Coe™ ) + kCs cos(kT);

For B; <0:

Ty = e*7[Cysin(sT) + Ca cos(sT)] + Cze T sin(s7), s=(—% Bl)1/4,
Ty = se®7[(Ch — Co) sin(sT) + (C1 + C2) cos(sT)] — sCse™*"[sin(sT) — cos(sT)].

Y2, = (Arz=5/y? + Aya=5/%y) (y))"

Solution in the parametric form:

Az
— T3/2 7 _ A2
z 2 Yy 1 2A1 )
where By = —A;, By = —Ajy; arbitrary constants C7, Cs, and C3 are related by
0103 = %GAIQAg if A1 > 0,

4010y + CF = LAT?A3 i Ay <.

Y = (Agx=3/3y~T/3 4 Apg=5/3y=10/3)(y )3,

Solution in the parametric form:

:c:(Tl— A >_1T23/2, y:(Tlf 4 )_1,

24, 24,
where By = —As, By = —Aj; arbitrary constants C7, Cs, and C3 are related by
01C3 = %A%A;2 if AQ >0,

4010y + CF = L ATA5° if A <.

Y, = (A1z~5/3y? + Aa=%/3)(y.)".
Solution in the parametric form:
€Tr = T23/27 y="1Ti,
where By = — Ay, By = —As; arbitrary constants Cy, Cy, and Cj3 are related by
C1C5 = -2 A7 4, if A1 >0,
4010+ CF = -2 AT A, if A <.

y! = (Aym—5/3y=4/3 4 A2$_5/3y_10/3)(y'm)3_
Solution in the parametric form:
e=T T2 y=T171,
where By = — Ay, By = —Aj; arbitrary constants Cy, Cy, and Cj3 are related by
C1C5 = —+ A A7 if Ay >0,

4010 + CF = —2 A1 Ay if Ay <.
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» In the solutions of equations 37-38, the following notation is used:

1. For By >0, By # 0,

Ty = C1e* 4+ Coe™ ™ + Cysinwr,
Ty = k(ClekT — 0267’67-) + wC3 cos wT,

where

k={%[(B3+3B1)"* + By} w={Z[(B] +3B;)"? - B},

4k*C1Co + w?C§ = 0.

1/2
)

2. For 7B§ <3B1 <0, B, >0,

T = ClTkl + CQ’T_kl + C3Tk2 + (747'_k27
T2 = kl (ClTkl — CQTikl) + kQ(OBTkQ — 6147'7162)7

where

1/2 1/2
) )

ki ={5([Bz+ (B3 +3B) 1} 77, ko = {3[Bo — (B +3B1)"]}
(0102 + 0304)(33 + 331)1/2 + (0102 — 0304)32 =0.

3. For —B% < 3B; <0, By <0,

T, = CisinwiT + CycoswiT + CssinwoT,
T2 = (4)1(01 COSW1T — 02 sinwlT) + UJ203 COS WaT,
where

1/2 1/2
) R

wi = {=%[Ba+ (B3 +3B1)"?} 7", wy = {-%[Bo— (B3 +3B1)"*}
wi(C? +C2) —wiC2 = 0.

4. For B2 +3B; =0, By > 0,
Ty = (Cy + Cor)e"™ 4 (C3 + Cy7)e ™7,
Ty = (kCy 4 Cy + kCy7)er™ — (kC3 — Cy + kCy1)e™*7,

where
k=(2B,)"%, (C1C1 — CaC3)(2B2)" + 2050, =0

5. For Bg +3B; =0, B, <0,

Ty = (C1 4 Cor) sinwt + C37 coswr,
Ts = (wCy + C3 + wCa7) coswT + (Cy — wC57) sinwr,

where

w=(-2B)"" Ci0y(-1B,)""

2 +C3+C; =0.
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6. For 3B, < —Bg,
T = " (Cy sinwr + Cy coswr) + Cze™F sinwr,
Ty = eF[(kCy 4 wC) coswr + (kC) — wCs) sinwT)]
+ C3e ¥ (wcoswr — ksinwr),
where
1/2 1/2
k={L(By+ (=3B} w={L[-B,+ (=3B},
CyBs + C1(—B2 —3B,)'/? = 0.

37, yll, = (A1z™%/3y2 + Asx=1/3)(yl,)".

Solution in the parametric form:

v=T,7% y=Ti, Bi=-A, By=-A

38. 7, = (Aya~Y/3y=8/3 4 Aya=5/3y=10/3)(y )P,

Solution in the parametric form:

x:TI—1T23/27 y:T1_17 By = —-A3, By=—-A;.

» In the solutions of equations 39—42, the following notation is used:
T — { C1e¥” + Coe™*" + Cs7 if B>0,
Cisinwt + Cocoswt + C37  if B <05
T — {w(Cle‘” —Ce™¥T) +Cs if B>D0,
w(Cy coswt — Cysinwt) +C3  if B <O0;

where w = \%B|1/2.

39. y” = (Aiz71/3 4 Ayx—5/3)(y)>.
Solution in the parametric form:
T = T23/27 y= T17

where B = —A;, arbitrary constants C7, Cs, and C5 are related by
3(A10% + Ap) —4A3(C?+C3) =0 if A} >0,
3(A1C2 + Ap) — 16A2C1Cy = 0 if A; <0.
40. yll, = (Ar@=%/3y=4/3 4 Am=t/3y=8/3)(y )",
Solution in the parametric form:
w=T7 T2y =171,
where B = — A, arbitrary constants C7, Cs, and C5 are related by

3(A; + AyC3) —4A3(C? +C3) =0 if Ay >0,
3(A; + AyC3) — 16A430,C5 =0 if Ay <0.
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41.

42.

43.

44.

Yy, = (A1z=3/3y + Az=1/3)(y,)°.

Solution in the parametric form:

A 3/2 A
x:(Tz— 21412T> ; y:Tl_@Tzv

where B = — A,, arbitrary constants C7, Cs, and C5 are related by
34,05 —4A5(CT+C3) — = ATA; =0 if Ay >0,

34,03 — 16A3C1Cy, — 2 ATA;? =0 if Ay <O0.

Y, = (Ara=5/3y~T/3 4 AV /3y=8/3) (y1)",

Solution in the parametric form:

where B = — A5, arbitrary constants C7, Cs, and C5 are related by

34,05 —4A5(CT+C3) — = ATA; =0 if Ay >0,
34,03 — 16A3C1Cy — 2 ATA;? =0 if Ay <O0.

» In the solutions of equations 43—48, the following notation is used:

[ Jiys(T)  for the upper sign (Bessel function),
f= I /3(1)  for the lower sign (modified Bessel function),

[ Yis(1)  for the upper sign (Bessel function),
| Ku3(m)  for the lower sign (modified Bessel function),

1 .
H:le+C’gg+ﬁw<g/deff/ng), w{ >m  for the upper sign,

—1  for the lower sign.

Y = (Aizy + A2)(y,)>.

Solution in the parametric form:
z=71"3H, y:b72/3
where 41 = £2b73, Ay = —2b7243.
Yl = (A1y ™ + Aszy %) (y,)°.
Solution in the parametric form:
x=1"Y3H, y = br2/3,

where A; = —2b3, Ay = +2b%
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45. yl = (Arx~ Y2y~ 4 Apy=3/2)(yl)?.
Solution in the parametric form:
x=ar Y3(rH. + +H)?, y=br?*H?,

where Ay = £1+a3/2b73/2 Ay = Lab™1/23.

46. y! = (A2 4+ Azw_l/zy_z)(y;)s-

Solution in the parametric form:
z=ar YPH2(rH.+ +H)?  y=br?PH?

where A; = 2ab™1/23, Ay = +1a%?.

47, y! = (Arz~2y + Azx—3/2)(y)>.

Solution in the parametric form:
x:a72/3H2, y:b772/3[:1:7'2H2+2ﬂTH—(TH4+%H)z],

where A; = —%aBb’g’, Ay = —a~V2p54,.

48. y” = (Ax—3/2y=3/2 Ach_zy_z)(y’w)'g.
Solution in the parametric form:

1

)

x = ar*/3H? [¥7’2H2 +2067H — (TH. + %H)Q]_
y = br?/3[Fr2H? 4 267H — (rH. + L H)?] ™

9

where A; = %a5/2b‘1/2ﬂ, Ay = —%a?’.

49. y! = (Ajzy™ + Axy™2)(y,)?, my # —2.

Solution in the parametric form:

1
r=71"H, y=0br?, V= ——
mq + 2
where
4b? Bw 2mo —my — 1
H=Cif+Cagt ot (o [ rhpar =1 [hgar), b= 2t
1f +Cag + (£ 2)° g/TfT f| ™Fgdr T2

f= Jy(1) for the upper sign (Bessel function),
a for the lower sign (modified Bessel function),

_ [Y,(r) for the upper sign (Bessel function),
| K,(r) for the lower sign (modified Bessel function),

Ay =+ (my +2)2™ 2 Ay = b2 = %w, for the upper 5:ign,
—1  for the lower sign.
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» In the solutions of equations 50-56, the following notation is used:

U — C1J, (1)  for the upper sign (Bessel functions),
Yl CiL (1) for the lower sign (modified Bessel functions),

v - CoY, (1)  for the upper sign (Bessel functions),
Yl CoK,(T)  for the lower sign (modified Bessel functions),
Z, =oU, + anV,, X,=p0U,+03V, F, :TZII,—I—Z/ZV, GVZTX,//—FVXV,

— ZVXV fO?” A= _(a1ﬂ2 - a2ﬂ1)2;
aU3+5UVVV+’7V1/2 fO?"A:4OKy—ﬁ2,

N, = ZI/GV + XyFl/ fOT A= _(alﬁQ - a2ﬂ1)27
! TN' +2uN for A = 4ary — 32,

s

_ N2 2 A72 2 _ | & for the upper sign,
No = N 24T N7+ WA, v {—1 for the lower sign.

where prime stands for differentiation with respect to 7.

50. y” = (Aizy+ Azx_3)(y'm)3.

Solution in the parametric form:

a::aTl/?’Nl/z, y:b72/3

)

where v = %, A = :i:%b’?’, Ay = —%a‘lb*szA.

51. y = (Axzy™+ Azm_3)(y;)3, m # —2.

Solution in the parametric form:

z=ar’NV2, y = br?,

, Al =£10m 2 (m+2)2, Ay = —-a'b 2w A(m + 2)2.

where v = i

m 4+ 2
52,y = (A1x~3 + Azy %) (y,)°.
Solution in the parametric form:
x:a771/3N1/2, y:bez/g,
where v = %, A = —%a‘lb’QwQA, Ay = :I:%b?’.
53. yll, = (A1z™V2y~12 4 Apy~3)(y))°.
Solution in the parametric form:
r=ar ?3NTINZ, y = br?/3N,
where v = %, A = i%a3/2b_3/2, Ay = 2abw?A.
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54. y = (A1 + Az~ /2y 2)(y,)>

Solution in the parametric form:
z=ar *3NTNY, y=0br?NT,

where v = %, Ay = 2ab72WPA, Ay = :t%a?’/z.

55. y! = (Az%y+ Azm_3)(y;)3.
Solution in the parametric form:
z=ar®*N,  y=br 3NNy,
where v = %, Al = %Sa?’b’?’, Ay = —6%a4b’2w2A.
56. y! = (Aiz73 4+ A2z 2y~ 2)(y)>
Solution in the parametric form:
.CE:CLT4/3N2N2_1, y:bTQ/BNNgl,

_ 1 _ _ 9 432 2 _ 9 3
where v = 5, Ay = —gra*b “w A, Ay = 55a°.

» In the solutions of equations 57-72, the following notation is used:

f1=\/i4@:f—2@1—027 Cy

_ / dp1
o .
VEEE =201 - O

and

*Cla

d
fQ:\/:I:ZLngerngg, T:/ §2
V48 + 200 — Co

where functions 1 = p1(T) and p2 = pa(7) are defined implicitly by the above elliptic
integrals. For the upper signs, they are the classical elliptic Weierstrass functions
01 = p(’l’+ 1, 2, CQ) and ©2 = p(7'+ 1 72, CQ)

57. y! = (A1x% + A2)(v))>.
Solution in the parametric form:
T = apy, y =br,
where A; = F6a7 1072, Ay =ab 2(-1)k*!; k=1and k= 2.
58. y, = (A1y~® + Axz?y~%)(y.)’.
Solution in the parametric form:

where Ay = ab(—1)**!, Ay = F6a710% k=1and k = 2.
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59. y, = (Ary™7 + A2y~ 15/7)(y),)".
Solution in the parametric form:
r=ar(t’pr F 1), y=>br",

where A; = %gab*5/7(—1)k+1, Ag = :|:4%a*1b1/7; k=1and k=2.

60. yu, = (Ary™ 7 + Aa?y=20/7)(yL)?.
Solution in the parametric form:
r=ar (%o F 1), y=>br",

where A1 = 4—19ab_2/7(—1)k+1, Ay = ¥%a_1b6/7; k=1and k=2.

61. yll, = (Aiy + Axx)(y,)*>.
Solution in the parametric form:
x = alfy — (=1)*7], y = br,

6a

1/2
b) S k=1and k=2

where A; = ab~1Ay(—1)%, Ay = —2a7 07! (i

62. Y, = (A1y + Asz)(y})"%.
Solution in the parametric form:
z=ar, y=0blfi — (1)),

6b

a

1/2
where 4; = 2a_1b_1(i ) , Ay =a 1A (-1)F; k=1and k=2.

63. yll, = (Ary ™4 + Agzy=/4)(y,)*%.
Solution in the parametric form:
v =al2rfi 20+ (-DF y=brt

1 1/2
where A} = ab=1/2Ay(—1)F, Ay = —Za_1b1/4 (:I:?’Ta) i k=1and k= 2.

64. yll, = (Ara~5/4y + Aza=/%)(y}) "%,
Solution in the parametric form:
v=art,  y=b27fi — 20+ (-1)F177,

1
where A; = —a'/*p~! (:|:3—b
4 a

1/2
) , Ay =a V20A (-1 k=1and k =2.
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65. y” = (A1y~13/8 4 Aray—15/8)(y)5/2.

Solution in the parametric form:

x=ar 278 fi + 67%p F 2 + (—1)F71), y=0br%,

1 1/2
where A; = ab= V4 Ay(—1)F, Ay = — 3 _1b7/8< ZZ) i k=1and k= 2.

66. y! = (Alw—m/sy + Azw—m/s)(y;)l/g
Solution in the parametric form:
z=ar" S, y=brS2r3 fr + 67%0r T2+ (— 1)k 1,

3b 1/2
—) , Ay =a V%A (~1)%; k=1and k= 2.

1
here Ay = ——a"/® —1(
where A; 8a b :Fch

67. y;/w — (Aly—15/13 +A2wy—20/13)(y;)5/2.

Solution in the parametric form:

x=ar[57%fr — 20720, £30 — (-1)F7Y],  y=br"?
2 30a \1/2
here A; = ab~5/B Ay(—1)*, Ay = ———a~ 57/ B3 (£2) " k= =2
where A; = a o(—1)%, As 65a b ( 13b) i k=land k=2

68. y! = (A1$—20/13y+ Azw_15/13)(y;)1/2_

Solution in the parametric form:

z=ar'®  y=br[57"fir — 20mpp £ 30 — (—1)F77],

_ 2 g3 300 \1/2 _ . —5/13 k. 1. _ _
where Ay = ——a™/'% (im> , As = a 3/3pA (—1)%; k=1and k= 2.

69. yll, = (A1 + Axz=2/3)(y})".
Solution in the parametric form:
z=aph,  y=>blfr — (=11,
where A; = FLab2, Ay = La®3p72(-1)*; k=1and k=2.
70. y! = (A1z~/3y"T/3 4 Azy_3)(y;)3.

Solution in the parametric form:

-1 -1

T = api [fk - (_l)kT} ) Yy = b[fk - (_l)kT] )
where 4y = La®/3p!/3(—1)*1 Ay = FLab; k=1and k =2.
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Loyl = (ATt Agry ) ().

Solution in the parametric form:
4/3
v=a(fi = F40}),  y=>b[fi — (=17,

Fq—3pll/4

where A; = ab 3/24,, A, = E ) if k=1,

:F

@

b

g 3pl1/4 a
“ b

+ ) i k=2

72, ! = (Ayx /4y 4 Az V%) (y))2.

Solution in the parametric form:
T = a[fk - (_l)kT]4/37 Y= b(flz - 7—2 + 4@%)7

) 1/2
q:a“/‘*b*d(q: ) k=1,

b
where A; = a
b1/2
:Fa“/‘lb_?’(i;) if k=2,

Ay = a_3/2bA1.

» In the solutions of equations 73-92, the following notation is used: functions Py
and Py are the general solutions of four modifications of the first Painlevé equation

P! =46P} +71, P} =46P] -1

(in the case of the upper sign, the equation for Py is the canonical form of the first
Painlevé equation; see Subsection 2.8.2). In addition,

Q1 = £6PF + 7, Qo = +6PF — T,

Ry = 2P — 77, Ry = 2P, +7°,

Sy =37P =3P — 7% Sy =37Py =3Py + 7%,

Ty =7"P F1, T, =1°P, F1,

Uy = (P])? —2P,Q; + 8P}, Uy = (Py)? — 2P,Q2 + 8P,
Vi=PQi + P - QF, Vo = PyQy — Py — Q3,

Wy =713P] + 3P, 1+ 7°, Wy =13Py+ 3Py 71— 71,

7y =6(r3P] — 472P, £ 6) — 7°, Zy = 6(T3Py — 472 Py £ 6) + 77,

where primes stand for differentiation with respect to .

73. y! = (Ary + Ax2?)(y)>.
Solution in the parametric form:
T = abPy, y = br,
where A; = ab™3(—1)%, Ay = F6a~'b72; k=1and k = 2.
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4.y, = (A1y? + Axz) ()"
Solution in the parametric form:
x = aRy, y = br,

3a

where Ay = ab 2 Ay(—1)k1 Ay = —2a*1b*1(:|: 7

1/2
) - k—=1and k=2

5.y, = (Awy + A2a?)(y,)" %
Solution in the parametric form:
T = ar, y = bRy,

b
L3

1/2
a ) Ay =a"2bA (1) k=1and k=2

where A; = 2a*1b*1(

76. y! = (Aiy~t+ A2w2y_5)(y’m)3.
Solution in the parametric form:

z=ar ‘P, y=br 1,

where A; = ab?(—1)F, Ay = F6a710% k=1and k = 2.

7.yl = (Ary~ V2 + Apwy =) (yl) %,
Solution in the parametric form:

r = aSk, y= b7'4,

1/2
where A; = ab=3/*Ay(—1)F*1, Ay = —%aillfl/‘i(i%) i k=1and k=2.

78 yll, = (Aiw~iy + Az 1/2)(yl) Y2,
Solution in the parametric form:
T =ar

47 Yy = bSka

1 1/2
where A; = 5a71/4b71(:|:%) , Ay =a3*A (-1)F k=1and k=2

79. yl, = (A1y~7 + Axx?y=1/7)(y.)>
Solution in the parametric form:

z = arly, y=br’,
where A; = 4—19ab_6/7(—1)k, Ay = ¥%a_1b1/7; k=1and k= 2.
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80. y” = (A1y~ /4 4 Ayzy~15/8)(y.)%/2

Solution in the parametric form:

r = ar "Wy, y=br—8,
1 3a\1/2
where A; = ab_l/SAg(—l)k, Ay = ga_lbwg (xTa) ;i k=1and k = 2.

81. yll, = (A1~ 15/3y + Aa= T/ (y,)V2.
Solution in the parametric form:

r=ar S, y = br Wy,

1 b1/2
where 4; = ,§a7/8b*1 <:F3—> , Ay = ail/sbAl(fl)k; k=1and k = 2.
a

82, yr, = (Ary™/7 + Aya?y=/7)(y,)".
Solution in the parametric form:

x = ar 5Ty, y=>br",

where A; = 4—19ab_1/7(—1)k, Ay = ¥%a_1b6/7; k=1and k= 2.

]3. y;/w — (A1y‘14/13 + Azwy—20/13)(y’m)5/2,

Solution in the parametric form:

T = atly, y = br'3,

—6/13 k41 2 —1;7/13 a 1/2
where A} = ab=/1BAy(—1)F1, Ay = ———a"'b (:I: ) i k=1and k=2

13 13b

84. yll, = (A1@~20/13y 4 A,z 14/18)(y )12,
Solution in the parametric form:

r=ar'3, y = brZy,

where A; = 113117/1%*1 <j:L

1/2
) , Ag =a 913pA (~1)F+ k=1and k=2.
13a

85. y = (Ary + Az~ 1/2)(y)>.

Solution in the parametric form:
r = a(P})?, y = bPy,
where A; = F24ab™3, Ay =2a%2b72(=1)*; k=1and k = 2.
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86. y = (Aiz~Y2y=5/2 + Ay~ (y.)>.

Solution in the parametric form:
v=aP '(P)?  y=0bP",
where A; = 2a%/20'/2(=1)%, Ay = ¥24ab?*; k=1 and k = 2.
87. yl, = (A1z™%3y + Axa'/?)(y,)".
Solution in the parametric form:
x:aP,f/z, y = bUy,
where A; = %aS/?’b_?’, Ay = F8a72bA;; k=1and k =2.
88. yll, = (A1 ™5/3y~T/% 4 Agwt/3y=10/3)(y) )%,
Solution in the parametric form:
x:aPkg/QU,;l, y=bU, ",
where A; = 1%(18/3191/37 Ay = T8a72bA; k=1and k=2.
89. yy, = (A@™'/2 + Ay=3/2)(y,)*.
Solution in the parametric form:
r=aQi,  y=0b(F)
where A, = F6a%/2b2, Ay = %ab*1/2(—1)k+1; k=1and k = 2.
90. y, = (Ary™/2 + Az~ /2y=5/2)(y})".
Solution in the parametric form:
v=a(P)7?QF,  y=bF)7?,
where Ay = Sab™V2(=1)k*1 Ay = F6a3/2b1/2; k=1 and k = 2.
91. yll, = (A1z™%3y 4+ Az=4/3)(y,)".
Solution in the parametric form:
r = a(P])?, y = bV,
where 4; = f%ag/g’b"g, Ay =a 1B3bA (-1)F; k=1and k =2.
92. yZ, = (Arz~/3y=5/3 4+ Apx=5/3y~7/3)(yL)?.
Solution in the parametric form:
v=a(P)*V, ", y=bV",
where Ay = Z=a™/3p7 13 (1M1 Ay = —La¥3p1/3 k=1and k = 2.
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» In the solutions of equations 93-96, the following notation is used:

1 2B 2B
Cr+ =72 L phatl 222 kel o kg £ 1

;= 4 ki +1 ko +1
1 2B .
01+ZT2+k—+117k+1+2321n|r| if k=k #—1, ky=—1;
d
F:Cgexp(/%) G =7+2Vr +4Bs,
r
1 ~1/2
H=|(C - ———7%—72 :
/( 1 2A1A27 7') dr + Cy

93. y/ = (Ajz— 23y 4 Ayp2ma—3yma)(y )3

Solution in the parametric form:
T = TF1/2, y=F,
where k‘l = —2m1 — 3, kig = —2’[’)7,2 — 3, Al = —Bl, Ag = —Bg.

m—1 m+5

94. yl = (All‘ym + Ay 2 )(y;) m+3 .

Solution in the parametric form:

1
r=aF?G, y =bF m+1

m+ 3 k 4aB; 1YF
here ky =k = — , k=0, A = ——a P ——T— Ay =
where m+1 2 LT %1 k1] 2
1
—4abik—+1AlBQ.
n—1 2n+4
95y, = (Aiz"y + Azz" 2 )(y)) " .
Solution in the parametric form:
1
r =aF ntl Y= F_1/2G7
n+3 ko2 4B, V*
h k:k:_—,k:O,A:_ k+1b_1 - - A:
where n+1’ P e [ (k+1)a] e

1
—4CL— k+1 bAlBQ.

96. y” = (A1z %y* + Az 5)(y,)>.

Solution in the parametric form:

x—iT —4s = ﬁt H
~ cosH ’ y= Ay -
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97.

98.

99.

Y = (Ar@™iy™ + Ayzmayma)(y )2,

Solution in the parametric form:

x:ClTl/Qexp<—1 Jdr ), y:Cllrl/2eXp(1 Jdr ),

2] T/ PN N

where
A A
—1/2 1 mi+1 2 mat+l|

T Cot———r —7 if my#—1, mg#—1,

f= T ™
N A 1
T_1/2 |:CQ+2(T_1|_1)T"L+1+§A21HT:| if mlzm;ﬁ—l, m2:—1.
mao(n+1)—mi+n mi1+2n+3

Y = (Alm"yml + Apz ymz)(y;) matnt2

Solution in the parametric form:

d __n+l 1 d
x:Clexp(/—T>, y=0C, m1+17’exp<— nt /—T>,
TZ my + 1 TZ

where z = z(7) is the solution of the algebraic equation

_nt+l mi+1
(Z— m1+n+2 ) (Z_ n+l ) m1+n+2 _ T—m (C2+ Al 7_777,1-1—1_’_1;1>7

my+1 mi+1 my+n+2
AQ(ml + 1) Tm2+1 lf ms ?é 1
P (m1+n+2)(mg+1) ’
Az .
————— In|7| if moy = —1.
mi+n+2

» In the solutions of equations 99-108, the following notation is used: functions Py
and Py are the general solutions of four modifications of the second Painlevé equation
(with parameter a =0)

P/ = 1P, +2P}, Py = —7Py +2P;.

In the case of the upper sign, the equation for Py is the canonical form of the second
Painlevé equation (with parameter a = 0; see Subsection 2.8.2);

Qi =TP}+ P} — (P))?, Q2 =7P; £ P} — (P})?,
R1:P1/:FP1Q1, R2:P2,:|:P2Q27
S1=2P[Q1 — PP FPIQT, Sy =2PQx+ P} + PQ3,

where primes stand for differentiation with respect to 7.
3
Yo = (Arzy + Aza®)(y,,)"
Solution in the parametric form:
r = aPy, y = br,

where A; = b3(—=1)F, Ay =F2a7%"% k=1and k = 2.
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100.

101.

102.

103.

104.

105.

Yy, = (Arzy =5 + Axz®y=%)(y.)’.
Solution in the parametric form:
r=ar ‘P, y=>br"1,
where A} = b3(~1)F, Ay = F2a72b*; k=1and k = 2.
Yo = (A1 + Azil?_l/zy_l/z)(y;)?"
Solutions in the parametric form:
v =a(P)? y=bP;,  Pi=(P),

where A; = F2ab~ 2, Ay = %aS/zb*Sﬂ(fl)k; k=1and k = 2.
Yy, = (A1~ 2y™2 + Ay=23)(y))®.
Solutions in the parametric form:

xr=aP*(P))?, y=0bP >  Pi=(D),
where 4, = 2a*?(-1)*, Ay = F2ab; k=1and k = 2.
Yy, = (Aiz 2y + Az)(yl,)>.
Solutions in the parametric form:

v=aP}, y=>b[rP}+P,—(P)*, P,=(P),,

where A; = 2a%b73(=1)F, Ay = £2ab~2(~1)*; k=1and k = 2.
Yy, = (Aiz 2y~ + Ay~%)(y),)".
Solutions in the parametric form:

1

v =aP}[rP? £ P} —(P)?]", y=0b[rP}£P; —(P})?]

where A; = —2a3, Ay = F2ab; k=1 and k = 2.

Y = (A + Ayzy=1/2)(y)*>.

Solutions in the parametric form:

T = aP,;le Yy = bQi,

where A; = Fab~/2A5(—1)F, Ay = 2b
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4a—2b1/2<i)1/2 if k=1,

—4a_2b1/2(—%)1/2 it k= 2,.



106. y, = (Arz='/2y 4+ A;)(y.,)*>.
Solutions in the parametric form:
— .02 _ 1 p—1
r=aQy, y=>0bP "Ry,

b \1/2
—4a1/2b*2(2—) k=1,
a

Ay = :Fail/2bA1(—1)k.
1/2
4a1/2b_2(—%) if k=2,

where A; =

107. y” = (Ay + Azwy—2)(y)*>.

Solutions in the parametric form:
r=aSk, Y=>bQk,
1/2
a*QbQ(%“) if k=1,

a—2b2<—27a)1/2 i k=2

where A; = Fab~2A5(—1)F, Ay =

108. . = (Arz~2y + A2)(y,)*>.

Solutions in the parametric form:
T = an? Yy = bSk7
2b N\ 1/2
—a2b_2(—b) if k=1,
a

—a2b—2(—27b)1/2 i k=2,

where A; = Ay = Fa"2bA;(—1)k.

109. y” = (Ayz~"/5y=8/5 4 A2$_7/5y_13/5)(y;)3.

Solution in the parametric form:

z= acfsf’/?(bch - ‘:—;)_1, y = (bC{*F - ﬁ—;)_l,

where S = C1e?™ + Coe " sin(V3kr), F=(S.)2—25S"., Ay =2-a'¥/5b=3k5.

TT? 1024

110. y” = (A 2y~ ' + Azw_zy_z)(y;)‘(‘.
Solution in the parametric form:
2/3 72 —2/3 / 1 7\2 272 At
r=aC17°Z {bClT [(TZT+§Z) :tTZ]—A—} ,
2

y= {601772/3[(724 + %Z)2 + 7'222] - i—;}_l,

where
7 C1J1y3(1) + CaYy/3(T)  for the upper sign,
~ | Cil13(7) + CaKy3(7)  for the lower sign,

Ji/3 and Yy 3 are Bessel functions, I ;3 and K;,3 are modified Bessel functions;
Ay = %a?’b_?’.
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111. y” = (Ajz~ Ty* + A2a:_7y3)(y;c)3.

Solution in the parametric form:

v = aC3FY2 (bC3G — j—;)_l, y= (bcic - %)_17

where R= /(473 —1), F=27 [TR'dr+Cor FR, G=47F?F7 ?(RF —1)?,

Ay = :F6—?21a8b73.

» In the solutions of equations 112-113, the following notation is used:
E= /(1 £V 2dr + Gy, KR = £

function E can be expressed in terms of the elliptic integrals or the lemniscate func-
tions.

112. y” = (A1z?y~14/5 + A2m3y_18/5)(y;)3.

Solutions in the parametric form:
r=aCtE~YTE — k), y=bCyE?,

where A; = :F%a_lb‘l/‘r’k, Ay = $%a_2b8/5.

113, y” = (Ayx2y=11/5 4 Ayady=12/5)(y.)"%.

Solutions in the parametric form:
x=aC E(TE — k), y = bCTE®,

where A; = $%a_1b1/5k, Ay = ¥%a_2b2/5.

» In the solutions of equations 114—115, the following notation is used:

A =C3% 201, R = (36A + 54B7 — 27%)1/2, z= 3/7—13—1 dr,

—a tan(:ﬁ:\/—A z) + & if A<O;
Cl C’1
\éz tanh(ZF\/Zz) + % if A>0;
1 1
W(z) = 1 9 A .
- 1 =0, <0;
+ Ciz |C1\ f 2
1 2
—_— — f A =0, Cy>0.
+ ClZ + |Cl‘ Zf ) 2 >
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114.

115.

116. y

117.

118.

119.

120.

Y = (Arz~5/3 4 Ayx—5/3y=2/3)(y)%.

Solutions in the parametric form:

x = ar A (CLW? = 2CW + 2)3/4(6CLW — 60, F R)*/?,
y =br32(CLIW? — 20,W + 2)3/2,

where A1 = —24a%/3b72C,, Ay = 36a%/3b=4/3B.

y! = (Ala:_5/3y_2/3 + Azcc_5/3y_4/3)(y;)3_

Solutions in the parametric form:

Tr = aT_3/4(01W2 — 202W + 2)_3/4(601W — 602 + R)3/2,
y = br3/2(C1W? — 2C,W +2)~%/2,

where A; = 36a8/3b=4/3B, Ay = —24a8/3b=2/3(C.

7 2(m+1) n - 73
A A AR PR ALt

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.4
for function = = z(y):

Lyy =
— — 3
Y, = (—Lx+ Az ")y 2(y))".

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.35
for function = = z(y):

y! = (—6zx + Az~Y)y~2(y’)>.

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.31
for function z = z(y):

ay, =y 26z — Az™?).

y! = (—12z + Az—5/2)y~2(y.)>.

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.64
for function = = z(y):

no_ -2 . —5/2
Ty, =y ~(122 — Az™°/7).

y! = (—2z + Ax~?)y2(y.)>.

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.6
for function = = z(y):

"o, =2 —2
Ty, =y ~(2r — Az™7).
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_ - 3
121. y2 = (%m—}—Aw 5/3)y=2(y’)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.26
for function = = z(y):
Ty, = y P (—Ea— Az—5/3),
_ 3
122, y = (ma}—{—Aaz 5/3)y 2(y)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.10
for function z = z(y):
Ty =y 2 (—qogr — Az ).
_ — 3
123. y/ = (—Sz+ Ax=5/3)y=2(y,)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.12
for function z = z(y):
ay, =y (e — Az,
124. y, = (— Lz + Az=5/3)y~2(y,)°.
Assumlng y as the independent variable, we obtain an equation of the form 2.4.2.66
for function = = z(y):
ot =y (S — Az,
125. y” = (=z + Az~ /%)y~ 2(y)>.
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.29
for function = = z(y):
Igy = yfz(f%x — Az~ 7/5).
126. y7, = (22 + Az—/2)y=2(y,)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.14
for function z = z(y):
no_ o, -2(_2 —-1/2
Ty, =Y (—5z— Ax / ).
_ 3
127. y2 = (—a;—i—Aa: V2)y=2(yl)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.8
for function = = z(y):
oy, =y (—ax — Az,
_ _ 3
128. y” = (—20x + Az~ 1/2)y~2(y’)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.33
for function = = z(y):
o, =y (20w — Az—1/?).
_ 3
129. y2 —( :c—i—Awl/z)y 2(yL)”.

Assuming y as the independent variable, we obtain an equation of the form 2.4.2.37
for function = = z(y):
vy =y (— 5w — Ax'/?).
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_ 3
130. y2 = (Azx? + %m)y 2(y;:) .
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.60
for function = = z(y):
Ty, = Yy 2(—Az? — = ).
_ 3
131. y” = (Az® — %m)y 2(yL)".
Assuming y as the independent variable, we obtain an equation of the form 2.4.2.62
for function = = z(y):
ay, =y H(—Ax? + L)
2(m+1) 3
132. y” = |———Fxy ?+ Az™y " (Y] m# —3, m# —1.
Yex (m T 3)2 Yy + Yy (ym) ’ # ) #
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.5
for function = = z(y):
2(m+1) _ e
"o 2 1
yy—[—i(m+3)2 J}—Ay m=Llpmi
133. y” = (Az"%y — 2my_2)(y;)3.
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.7
for function = = z(y):
xy, = (2y 2w — Ayz?).
— _ _ 3
134. yl, = (Az='2y=1/2 + Lay=2)(y))".
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.9
for function z = z(y):
xgy = (—%inI - Ay71/2z71/2).
— —5/3,2/3 9 —2 3
135. y, = (Az~5/3y?/3 4 Too TY ) (yL,)"-
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.11
for function = = z(y):
Ty, = (— 25y 2z — Ay?/3275/3),
_ — 3
136. y” = (Az~%/3y?/3 — 3zy=2)(y.)°.
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.13
for function = = z(y):
xgy _ (%ydl, _ Ay2/3x—5/3).
137. y” = (Az~1/2y~1/2 4 %:L’y_2)(y;)3.

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.15
for function = = z(y):

x// _(_zy—Qx_Ay—l/Q:L,—l/Q).
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138.

139.

140.

141.

142.

143.

144.

145.

y! = (Az—5/3y?/3 4 B ay=2)(y!)>.

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.27
for function = = z(y):

Ty, = (—%y‘Qm — AyPB3a70/3),
Y, = (Az~"/5y?/5 + Zoay=2)(y.)®.

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.30
for function = = z(y):

x;/y _ (—3—%y_233—14y2/5$_7/5)-

— — 3
Yoo = (Az™"9° — 62y ™2)(y;)"

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.32
for function z = z(y):
"o —2 3,.—4
Ty, = (6y "z — Ay"z™").

Y = (Az=1/2y=1/2 _ 202y~2)(y,)">.

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.34
for function = = z(y):
"o —2 —-1/2,.—-1/2
Ty, = (20y~ "z — Ay 12=1/2),

_ _ 3
Y, = (Az~Ty® — Zay=?)(y,)".
Assuming y as the independent variables, we obtain an equation of the form 2.4.2.36

for function z = z(y):
zgy = (%’inx — AySz™T).
_ _ 3
Y, = (Az'/2y=32 + Zay=2)(y,)".

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.38
for function = = z(y):

Ty, = (— 2y 2z — Ay~3/221/2),
_ _ 3

Y, = (zgy ™ + Az?y =) (y})".

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.61

for function = = z(y):
yy = (Ay~%2® — gy~ %a).

_ — 3

Yo, = (—ggay 2 + Ay =) (y})".

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.63
for function = = z(y):

yy = (Ay~%2® + gy~ %a).
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146. y/ = (Az~5/?y3/2 — 122y~ 2)(y,)".

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.65
for function = = z(y):

Ly, = (12y~ 22 — AyP/22=5/2).
147. y:/n,m = (Aa;_5/3y2/3 _ %wy—Z)(y;)3'

Assuming y as the independent variables, we obtain an equation of the form 2.4.2.67
for function z = z(y):

i (83y 20 — Ay?/3a—5/3).

2.6.3. Equations of the Form
"o 7! -1 10,7 0—1
Yow = CAZ" Y™ (y;) + Az Ty (y))
Table 2.12 represents all solvable equations whose solutions are outlined in Subsection
2.6.3. The two-parameter families (in the space of parameters n, m, and [), one-parameter
families, and isolated points are represented in a consecutive fashion. Equations are ar-

ranged in accordance with the growth of . The number of the equation sought is indicated
in the last column in this table.

1.  y! = Az ™ 2y™my! — Ag=m3ymtlL, m # —1.

Solution in the parametric form:

" dr -t m dr -t
z = aCy (/W+Cz> : y=bCl+1T(/W+Cz) ;

where A = F(m + 1)a™ o=,
2.yl =Axlyly, — Az~2
Solution in the parametric form:

—1
x=C [/ 7L exp(F7%) dr + C2:| ,

A -1
y =5 exp(Fr) [ [ e dr Cz} -

3. yl = Am_m_2ym(y;)3 — Am_m_:‘ym"‘l(y;)z, m # —2.

Solution in the parametric form:

dr ! dr -
x:acr-’_%’(/w“rcb) ) yZbCInJr?’(/WJFC?) )

where A = +(m + 2)a™3p=m 72,
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TABLE 2.12

Solvable cases of the equation y” = a'A:c"ym(y;)l + Awn_lym"‘l(y‘,’n)l_1

l m n o) Equation
az})irgy fnrlbi;rirf) —m—1 -1 2.6.3.75
a’(r}’irgy 11 -2 —1 2.6.3.76
a](r})i;r;y —2 1 -1 2.6.3.79
a{?i;r?ﬁy 0 -1 -1 2.6.3.80

= j: 2 (maffirg) 1 m+1 2.6.3.74
?fo 0 (srii%iaiyl) % 2.6.3.73

1 f;birirly) —m—2 —1 2.6.3.1

1 0 ?;b;:rfrly) =S 2.6.3.23

1 1 (Zriigiag) 2 2.6.3.37

% 0 ( Zriit(iaiyl) 1 2.6.3.41

2 f;lbirirf) a(rsi:%r)y —1 2.6.3.85

2 gflbiri?’) m+1 —1 2.6.3.82

2 fnr@bi;rirf) —m — 2 —1 2.6.3.83

2 f;lbfirly) - m; ! -1 2.6.3.84

2 (a;rlb;rirfl) 0 arbitrary 2.6.3.87

p -1 arbitrary arbitrary 2.6.3.86

(n#0)

% (mai’ifi TZQ) 1 m+1 2.6.3.42

3 fnfbbirirg) —m -2 —1 2.6.3.3

3 f;b;rgy) 1 m+1 2.6.3.24

3 (mai’ifi rf?)) 2 m; ! 2.6.3.38
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TABLE 2.12 (Continued
Solvable cases of the equation y!/ = aAw"ym(y;)l + Aav"‘_lym'i”l(y‘fc)l_:L

l m n o Equation
0 -3 -1 2 2.6.3.65
0 -3 1 —4 2.6.3.61
0 -3 2 -1 2.6.3.35
0 0 -2 -1 2.6.3.48
0 0 -1 -2 2.6.3.50
0 0 -1 -1 2.6.3.33
0 0 -% -3 2.6.3.59
0 0 2 5 2.6.3.63
1 -3 1 -1 2.6.3.15
1 -2 -2 5 2.6.3.51
1 —2 -1 arbitrary 2.6.3.71
1 -2 —1 -1 2.6.3.7
1 -2 -1 1 2.6.3.5
1 -2 -+ 2 2.6.3.55
1 —2 1 ~1 2.6.3.13
1 -2 1 arbitrary 2.6.3.69
1 -2 1 -2 2.6.3.11
1 —2 1 -1 2.6.3.29
1 -1 -1 -1 2.6.3.2
1 -5 —2 -+ 2.6.3.53
1 -5 -1 -1 2.6.3.45
1 -5 -+ -1 2.6.3.31
1 -5 1 1 2.6.3.57
1 0 -1 -1 2.6.3.77
1 0 1 arbitrary 2.6.3.67
1 0 1 -1 2.6.3.9
1 1 —4 -5 2.6.3.21
1 1 -1 -2 2.6.3.39
1 1 -2 -1 2.6.3.25
1 1 1 1 2.6.3.17
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TABLE 2.12 (Continued
Solvable cases of the equation y!/ = aAw"ym(y;)l + Aav"‘_lym'i”l(y‘fc)l_:L

l m n o Equation
3 0 —1 -1 2.6.3.27
3 0 -3 -2 2.6.3.43
3 0 1 1 2.6.3.19
2 -1 0 arbitrary 2.6.3.81
< -2 1 -1 2.6.3.28
< -3 1 -1 2.6.3.44
s 0 1 1 2.6.3.20
3 -5 2 -2 2.6.3.22
3 -3 —1 2 2.6.3.52
3 -3 + —4 2.6.3.54
3 -3 2 -1 2.6.3.26
3 -2 -1 arbitrary 2.6.3.72
3 -2 ~1 -1 2.6.3.8
3 -2 ~1 1 2.6.3.6
3 —2 0 -1 2.6.3.4
3 -2 + -1 2.6.3.46
3 -2 1 -1 2.6.3.78
3 —2 2 -5 2.6.3.40
3 -3 ~1 1 2.6.3.56
3 -3 + -1 2.6.3.32
3 -5 -1 -1 2.6.3.14
3 0 -2 —1 2.6.3.16
3 0 -1 arbitrary 2.6.3.70
3 0 ~1 -1 2.6.3.30
3 0 -1 -5 2.6.3.12
3 0 5 2 2.6.3.58
3 0 1 arbitrary 2.6.3.68
3 0 1 -1 2.6.3.10
3 0 2 1 2.6.3.18
4 -3 1 -1 2.6.3.47
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TABLE 2.

Solvable cases of the equation y//_

12 Continued
= ocAx"y™(y,) + Az Yy (yl) !

l m n o Equation
4 —2 —2 < 2.6.3.66
4 -2 1 -1 2.6.3.34
4 -2 1 -5 2.6.3.49
4 -3 —2 - 2.6.3.62
4 -% 1 -2 2.6.3.60
4 1 —2 ~1 2.6.3.36
4 1 1 2 2.6.3.64

— 3
Yoo = Ay~ (1)

Solution in the parametric form:

— Az 1y~ 2(yl)>

1
T = —é exp(:FT2) {/ 71 exp(:FTz) dr + CQ:| ,

2

-1
y=0C [/ mLexp(Fr?)dr + 02} :

» In the solutions of equations 5-12, the following notation is used:

f= /exp(:FT2) dr + Cs.

y! = Ax"ty 2y, + Ax2y~ L

Solution in the parametric form:

r = Cyexp(Fr?)ft,

where A = +2b2.

Solution in the parametric form:

z = a2T £ exp(F77) f 1],

where A = F2a°.

—1y—2ylm

Solution in the parametric form:

yr = Az — Ax— 2y~ L.

z=C[2rf exp(q:TQ)]_l,

where A = i%bZ.
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y = b[21 + exp(F73)f 1,

yr, = Az~ ly=2(y))° + Az "2y~ (y))”

y = Crexp(Fr2)f !,

y=>bf[2rf £ exp(q:TQ)]_l,




10.

11.

12.

13.

vy, = Az~ ly~2(y,)’ — Az~ 2y (y))%
Solution in the parametric form:
-1 -1
z=af [2Tf + eXp(:FTQ)] , y=C [27’f + exp(:F7'2)] ,
where A = :i:%aQ.
yo. = Axy!, — Ay.
Solution in the parametric form:
T =ar, y = C1[27f + exp(F72)],
where A = F2a72.
Yy, = Az(y,)® — Ay(y,)*.
Solution in the parametric form:
x = C1[27f + exp(F7?)], y = br,
where A = 72b72.
Yy = 2Awy_2y; — Ay~
Solution in the parametric form:
v =aCi2r°f £rexp(Fr2) £ f],  y=0bC1[27f £ exp(F7%)),
where A = ¥%a_2b2.
yr, = Azl (y,)° — 2427 2y(yl,)".
Solution in the parametric form:
r = aCy[27f + exp(F72)], y = bC1[272 f + T exp(F72) £ f],

where A = $%a2b’2.

» In the solutions of equations 13-22, the following notation is used:

1
E=\1(r+1)—In(VT+V7+1) + s, F=FE Tt - T

T

y! = Azl/2y~2y’ — Ax—1/2y~1

Solution in the parametric form:
z=aC{F2, y=bC3r 'EF~2,

where A = —a~3/2p2,

© 1995 by CRC Press, Inc.



14.

15.

16.

17.

18.

19.

1 3 — 2
Yo, = Az y T2 (yL)” — Az 2y 2 (y) )"
Solution in the parametric form:

r=aC3r 'EF2
where A = —a?b™3/2,

yr, = Azy~ 3yl — Ay—2.

Solution in the parametric form:

1
r=aCiF! Tt ,
-

where A = —2a7253.

yr, = Az 2(y,)® — Az—3y(y.)”

Solution in the parametric form:

y =bCiF 2,

y=bCiF 1,

T+1

r=aC?F™ y=bC;F™! ,

where A = —2a%b~2.

Yoo = Azyy; + Ay,

Solution in the parametric form:

T

r=aC; 't ' ETNTF? + P F — E?),  y=bCiF T,

where A = a=2p~1.

y" = Ax*(y.)° + Azy(y,)>.

Solution in the parametric form:

r=aC?F™ y=bC; T ETY(7F? + 1°F — B?),

where 4 = —a~1b72.

y! = Az(y,)*? + Ay(y,) ">

Solution in the parametric form:

1
x:aCf1<F\/i—E7_1>,
T

where A = 2472 (—%)1/2.
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1
y=bC3F 1y /i,
T



20.

21.

22,

23.

24.

y! = Az(y,)** + Ay(y,)*>.

Solution in the parametric form:

1 1
e=aCtr1 /T y:bC11<F T —ETl),
T T

where A = —2b72 (—2> 1/2.

a

y! = Az"tyy! — 2Ax5y>.
Solution in the parametric form:

1

v =aCiTE(TF?> + ?F — E*)" ", y=0bC{TEF ' (F* + 7°F — E*)~

where A = —2a3b~ 1.

y! =242y~ 5 (y)® — Azy—4(y))>

Solution in the parametric form:

1
)

¢ =aC3rEF\(rF? + 72 F — E*)™',  y=bCi7E(rF? + r2F — E?) ",

where A = —2a7153.

y! = Az™y! + nAx""ly, n # —1.

Solution in the parametric form:
1 __n_
T =ar ntl yzC’leﬁT</T n+1 eﬁTdT+Cg>,

where A = (n+1)a™""13.

3 2
yr = Azy™(yl)" + y" (Y,  m# -2

m+1

Solution in the parametric form:
_m+tl 1
ZClS’GT(/T m+2667d7+02)7 y =br m+2

m 4+ 2

—m—2
m+1 b p

where A = —

» In the solutions of equations 25-36, the following notation is used:

TV 4+ Cot™" for the upper sign,
R=<{sin(vint) 4+ Cycos(vinT) for the lower sign,
InT+ Cy forv =0,
I+v)"+ (1 —v)Cor™" for the upper sign,

Q=4 (1—-vCy)sin(vint) + (Cy +vCy)cos(vinT) for the lower sign,

InT+1+4+Cy forv=0.
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25.

26.

27.

28.

29.

30.

Yy = Aw_zyy; — Az 392,

Solution in the parametric form:
r=ar 2, y=>br2R7'Q,

where v =C), A=ab~!;the solution is valid for all three cases of functions R and Q
given above.

_ 3 - 2
Yoo = A%y~ (y,)” — Azy~(y;)"
Solution in the parametric form:

r=ar 2R71Q, y=>br2,

where v =C}, A=a"'b;the solution is valid for all three cases of functions R and Q
given above.

y! = Az~ (y,)*? — Ax2y(y,) "%

Solution in the parametric form:

1 2
xTr = CI,’T—27 Yy = bT_2 (QR_l - 7¥ v ),

where v=C7, A= (—

y! = Azy=2(y)** — Ay~ (y,)%>.

Solution in the parametric form:

1 2
r=ar? (QR_l — 4:';V >, y=br—2,

2_b)1/2.

where v = (], A:(
a

Yo, = Azy 2y, — Ay~
Solution in the parametric form:
x =aC1TR, y = bC17Q,
where A = a=2b%(1 F 12).
Vi = Az ()" — Az ?y(y))"
Solution in the parametric form:
= aC7Q, y =0bC1TR,

where A = a?b7%(1 F12).
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31.

32.

33.

34.

35.

36.

y! = Aw_1/2y_1/2y; — Az—3/2y41/2,

Solution in the parametric form:

z =ar’R?, Y= br2Q?,

where v =C;, A=a"1/2p1/2,

Y, = Azt/2y=3/2(y!)? — Ax=1/2y=1/2(y! )2,

Solution in the parametric form:

z = ar?Q?, y= br?R?,

where v=Cy, A=a'/?p=1/2,

Y, = Az — Az ?y(y})

Solution in the parametric form:

x = ar’R?, y =br?[Q% + (1 ¥ )R,

where v =Cy, A=2a"'b.
"o — Apy—2 /4_A—1/3
Yo zy~*(y) Yy (y,)"
Solution in the parametric form:
r = at?[Q* + (1 F v*)R?,
where v =Cy, A=2ab"'.

Y = Az?y—® — Azy~2(y,) "L

Solution in the parametric form:

Y= bTQRZ,

t=aCirR,  y=0b0i7[Q* + (15 )R},

where A = 4(1 Fv?)a" %
Yy, = Az"2y(y,)" — Az=3y2(y})°.
Solution in the parametric form:
T = aClT[Q2 +(1F V2)RQ]1/27

where A = 4(1 Fv?)a*b™%.
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37.

38.

39.

40.

41.

» In the solutions of equations 37-50, the following notation is used:

P { C1J,(7) + CoY, (1)  for the upper sign,
O (1) + CoK, (1) for the lower sign,

where J, andY, are Bessel functions, I, and K, are modified Bessel functions.
y! = 2Az"yy! + nAz""1y?, n#0, n#-—2
Solution in the parametric form:

z =aC; 727, y=bCPH 7712l + v Z),

1 2
n+tl ,__n+2,

—n—17—1
= b~ .
n+2’ 2

where v =

3 2
Yo, = (m+1)Az?y™(y,)" + 2Azy™ ' (y,)", m# -1, m# -3
Solution in the parametric form:
x=aC; " 22 N1 Zl +vZ), y = bCym %,

2
where y— MF2 4_m*t3

—17—m—2
b2,
m+3 7 ¢

yl =2Ax"tyy! — Ax—2%y>.

Solution in the parametric form:
z = Ci72, y=brZ 17,
where v =0, A=—-2b"1.
Yy, = Az?y=2(y})° — 24zy = (y},)".
Solution in the parametric form:
r=arZ ‘7., y=Ci7?,

where v =0, A=—Fa"".

Yy = Aa:"(y;:)'g/2 + nAa:"_ly(y;)l/z, n#0, n#—1.

Solution in the parametric form:

1
z=aCr' 77,y =bCP T |:Z_1(TZ,/,. tvh)E gy 2|,
1/2
2n+1 1 2a
h = — A = — 1 n _ .
where v = ——=-, (n+1)a [ (n—|—1)b]
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42, y/ = (m+1)Azy™(y,)** + Ay (@))%, m# -1, m# -2

Solution in the parametric form:

1
T = a012m_37'72” {ZI(TZ; +vZ)+ mTﬂ , y = bO T4,
2 2 1/2
where v = LH;’ A= (m+ 2)b7m72 B )
m+ 2 (m+2)a

43. y!’ = 2A:1c_1/2(y'm)3/2 - Am_?’/zy(y'm)l/z.

Solution in the parametric form:
= Cr4, y=b(rZ"'Z. £ +7?),

where v =0, A= f%(,b)fl/Q.

44. " = Axy=3/2(y))*? — 24y=1/2(y.)%/%

Solution in the parametric form:
v=a(rZ ' Z. £ 177), y=C174,

where v =0, A= —%(—a)_l/z.
45. y! = Az"ly~1/2y’ — Az—2yl/2
Solution in the parametric form:
r=C272  y=br?Z"%(2.),
where v =0, A= —b"/2,
46. yll, = Az'/?y=2(y,)" — Az~ 2y~ (y))”.
Solution in the parametric form:
r=ar*Z7%(2.)?, y==C12"2

where v =0, A= —a'/?.

47,y = Azy~3(y,)" — Ay~2(y,)".
Solution in the parametric form:
r=aZ (2772, £7°2), y=0C12"1,
where v =0, A= 4a.
48. y” = Az"% — Axz"3y(y.) "
Solution in the parametric form:
r=C2Z7',  y=bz"'(2rZ. +7%2),

where v =0, A= 4b.
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49.

50.

51.

52.

53.

54.

Y’ = Azy~2(y.,)* — 24y~ (v),)°.

Solution in the parametric form:
r=aC\[T2(Z.)} + 2727 £ 12 7%,  y=0b012%
where v =0, A= %abil.
y! =24z — Az"2y(y,) .
Solution in the parametric form:
r=aC1Z%  y=0bC\[T2(Z.)? + 2722, + 1277,

where v =0, A= %a‘lb.

» In the solutions of equations 51-66, the following notation is used:

C1J1y3(1) + CaYiy3(T)  for the upper sign,
~ \CiL3(7) + CoKyy3(1)  for the lower sign,

Uy =72+ 5%, Uy=Ui+7°2% Us==x27"2"—2U,U>,
where Jy /3 and Yy 3 are Bessel functions, I3 and K3 are modified Bessel functions.
y! = Ax"%y 2y, +2Ax 3y~ L.

Solution in the parametric form:
T = aC’l_274/3Z2U2_1, y= bC’lr_Q/gZ_lUQ_lUg,
where A = 2ab?.
Ylle = 2427y 3 (y})” + Az~ 2y 72 (y))”
Solution in the parametric form:
x=aC; v 23770 WUs,  y = 0032220
where A = —2a2b.
Yy = A:c_2y_1/2y£"3 — 4Ax—3yl/2,
Solution in the parametric form:
x = aCytr Y3772, y = bC3 =43 772U U2,
where A = :F%abl/z.
Yitp = 44T Py~ ()" — Axm1 2y 72 (y))”,
Solution in the parametric form:
x=aC 2377207202, y=0Cir Y3220,

where A = $%a1/2b.
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55.

56.

57.

58.

59.

60.

61.

y! = 2Ax"Y2y"2y! + Ax—3/2y~1

Solution in the parametric form:

x=aCir= 43727202, y = bC1 743 Z72U,,
where A =+1a1/2p2.
Vi = Az Ty T2 (y,)% + 24072y 2 (y))”.
Solution in the parametric form:

x = aCy7 Y3 Z72U,, y = bCir=43 2722,
where A = FL+a?b~1/2.

Yy = Aacy_l/zyr’c + 2AyY/2.

Solution in the parametric form:
w=aCy7 3270y, y=0Cir 82U,
where A = 2a2b'/2,

y! = 242"2(y)% + Az ?y(y))>.

Solution in the parametric form:
T = aC’fog/gZ*‘lUQQ, y = bC’1772/3Z71U1,
where A = —2a'/2p2.
y! =5Ax~2%/5 — 2Am_7/5y(y'm)_1.
Solution in the parametric form:
x=aCPr =3z 732U0 oy = bR UE + A2 2°0,),

_ 32 -8/5
where A = T55 0 b.

yr. = 2Axzy~/5(y)" — 5Ay~T/5(y)>.

Solution in the parametric form:
o =aC{r 87U £ 4022°0y),  y=bCir 53z,
where A = 22 ab8/%,

y! = 4Ax'/2y=3 — Ax—1 2y 2(y) )"

Solution in the parametric form:
T = aCfT_4/3Z_2U12, y= bC’i:’7'_4/3Z_2(U22 + %72Z3U1)1/2,

where A = i%a‘5/2b4.
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62.

63.

64.

65.

66.

o 4 — 3
Yow = Az~ 2y~ 12 (y)" — 44273y 2 (y))".
Solution in the parametric form:

v =aCir Pz 2 (U3 £ 472 2300)' %,y =005 322U,

where A = j:%a4b’5/2.

y! = Ax? + 2A:1:y(yc’b)_1.

Solution in the parametric form:
z=aC1723Z20, 2,y =00t 27U 2 (U2 - 4Uf),
where A = 3%a"‘b.
Y, = 24zy(y,)" + Ay*(y))’.
Solution in the parametric form:
= aCir~ 3 272U, 2(U2 - AU3) = bCy 722 zUy
= aby 2 3 2)» Yy =0ont 2 ’
where A= —32ab™".
y! =2Azx"ty=3 4 Am_zy_z(y;)_l.
Solution in the parametric form:

= aCfT‘l/?’ZQU;l, y = bClT_2/3Z_1U;1(U§ . 4U§)1/2,

where A = —%a*1b4.

2 4 _3. — 3
Yo = A2y 2(y,)" + 24273y (y,)"
Solution in the parametric form:

v =aCr P77 U U3 - aU3) Py = b0l B2

where A = %a‘lb_l.

» In the solutions of equations 67-72, the following notation is used:
M =C1®(\, 5, £7) + Co¥(\, 5, £7),

where ® and VU are linearly-independent solutions of the degenerate hypergeometric
equation
TM! + (% £7)M. — XM = 0.

The function ® = ®(\, %, +7) can be expressed in terms of a degenerate hypergeomet-

ric series (see Equation 2.1.2.65).
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67. yI = Aizy., + Azy.

Solution in the parametric form:
x=ar'/?, y=M,
where A; = +2a72, Ay = +4a2)\.
68. yy, = Awx(y,)” + Azy(y))”.
Solution in the parametric form:
r =M, Yy = br'/?,
where A; = F4b72\, Ay = 7272
69. y/ = Ajxzy 3y, + Ayt
Solution in the parametric form:
x =M, y = +br'/2 M,

where A; = F02\, Ay = £b?(\ + 1.

70. yl = A;l:c_l(y;:)3 + Azw_2y(y;)2.

Solution in the parametric form:
& = +ar'/?M!, y=M,
where A; = Fa*(A+ 1), Ay = +d\.
71y’ = Az ly 2yl + Asx2y~ L.
Solution in the parametric form:
r=M"'  y=+br'PMIM,
where A; = £b%\, Ay = £1b%
72, Yy, = Az ly T2 (y,)° + Az 2y (y))%
Solution in the parametric form:
x=+ar/?M1M!, y=M"1
where A; = :F%aQ, Ay = Fa’ ).

3n+2 2n+1
73. yl, = Ax"(yl) "1 +nAz" y(y,) »t1, n#0, nF-1

Solution in the parametric form:

_ Cf2n71 dr C i _ an dr C
T =at, W‘i‘z » y=0bCy (T Gr1 )

1
1 1 1
where k= — nt , A= n+ al="p—2 (_ nbﬁ) n+1 .
n n?p a
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m+3 1
74. yl = A(m+ Dzy™(y,) ™2 + Ay™ti(yl) ™2, m#£ -1, m# -2

Solution in the parametric form:

1
ma1)? dr 9 dr T ml
i G b e - S

1
m 2 m+2aaymkam+mqﬁﬁ

here k = — A=__MFE
where m+1’ (m+1)2p b

75,y = Az lym(y)) —AeTm T2yt (y)' T, mE -1, 1#£2, mAl-1#£0,

Solution in the parametric form:

1—2 dr =2 [—2 dr
= _— —_— = m—+l—1 - -
T aC’lexp<m+l_1/F>, y =bCT eXp(m—l—l—l/F)’

where
- omA+l—1 N T _ (mA+1)(1-2)
F771—2 (ﬁJrCQT) T, ki—m—l—l—l ,
(m+D)(m+l=1) .\, (1=2)a '
(1—2)3 ¢ b (m+1—1)b
76. y! = Aa:l_zyl_l(y’m)l — Awl_3y2_l(y’m)l_1, 1#2.

Solution in the parametric form:
d d
c=crew( [F) v=coew(r+ [F).

F=@2-1)[8+e"727] T 1, A=(2-1)*'p.

where

7.yl = Az"ly)
1°. Solution with A # 1:

— Az 2%y.

y = Crat + x.

1-A

2°. Solution with A = 1:
y=xz(C1 + Cylnx).

78. y! = Azy~3(y.,)° — Ay~ (y,)%

1°. Solution with A # 1:
Cy
1-A

T = C’lyA+ Y.

2°. Solution with A = 1:
x=y(C1+ Calny).
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» In the solutions of equations 79-80, the following notation is used:

1 1
_ - B+l — B C ; 0
P T + 3 ™+ Cy if B#0,
T+ 1In|7| + Cs if 6=0.
9. yy, = Avy2(y,) — AyTi(yL)' TN U#£3

Solution in the parametric form:

m:aCl[TBH—(ﬁ—&—l)f]exp(—/Tﬁ_lf_ldT>, y:bClexp(—/Tﬁ_lf_1 dT)7

21
where = ——, A= —qa!=3p3L
1—3
80. yr, = Axl(yl) — Az"2y(y,)'"t,  1#L

Solution in the parametric form:

x:aclexp<—/7'[31f1d7>, y:bCl[TﬂH—(ﬂ—i—l)f]exp(—/Tﬂ1f1 dT),

-2
where 8 = llfl’ A= —a~p L

81. o/ = Ay '(y.)? + Az 1y’
1°. Solution with A; # 1, As # —1:

y = (CrzA2tt 4 Cp)A—t,
2°. Solution with Ay #1, Ay = —1:
y=(Cilnz+ Cy)M1 L,
3°. Solution with A; =1, As # —1:
y=Cy exp(C’leQH).
4°. Solution with A; =1, Ay = —1:

y = Cozr.

» In the solutions of equations 82-84, the following notation is used:

W dr A
U= W= Cor—1/2 k1|
oo( | =) et om| gy
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82.

83.

84.

85.

86.

87.

y! = Az Hiym(y)? — Azmymtly m £ —1.

’
x?

Solution in the parametric form:

= CrYPU—1/2, yzCl_lTl/zUl/Q, k=m.
Com_ 2 Com_
Yoo = AT 72y (y,)" — AxT2m TRy yL, omo# L
Solution in the parametric form:
x=CrV2UY? g = CP, k=m.
_ m+1 _ m+3
Yop = Az 2 ym(y;)z — Ax 2 ym'Hy:’B, m # —1.
Solution in the parametric form:
m+3

= C?U, y:C’lT*I/QUl/Q, k=— .

y! = Az"y™(y,)? — A" lymtlyl m#£ —1, n#0.

Solution in the parametric form:

a:zClexp</:_l—;>, yszT(%Xp(k/f—;), k=—

where F' = F(7) is the solution of the transcendental equation

(F + k)*
(F+k—1)k1

= CQT_leXp< Tm+1>.

m+1

yr, = Aiz"y~1(yl)? + Az ly,, n#0.
Solution:

A
vl o]

A
where F' = /(1 — Az") eXp(sz”) dx.

2 _
Yyl o= Ay™(y,)" + Az ty™m Ty, m#£ -1
Solution:

A
z = C}exp {/exp(—m—;ly"wl)(F +Cy) ! dy],

A
where F' = /(1 + Agy™th) exp(—m—_ilym"'l) dy.

© 1995 by CRC Press, Inc.




TABLE 2.13

Solvable cases of the equation y// = Ax™y™ (y'm)l1 + Ayx™y™ (y;)l2, I, #1,

I lo mi mo ny Mo Equation
arbitrary | arbitrary arbitrary m 0 0 2.6.4.3
arbitrary | arbitrary 0 0 arbitrary ny 2.6.4.4
arbitrary | arbitrary 1-04 1—1s l1 —2 lo — 2 2.6.4.9
arbitrary 3— ll 1-— ll ll -2 ll —2 1-— ll 2.6.4.8

1 1
1 0 -1 -1 0 0 2.6.4.1
1 1

1 0 -5 -5 0 1 2.6.4.14

1 0 -+ 0 0 0 2.6.4.16

2 0 -1 1 arbitrary arbitrary 2.6.4.18

2 1 arbitrary arbitrary 0 -1 2.6.4.13

arbitrary arbitrary
2 1 0 0 2.6.4.5
(my # —1) (n2 # —1)
arbitrary

2 1 0 0 -1 2.6.4.7
(my # —1)

2 1 -1 0 arbitrary arbitrary 2.6.4.12

arbitrary

2 1 -1 0 0 2.6.4.6

(ne # —1)

% % arbitrary my + 2 my + 2 my 2.6.4.11

arbitrary*

3 0 mi + 3 m13 m 2.6.4.10

(my # —2) ' ' '

3 1 arbitrary arbitrary 1 -1 2.6.4.19

3 2 0 0 -+ -+ 2.6.4.2

3 2 0 0 0 -5 2.6.4.17

3 2 1 0 -5 -5 2.6.4.15

* For m; = —2, see Equation 2.6.4.8 with [ = 3

2.6.4. Other Equations (11 # l2)

Table 2.13 represents all solvable equations whose solutions are outlined in Subsection
2.6.4. Equations are arranged in accordance with the growth of /;. The number of the
equation sought is indicated in the last column in this table.

Loy, = A~y 4 Agy™ /2

Solution in the parametric form:

x = Crexp(417) —
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Ay
4A,

T2+02,

y= [A1Crexp(A417) —

24,

T



2.yl = A /2(yl)® 4 Aza—1/2(yl)>.

Solution in the parametric form:

Ay
4A,

A 2
T = [A201 exp(—Aa7) + ﬁT} , y = C) exp(—AyT) — 2 4+ Cy.
2

1 l
3. Wap = Ay (yy) " + A2y™(yg)”
1°. Solution in the parametric form with m # —1:

__m 1
xz = Cy +/(A17.l1 +A27‘l2)_1f m+1 dT, y= fm+1 ,

where f = C1 + (m + 1)/7(141711 + Apr'?) " dr.

2°. Solution in the parametric form with m = —1:

x=Cy+ /(Alrll + Agrlz)_lef dr, y=el,
where f = C, /7’(1417'l1 + Agrlz)_l dr.

4.y = A" (yl)" + Az (yl)".

1°. Solution in the parametric form with n # —1:

1 n
r=frHl, y= Cg—i-/T(AlTll + A7) T T

where f =C1 + (n+1) /(AlTll + Angz)fl dr.

2°. Solution in the parametric form with n = —1:

z=el, y202+/7(1417'h —|—A27‘l2)_1efd7,
where f = C; /(AlTll + A27—l2)_1 dr.

5.yl = Awm(Y,)? + Ax™y,, n# -1, m#-L

Solution:
Al m-1 o A2 n+1
J e (i) du = [ep(J5ant) de v 0y

6. yr, =Ay  (y,)’ + A2x™y,, n#-L
1°. Solution with A; # —1:

A A -1
1= [o o]

2°. Solution with A; = —1:
y = Cyexp Cl/exp(ixwrl) dx|.
n+1

© 1995 by CRC Press, Inc.



7.yl =A™ (,)  + Ay, m#£ -1
1°. Solution with Ay # —1:

Al —As—1
xr = |:Cl /exp(—m—Hym+l) dy + 02:| .

2°. Solution with Ay = —1:

A
y = Coexp {Cl /exp(—m—ilymﬂ) dy} .

8. ylf, = Aua! 2yl TH(yl)' + Asa Ty 2 (y,)

Solution in the parametric form:
x = Cyexp [/(Aﬁ'l + Ayt 72 4 T)_l dr] :

y = C1exp [/T(AlTl + A3t 72 4 7')_1 dT:| .

9.y = Ajzh 2yl h(yl ) 4 Al 2yl ol (y )2

Solution in the parametric form:
z = Cyexp {/(Alrll + Ayl — 72 4 T)_l dr} ,
y = Crexp |:/T(A1’Tl1 + Agrle — 72 4 T)_l dT:| .

10. y2” = Amm+3ym(y;)3 — Ax™y™t3, m # —2.

Solution in the parametric form:

1 Vdr 1 Vdr
= 1/2 R B S _-1.1/2 1 [ Var
r=CiT exp< 5 T\/VQ——|—4>7 y=0C; 7 exp(2 T\/V2——|—4>7

—1/2

34
where V = 77 1/2 exp(i m+2) {Cg — A/Tm exp(

m+2 d
om+4 4 ) T}

m 4+ 2
11. y” = Aa:""“"‘zy"‘(yr’E)S/2 + Agmy™mt2 (y;)l/z.
Solution in the parametric form:
1 Vdr 1 Vdr
Y B 7 R ()
! 2 ™VV2+4 Y ! 2 ™VV2+4

where function V' = V(1) is defined in the parametric form 7 = 7(u), V = V(u) as
follows:

1) For m # —1, m # —3/2,

2 b(2 3
T = aqu?2m+3 V= %ulZl(TZ;—FVZ),
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where
7 CoJ,(u) +Y,(u) for the upper sign,
| Coly(u) + K, (u) for the lower sign,

J, and Y, are Bessel functions, I, and K, are modified Bessel functions,

—-1 2 2m43 L
L m+1 , :<_ 2m+2) T jE(2m+3) bmn_H:<_ 2m—|—2)m+1;
2m+3 Ab 8(m+1)?2 A
2) For m = —1,
u? A
=— V=-"o2z'Z
7— 2A2 ) ﬂ u?
where Z = CoJy(u) + C5Yo(u), Jo and Yy are Bessel functions;
3) For m = —3/2,
1 (14 E)Cou® + (1 —k)u® A< L
24 Couk +u=F 8
_ 1 Colnu+Cy+1 .
= A%y S 21
=AY 24 Colnu+1 A= 5,
1 (Cy —k)sin(kInu) + (1 + kC3) cos(kInw) A2 L
24 Cysin(kInu) + cos(kInu) 87

where k = /|1 — 842|.

12, yll, =A™y (y),)" + Azamry),.

1°. Solution with ny # —1:
Yy = Clexp</udx),

where

u= exp(%xm“) [02 + /(1 — Ayz™) exp(i

1
a:"ﬁl) dr| .
ng +1

2°. Solution with ng = —1, Ay # —1, Ay # —ny — 1:

1 Ay -1
=C Az (O Az+1 n1+A2+1) del.
Y 1exp{/x 2—|—A2+1x n1+A2+1x X
3°. Solution with no = —1, Ay = —1:
A -1
y—C’1eXp{/x1(C’2+lnz——lz"1) dx}
ny

4°. Solution with no = —1, Ay = —ny — 1:

—n1—1 1 -n -1
y = Ciexp /x 1 (Cg—n—lx lfAllnx) dz|.
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13.

14.

15.

y’w'w = Alym1 (,y:/B)2 + A2w—1ym2y;'

1°. Solution with my # —1:
r=C4 exp(/udy)7

A —1
y"““) {02 + /(1 + Azym)exp(—ilyml“) dy} :

where

Ay

= € _——
wmen( 5y

mi+ 1
2°. Solution with m; = =1, A1 # 1, A1 #ms + 1:

1 A -1
T Crew |:/ v (02 + 1-4A; vy mg — jl +1 yM2_A1+1) dy] '

3°. Solution with m; = —1, A; = 1:

A -1
r=0C exp[/y1 (02 +Iny + m—Zy””) dy}.

4°. Solution with m; = —1, A; = ms + 1:

1 1 -t
x = Cqexp [/ y 2T (C’g — m—Qy_m2 + Ao lny) dy}.

» In the solutions of equations 14-15, the following notation is used:
ClTkl + CQTk2 + C37’k3 if BQ(SB? + 2732) <0,
R={ Ci7elf™ + Che™ if 8B3+27B,y =0,
Chek™ 4+ CeeP™ cos wr if B2(8B3 +27Bs) > 0,
Crk1Ft + Cokoh2 + C3karhs if Ba(8B? +27By) < 0,
Q=1 Ci(1 +k7)Tek™ + Cyoe™ if 8B +27By =0,
C1ker™ + CoePT(pcos wr —wsin wr)  if Ba(8B3 +27Bs) > 0,

where k1, ka, and ks (real numbers) or k and p £ iw (one real and two complex
numbers) are the roots of the cubic equation

AN —BiA? — 1By =0.
In the special case 8B3 = —27B,, we have k = %Bl (multiple root) and o = —%Bl
(simple root).
Remark. In the expressions for R and @, constant C's may be set to any nonzero
number (for example, one may set C3 = £1).

Yy = Ay Y2yl + Aszy~1/2
Solution in the parametric form:

=R, y=@Q% By =A1, By=A,.

Yo, = Az 2y(yl)® + Asz—1/2(y)>

Solution in the parametric form:

r=0Q% y=~R; By =—-A;, By=-A.
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16.

17.

18.

19.

» In the solutions of equations 16—17, the following notation is used:

TBI2(Cy7k 4+ Cyr )+ Cy  if B2+2B;y >0,
R = ClTeXp(%BlT)-l-CQ Zf B%"‘QBQ :0,
Cyexp(4Bi7) cos(wr) + Co  if B? +2B; <0,

TBU2((Cy(By + 2k)TF 4+ Co(By — 2k)77%] if B?+2By >0,
Q=4¢ Ci(Bi7+2) exp(%BlT) + (s if B?+2By =0,
C1 exp(4 B17)[B1 cos(wr) — 2w sin(wr)] if B+ 2B, <0,

where k = 4 1/B} + 2By, w=—=/—(B}+2By).

y! = Ay~ Y%y + A,

Solution in the parametric form:

=R, y=310Q*% By = A1, Bz = A

Y = A1(y,)° + Azz—1/2(y)2.

Solution in the parametric form:

r=1Q* y=R; By =—-Ay, By=-A;.
y;’v'w = Alw’”y_l(y;)z + Asx™2y.

Solution:
O / wl, dx
= X — B ———
Yy 1 €Xp (All'nl — 1)11) )

where w = w(x) is the general solution of the second order linear equation

(Ayz™ — D! — Aynge™ ), + Ajz™ (Ayz™ — 1)%w = 0.
yé’w = A zy™ (y;)i’» + Azw—lymzy;.

Solution: /4
— _ MY
I—CleXp|:/ (AgyWZ—&-l)w}

where w = w(y) is the general solution of the second order linear equation

(Axy™ + l)w;'y — Agmzymrlw; — Ayy™ (Ay™2 + 1)%*w = 0.

2.7. Equations of the Form y” = f(x)g(y)h(y.)

See Section 2.3 for the case

f(x) =constz™, g¢g(y) =consty™, h(w)= const.

See Section 2.5 for the case

f(z) = constz™, g(y) = consty™, h(w) = constw'.
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2.7.1. Equations of the Form y” = f(x)g(y)

_ 2(m +1 m
2_Wy+Ay , m # —3, m #* —1.

See equation 2.4.2.4.

1. yl ==

2. yg =Py + Ay
See equation 2.4.2.35.

3. yl =ax3%(6y+ Ay™?).
See equation 2.4.2.31.

4.  y! ==z 2(12y + Ay~5/?).
See equation 2.4.2.64.

5. Yy, =z ?(2y+ Ay~?).
See equation 2.4.2.6.

6. yy, =2 3(—qgy+Ay~*?).
See equation 2.4.2.26.

7.yl =z (—qe5y + Ay~/3).
See equation 2.4.2.10.

8. yl =z 2(3y+ Ay=¥/3).

See equation 2.4.2.12.

9. y! =az2 i—g’y + Ay~5/3).

See equation 2.4.2.66.

10,y =z (—5gy + Ay~"/%).
See equation 2.4.2.29.

11. y? =z 2(—2y+ Ay~1/2).
See equation 2.4.2.14.

12. y! =z 2(—5y+ Ay~1/?).

See equation 2.4.2.8.

13. y” = z72(20y + Ay~ 1/2).
See equation 2.4.2.33.
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Yy, = 2 (— gy + Ay'/?).
See equation 2.4.2.37.

17

Yoz = :B_z(Ay2 - %y)
See equation 2.4.2.60.

Y, = 2 (AY? + 55 y).
See equation 2.4.2.62.

v, = 2~4/3(A + By~\/2).
See equation 2.4.2.40.

Yo = (Az* + Bz®)y~".
See equation 2.4.2.39.

Yoo = (Az® 4+ B)y™".
See equation 2.4.2.16.

y! = (Az~!' + Bx=?)y~2
See equation 2.4.2.28.

y/m/w — (A.’IZ_7/3 + Bx_10/3)y_5/3.
See equation 2.4.2.48.

,y:lnlm — (Aili_4/3 + Bx_10/3)y_5/3.
See equation 2.4.2.49.

y;/w — (Aw_4/3 + Bm_7/3)y_5/3.
See equation 2.4.2.24.

y/m/w — (Am_2/3 + Bzc_4/3)y_5/3.
See equation 2.4.2.90.

¥, = (A + Ba~2/)y 5/,
See equation 2.4.2.89.

Y2, = (Az? + B)y=5/%.
See equation 2.4.2.47.

Yon = (Az® + Ba)y~>/%.
See equation 2.4.2.46.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

y! = A(az—2/3 + bx—5/3)2y=5/3,

This is a special case of equation 2.7.1.37 with ¢ =1, d = 0.

y! = (Az—8/5 + Bx—13/5)y=7/5.
See equation 2.4.2.25.

y;;/w — (Aw—s/z + B:c_7/2)y_1/2.
See equation 2.4.2.23.

y” = A(az® + bxt)~1/2y~1/2,

This is a special case of equation 2.7.1.38 with ¢ =1, d = 0.

y! = A(aw15/8 +b$7/8)—4/3y—1/2.

This is a special case of equation 2.7.1.39 with ¢ =1, d = 0.

y;:/w — A(aw7/3 +ba:4/3)_15/7y2.

This is a special case of equation 2.7.1.40 with c=1, d = 0.

y” = (az? + bz + c)y~>/3.

3/2

The transformation z = z(¢t), y = (x})”'” leads to a third order equation:

2y, — (J:Q’t)2 = %(ax2 + bx + c).

Differentiating the latter equation with respect to ¢ and dividing it by z}, we obtain
a constant-coefficient fourth-order linear equation: 3}/, = 4ax + 2b.

y! = (am_10/3 +bx—7/3 4 ca:_4/3)y_5/3.

The transformation z = 1/t, y = w/t leads to an equation of the form 2.7.1.34:
w), = (at® + bt + c)w /3.

y” = (ax® + bz + )"y~ 23
This is a special case of equation 2.9.1.9 with f(§) = ¢=2n.

y” = A(az + b)?(cz + d)~10/3y—5/3,

b
The transformation £ = ar + , W= Y leads to the Emden—Fowler equation
cx+d cr +d

of the form 2.3.1.9: wgg = AA 262w 5/3 where A = ad — be.

y” = A(ax + b)"Y2(cx + d) "2y~ /2.

b
The transformation £ = ar+ , W= Y__ jeads to the Emden—Fowler equation
cx+d cx+d

of the form 2.3.1.25: wy, = AN2671/2q9=1/2 where A = ad — be.
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39.

40.

41.

y” = A(az + b)~*3(cx + d)~ /0y~ 1/2.

b
The transformation £ = ar + , W= Y leads to the Emden— Fowler equation
cx+d cr+d

of the form 2.3.1.17: wé’g = AA2¢74/3=1/2 where A = ad — be.

y” = A(az + b) 71/ (cx + d)20/7y2.

axr +b Y

z+d’ cr+d
of the form 2.3.1.20: w” AA_25 15/T92, where A = ad — be.

The transformation £ = leads to the Emden—Fowler equation

y” = Aexp(az? + bx) exp(ky).

The sbubstitution kw = ky + az? + bz leads to an equation of the form 2.9.1.1: w/, =
Aekv 4+ 2ak~1.

2.7.2. Equations Containing Power Functions (h # const)

—

” — 2(“ + 1)
See equation 2.6.2.116.

T+ Ax" y_z(y;)3, n# -3, n#-—1

i, = (- e+ Az )y 2(y,,)".
See equatlon 2.6.2.117.

Y, = (—6x + Az=)y~2(y,,)".
See equation 2.6.2.118.

Yy, = (—12z + Az~5/2)y=2(y.)*.
See equation 2.6.2.119.

Y, = (—2z 4+ Az=2)y~2(y,,)".
See equation 2.6.2.120.

_ 3
Yo, = (Fgz + Az=33)y=2(y})".
See equation 2.6.2.121.

_ _ 3
Y, = (o5 + Az~5/3)y=2(y})".
See equation 2.6.2.122.

Y, = (—3z + Ax=5/3)y2(y.)°.
See equation 2.6.2.123.

Yl = (— a4+ Ax=5/3)y~2(y,)".
See equation 2.6.2.124.
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10. yZ, = (&z+ Az"7/5)y~2(y,)’.
See equation 2.6.2.125.

11yl = (Za+ Az~ /2y~ 2(y,)".
See equation 2.6.2.126.

12. g2 = (x4 Az~ Y2y 2(y,)°.
See equation 2.6.2.127.

13. y2 = (—20x + A:B_l/z)y_2(y;)3.
See equation 2.6.2.128.

_ 3
14. y2 = (%m + Azt/2)y~2(y’)".
See equation 2.6.2.129.

15. yZ, = (Az? + S o)y 2(y.)’.
See equation 2.6.2.130.

16. yo = (Ax? — %w)y‘z(y;)3.
See equation 2.6.2.131.

17. y” = (A+ Bz /2)y=*/3(y.)>.
See equation 2.6.2.15.

18. y, == 7(Ay* + By®)(y,)".
See equation 2.6.2.111.

19. y” =ax%(Ay?® + B)(y;)S
See equation 2.6.2.96.

20. y” =azx"2(Ay~' 4+ By 2)(v.)>.
See equation 2.6.2.110.

21yl =2 */3(Ay~"/® + By71%)(y})".
See equation 2.6.2.34.

22, y! ==z %3(Ay=Y3 4+ By 10/3)(y.)°>.
See equation 2.6.2.36.

23. yZ, =z %/3(Ay=* + By~"/%)(y.)’.
See equation 2.6.2.14.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Y, = x5/3(Ay=/3 + By=4/?)(y.)’.
See equation 2.6.2.115.

Yo, = 5/3(A+ By=*/%)(y,)".
See equation 2.6.2.114.

Yo, == ~%/3(Ay? + B)(y,)".
See equation 2.6.2.35.

yr, = 2~%/3(Ay? + By)(y,,)’.
See equation 2.6.2.33.

y;/w — Am—5/3(ay—2/3 + by—5/3)2(y;)3'

This is a special case of equation 2.7.2.37 with c=1, d = 0.

Yy, =~ T/5(Ay=%5 + By=1%/%)(y.)".
See equation 2.6.2.109.

y" =z V2(Ay=5/2 + By~"/?)(y,)">.

See equation 2.6.2.13.

Y, = Az~ (ay® + by) T (y)",
This is a special case of equation 2.7.2.38 with ¢ =1, d = 0.

—4/3

Yll, = Az=1/2(ay™®/® + by"/®) T (y])".

This is a special case of equation 2.7.2.39 with c=1, d = 0.

—15/7

y" = Az?(ay™/? + by?/3) (yo)®.

This is a special case of equation 2.7.2.40 with c=1, d = 0.

y! = x %3(ay® + by + c)(y,)°.

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.34

for function = = z(y): z, = —(ay® + by + c)z~>/>.

y! = x=5/3(ay=1%3 4 by=7/3 4 cy=4/3)(y.)°.

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.35
for function » = x(y): xy, = —(ay=1973 4 by=4/3 4 ey~ /3 =5/3,
—on— 3
Yo, = 2" 3 (ay® + by + )" (y;)".
Assuming y as the independent variable, we obtain an equation of the form 2.9.1.9

with f(&) = —£72" for function = = x(y): zj, = —(ay® + by + )"~ >~
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37.

38.

39.

40.

41.

42.

43.

Yite = Az™5/3(ay + b)?(cy + d) 7103 (y,)".

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.37
for function = = x(y): =, = —A(ay + b)*(cy + d)~10/34,=5/3,

Y = Az=Y2(ay + b)~V2(cy + d) "2 (y},)>.

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.38
for function = = x(y): 2/, = —A(ay + b)~/?(cy + d) "2z~ /2.

yy

Yt = Az /2(ay + b)~*/3(cy 4+ d) /0 (y,,)".

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.39
for function x = x(y): xy, = —A(ay + b) =3 (ey 4+ d)~ /0= 1/2,

y! = Az?(ay + b) "/ (cy + d)_2°/7(y;)3.

Assuming y as the independent variable, we obtain an equation of the form 2.7.1.40

for function » = x(y): xy, = —A(ay + b)~15/7(cy + d) =20/ 722

_ _ 1/2
y! = Az 1/2y 2[(y/m)2+B2] / .
Solution in the parametric form:

z=a(u?—1)"(ru+R)? y:b7'_1(u2—1)_1/27

where R = +/72-2r"1+Cy, u= $tanh(C’2 + /R_1 dT), A= —%a_1/2b27

B = %a‘lb.

— — 1/2
vl = Az=/2y=2((y)* — B2

Solution in the parametric form:

z=au?+1) (ru+ R)? y:bT_l(uQ—i—l)_l/27

where R = /-2 -27"14+C), u= itan(Cg + /R_1 dT), A= —La /%2
B = %a_lb.

_ _ 2711/2
vl = Ae~1/2y=2(B? — (y})*]"%,
Solution in the parametric form:

ac:a(l—uQ)_l(Tu:Fl’%)z7 y:bT_l(l—uz)_lﬂ,

where R = /m2-27"1+Cy, u= itanh(Cg + /R_1 dT), A= —%a_l/?bQ7

B = %a_lb.
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4. y! = Aa:_zy_l/z(y:'c)z[(y;c)2 + B2]1/2.

Solution in the parametric form:

s=ar W - 1) y=b?—1) (rutR)?
where R = /72 -27714+C, u = :Ftanh(Cz + /R*l dT)’ A = 7%a3b73/27

B =2a"1b.
45. Y = Az—2y~V2(y)?[(y)? — B2]V2.

Solution in the parametric form:

r=ar (1 7u2)_1/2, y=b(1—u2) '(ruF R)?,
where R = /72 -27714+C, u = :I:tanh(Cg + /R71 dr), A= —%(1%73/27

B =2a"1b.

46. y! = Ax_2y—1/2(y;)2[B2 - (v )2]1/2.

T

Solution in the parametric form:

x:a771(1+u2)_1/2, y:b(1+u2)_1(7'u:tR)2,

where R = /-2 -27"1+C), u= itan(C’g + /R_ldr), A= —%a3b_3/2,
B =2a"'b.

2.7.3. Equations Containing Exponential Functions (h # const)
Preliminary Comments.
1. With [ # 1 — m, the equation

l
Yow = A"y (y),)

has the particular solution

1
y = Be?, where A = Sp— B = (AN72)),
o

2. With m#0 and [ # 1, equation (1) can be reduced, with the aid of the transformation
t= (y;/c)l_l’ w=e",

to the generalized Emden—Fowler equation with respect to w = w(t):

1 2m+1
wiy = BtTTw™ (w) ™ m (2)

1
where B = —m/[A(1 — )] ™ . Equations of the form (2) are outlined in Section 2.5.
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When obtained the general solution w = w(t) of the Emden—Fowler equation (2), the
solution of the original equation (1) can be written in the parametric form with the formulae

r=Ihhw, y==kw,) ™,

_ 1
where k= [A(1—1)] ™.
3. With [ # n + 2, the equation

Yl = Az"ev(y))' (3)

has the particular solution

)\l—l %
y = An(Bz), where A=1—n—2, B:<_ y ) .

4. Taking y as the independent variable and z as the dependent one, we obtain from
equation (3) an equation of the form (1) for z = x(y):

Ty, = —Aeyx”(x;)S*l.

5. Withn#—1and [+#1, equation (3) can be reduced, with the aid of the transformation

t — (y;)lfl u:anrl’

)

to the generalized Emden—Fowler equation for u = u(t):

PRI S S e
utt__n_|_1t u (ug)”. (4)

Equations of this form are outlined in Section 2.5.
When obtained the general solution u = u(t) of the Emden—Fowler equation (4), the
solution of the original equation (3) can be written in the parametric form with the formulae

n+1

1
$:un+1, y=—1n(u;)+1nm

1. Yy = Ae‘”(y;)L.

1°. Solution in the parametric form with I # 1:
z=1In i;Cd_lT y:C/i(liT)ﬁdT-i-C
AQ—0n v ] o >
2°. Solution in the parametric form with [ = 1:

x:ln(i%), y:Cl/%exp(iT)dT—i—C’g.
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2. Yy = Aewym(y:’c)z.

1°. Solution in the parametric form with m # —1:

dr 1 dr
x—/7+02, y—Texp{—m+1< T+02):|,

where function f = f(7) is defined implicitly by the relation

f 1 T A 1
1(—— )— = M nr 4+ Oy
B (m+1)f-71 m+1 nT e
2°. Solution with m = —1:

=Cse / du
y=taexp r+Aer +C; )’

3. yt = Ae”y.
1°. Solution with A > 0:
y=Cil (2\/2673/2) + 3Ky (2\/261/2),
where Iy and Ky are modified Bessel functions.

2°. Solution with A < 0:
y=ChJy (2\/3 ew/Q) + C2Yy (2\/3 ew/Q),
where Jy and Y[, are Bessel functions.
4. yl = Aemy_l/z(y;)3/2.
Solution in the parametric form:
.’E:TQ—IH(Af), y=0Cy [QTf—exp(TQ)]z,
where f = [exp(7?)dr + Cs.

5.yl = Aety(y,)*>.

Solution in the parametric form:

z=—In[AC} (VT2 + 71— f)], y:2c12(1_f\/7j__1>a
where f =In(v/7+V7+1)+ Cs.

l
6. yI =AeY(y.).
1°. Solution in the parametric form with I # 2:

1

1 _1_
xzcl/ﬂlﬂm)l—? dr + Cs, y—ln{im

Ci_2T:| .
2°. Solution in the parametric form with [ = 2:

x:C’l/%exp(:FT)dT—kCz, yzln(:ﬁ:%).
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7.yl = Ax"eYy..

1°. Solution in the parametric form with n # —1:

1 dr dr
N

where function f = f(7) is defined implicitly by the relation

f 1 T A 1
1<__ )_ - ntl g Ch.
AT m+1)f—71 ntl nT G
2°. Solution with n = —1:

z = Cyex /d—y
= V2exp y—Aev +Cy )’

8. yl = Aw_1/2ey(y;)3/2.
Solution in the parametric form:
r=C; [QTf—eXp(TQ)]Z, y=r> —In(—Af),
where f = [exp(7?)dr + Cs.

9. Yy = Amey(y;)‘g/z.

Solution in the parametric form:

x=205(1—f S ) y=—W[AC}(f — V72 +7)],

T

where f =In(v/7+V7+1) + Cs.

10. yo. = Aa:ey(y;)‘%.
1°. Solution in the parametric form with A > 0:
x = C1Jo(27) + C2Yy(27), Y= ln(T/\/Z),
where Jy and Y) are Bessel functions.
2°. Solution in the parametric form with A < 0:
x = C11y(27) + Co Ko(27), Y= ln(T/ﬂ),
where Iy and Ky are modified Bessel functions.
11. gy = Aewey(y;)l.

Solution in the parametric form:

dr f dr
v= [ w=n(g) - [0
L ey 1 o if 1#1,2;
21 1—1 ! o
where f =< 7+ 1n|7|+ Cy if 1=1;
1
1H|T|———|—Cl lfl:2
T
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12.

13.

14.

15.

16.

y” = Aexp(kz) exp(ay® + by)(y’,)>.

Taking y as the independent variable, we obtain an equation of the form 2.7.1.41 for

function = = x(y): x}, = —Aexp(ay® + by) exp(kz).

y! = Aemy_lﬂ(y;c)?'ﬂ\/y’m — 2B.
Solution in the parametric form:

x = In[ar(coshu) 1], y = Bcosh® u (T tanhu + R)?,

where a = —A " 'B71/2, R=\2ln7+724+Cy, u=CyF [ R 'dr.
ylr, = Ae®y~V/2(y,)*% /2B — .
Solution in the parametric form:

z = In[ar(cosu) 1], y = Bcos®u (T tanu + R)?,

where a = —A"'B71/2, R=\2lnT—7124+C1, u=CyF fR_l dr.
yr = Aa:_l/zeyya’vw/y’m — B.

Solution in the parametric form:

1
YT 9B cos®u(rtanu=£ R)?,  y=In[br(cosu)'],

where b= A"'/2, R=+/2lnT—72+C1, u=CyF [ R™1dr.
yr = Aw_1/2eyy’m\/B —yl.

Solution in the parametric form:

1
YT 9B cosh?u (7 tanhu £ R)?,  y = In[br(coshu)™'],

where b= A"'/2, R=\/2ln7+72+C1, u=Co ¥ [ R~ 'dr.

2.7.4. Equations Containing Hyperbolic Functions (h # const)

1.

y” = Az[cosh(wy)] 2y’

Solution in the parametric form:

x = acoshu (7tanhu + R), Yy =ujw,
where A=a"2, R=+2InT+72+Cy, u=CyF [R'dr.

y” = Azx[sinh(wy)] 2%y’

Solution in the parametric form:

x = asinhu (7 cothu £ R), y=u/w,

where A=a"2, R=+2In7+72+Cy, u=CyF [R'dr.
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3/2
yu = Az cosh(wy)(y.,) /2,
Solution in the parametric form:

—1/2

r=a(u®+1) "“(tu+tR), y=w 'In(u+Vu2+1),

where A = 2a72\/aw, R=+/C1 —72—27"1, u=+ttan(Cy+ [ R~ dr).

Yy = Ax sinh(wy)(y;)s/z.

Solution in the parametric form:
;1c:a(u2—1)71/2(Tuj:R)7 y=2w 'In(u+ vVu2—1),

where A = +2a"2/aw, R=+/C1+ 72 =271, u=Ftanh(Co + [ R~'dr).

yr. o =A cosh(waz)y(yc’c)sn.

Solution in the parametric form:

r=w ' In(u+ Vu2 + 1), y:b(u2+1)71/2

(Tu £ R),
where A = —2b2Vbw, R=+/C; —72 =277, uw==+tan(Co + [ R~ dr).
Yy = Asinh(wx)y(y’m)3/2.

Solution in the parametric form:

r=tw  In(u+ Vu2 - 1), y = b(u? —1)_1/2(TU:|:R),
where A = F2b72Vbw, R=+/C; +72—27"1, uw= Ftanh(C2 + [ R~1dr).
yll, = Alcosh(wa)]~2y(y)*.
Solution in the parametric form:

z=u/w, y = bcoshu (7 tanhu £ R),
where A = —b"2, R=+/2In7+ 12+ (], UZCQZFfR_ldT.

y = Alsinh(wz)] 2y (y’,)>.

Solution in the parametric form:

T =1u/w, y = bsinhu (7 cothu £ R),

where A= —b"2, R=+/2In7+724+Cy, u=CoF [ R 'dr.
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2.7.5. Equations Containing Trigonometric Functions (h # const)

» In the solutions of equations 1-4, the following notation is used:

R=+2In7—-7124+ (4, u:C’gi/R_ldT.

1.  y” = Axzcos(wy)] 3y..
Solution in the parametric form:

x=acosu(Ttanu+ R), y=u/w, where A =a"".

2.y = Az[sin(wy)]3y..
Solution in the parametric form:

z=asinu(rcotuFR), y=u/w, where A =a"2.

— 2
3. Y, = Alcos(wz)] "y (y,)".
Solution in the parametric form:

r=wu, y=bcosu(rtanu+ R), where A = —b%

. _ 2
4. yy, = Afsin(wz)]"?y(y;)"
Solution in the parametric form:

r=wlu, y=bsinu(rcotuF R), where A = —b%.

» In the solutions of equations 5-8, the following notation is used:
R=+/12-27"1 + (4, u—:l:tanh(CQJr/RldT).
5. yl = Ax cos(wy)(y;)3/2.

Solution in the parametric form:

z=a(l- u2)_1/2(7u TR), y=w ‘arccosu, where A = 2a"2(—aw)"/2.

6. yu = Az sin(wy) (y;)3/2.

Solution in the parametric form:

r=a(l- u2)71/2(7u FR), y=w 'arccosu, where A = 2a72(aw)'/2.

7. Yy = Acos(w:c)y(y;)3/2.

Solution in the parametric form:

z=w arccosu, y=>b(1- uz)_l/Q(Tu FR), where A = —2b2(—bw)/2.

. 3/2
8. y! = Asin(wz)y(y,) /2,
Solution in the parametric form:

z=w larccosu, y=>b(1- u2)71/2(7'u FR), where A = —2b~2(bw)/2.

© 1995 by CRC Press, Inc.



2.7.6. Some Transformations

For the sake of visualization, we also use the symbolic notation {f, g, h} to denote the
equation
Yaw = f1(2)91(y) N1 (). (1)

1. Taking y as the independent variable and x as the dependent one, we obtain an
equation of the similar form for = = z(y):

g fi@)hi(zy),  where hi(w) = —w’hi(1/w).

Denote this transformation by F.

2. The Béacklund transformation
dw
T — _ y = d h =y 2
T ()’ 7 /fl(x) x, where w =y, (2)
leads to an equation of the similar form for function § = g(z):

Uz = f2(%)g2(7)ha(7s),

where the functions fs, g2, and ho are defined in terms of the original functions fi1, g1, and
hy parametrically by the formulae

f2(Z) = w, x_/ dw)

1
y) = , = ) dz,
gQ(y) fl (SU) y /fl
_ 1 dg _
ho () = —— ——, W= .
2 [ (W) dy gl(y)
Denote transformation (2) by G. For equations of the form (1) wherein fi, g1, and hy are

power functions of their arguments, transformation G (to a precision of constant factors)
is considered in Subsection 2.5.3. For equations (1) with exponential functions f; and gy,
transformation G is discussed in Subsection 2.7.3.

When found the solution § = §(Z) of the transformed equation, the formulae

L1
i= [ @ =g

make it possible to obtain the solution of the original equation (1) in the parametric form
z=x(z), y = y(2).

3. The twofold application of transformation G to the original equation yields an equa-
tion of the similar form:

Uiz = f3(2)93(9)ha(J5),
where the functions f3, g3, and hs are defined in terms of the original functions fi, g1,
and h; parametrically by the formulae

f(E) = ——, 3 /mwm

91(y)’
wi) =5 = [
hs(w) = %, w = fi(x)
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{f3, g3, ha}

{937 f37 h;}

{917 f17 h’T} {927 f27 h’;}

{fi, g1, b1} {fo, 92, ho}

FIGURE 4

The treefold transformation G yields the original equation.
Different compositions of transformations F and G generate six different equations of
the analogous form which are shown in Figure 4.

1 U
4. In the special case g(y) = y™, h = 1, the transformation © = —, y = — leads to an
T T
equation of the similar form:

1
" _—m—3 m
Upr =T f<_7- )u .

Denote this transformation by H.
For g(y) =y™ and h=1, different compositions of transformations F, G, and H generate
twelve different equations of the form (1).

2.8. Some Nonlinear Equations with Arbitrary Parameters
2.8.1. Equations Containing Power Functions

1. gy =(ay+bx+c)™.
This is a special case of equation 2.9.1.2 with f(§) = £™.

2.y’ = (ay+bz*)" +ec

The substitution aw = ay + bz? leads to an equation of the form 2.9.1.1:

2b
wl, =a"w" +c+ —.
a

3.yl =xzx7? 3 (xy+a)™

This is a special case of equation 2.9.1.7 with f(§) = A", b=c¢=0.

4. y! = (ax®+ bz + c)y 5.
This is a special case of equation 2.9.1.9 with f(¢) = £=2.
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5. y/ = A(ax +b)"(cx +d)" "™ 3y™,

b
ar + , W= Y leads to the Emden—Fowler equation
cx+d cx+d

(see Section 2.3): wf, = AA2EMw™ | where A = ad — be.

The transformation £ =

6. Yy’ =ca™y "3 (ay™ + bam)".

This is a special case of equation 2.9.1.5 with f(&) = c&~"*=m=3(ag" + b)*.

7. y;Im — Cmmy—an—2m—3(ay2n + bmn)k.

This is a special case of equation 2.9.1.6 with f(£) = c¢~2nk=2m=3(g¢2n 4 b)k.

8.y, = (ay® +bay + ca® + ay + Bz + )3, a # 0.

The substitution 2au = 2ay + bx + a leads to an equation of the form 2.9.1.9:

u// u3f< u >
o VA2 + Bz +C )’

4ac — b? B:2aﬁ—ba O:4a7—oz2

where f(§) = §%(ag? +1) ¥, A= = — =

9. y’ =y 3+ (az? + bz + )y~ /3.
The transformation x = z(t), y = (x;)3/2 leads to a third order equation:
2,2, — (a},)? = %)\(ajif + & (az® + bz + c).

Differentiating the latter equation with respect to ¢ and dividing it by }, we arrive
at a constant-coefficient fourth-order linear equation: 3z}//, = 2z}, + 4ax + 2b.

10. y” = Ax—8/3y—1/3 4 (am_1°/3 +ba=T/3 4 c:c_4/3)y_5/3.

The transformation = 1/t, y = w/t leads to an equation of the form 2.8.1.9:

wih = M3 4 (at? 4 bt 4 ¢)w™/3.

11, y2 +3yy, +y> +az"y = 0.

This is a special case of equation 2.9.2.1 with f(z) = az™.

12. y” + (2ay + bz™)y), + bnz" "'y = 0.
This is a special case of equation 2.9.2.13 with f(x) = bz™.

13. y” = az™(xy), —y)* + bz™.
This is a special case of equation 2.9.3.4 with f(x) = bz™, g(z) = 0, h(x) = az™.

14. y! = azx"(zy, —y)™.
This is a special case of equation 2.9.4.30 with f(z) = az™, g(§) = &™.
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15. y2 = az "3y (xy, —y)™.
This is a special case of equation 2.9.4.31 with f(§) = a&™.

16. y” = ax"'y"y. (xzy, —y)™.
This is a special case of equation 2.9.4.33 with f(y) = ay™, g(§) = &™.

k1 mk—1 2n4+m
17. yll =ax™* " tym™ Tyl (xyl, —y) .

This is a special case of equation 2.9.4.32 with f(¢) = a&®.

18. y” = kax(y.)" (zy!, — y)".

The Legendre transformation =z = w}, y = tw}, — w, where w = w(t), leads to the
g t t
generalized Emden—Fowler equation

1 _
wyy = Zfﬁwﬂ(wi) %

A good deal of solvable equations of this type are outlined in Section 2.3 and Sec-
tion 2.5.

2n+m—nk
19. y2 =az" tym(yl) ntm (zy, —y)*.

x

This is a special case of equation 2.9.4.36 with f(£) = a€.

20. y” =az"(zy. —y) + bz™(zy’, — y)*.
This is a special case of equation 2.9.4.39 with f(z) = az”, g(z) = bx™.

21. zy! = ny, + ax®t! 4 b Tiy™.

This is a special case of equation 2.9.2.4 with f(y) = a + by™.

22. wy:,c/m = —(n + ]_)y:/c + ax™ 1 + bmnm+n—1ym'
This is a special case of equation 2.9.2.5 with f(£) = a 4+ bg™.

23. yyl — %(y;f =ax? 4 bx + c
The substitution y = w*? leads to a special case of the equation 2.8.1.9 with A\ = 0:
4w = 3(ax? + bx + c)w™>/3.

24. 3yy’ —2(y.)? = az® +bx+c
The substitution y = w? leads to the equation 2.8.1.4: 9w’ = (ax? + bz + c)w 5.

25. 2yy! = (y’m)2 + bx"y? — a.

This is a special case of equation 2.9.3.7 with f(z) = —ba™.
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2 _
26. yy. =mn(y,)" — ay?™ 2 4+ bx™y2.

m

This is a special case of equation 2.9.3.8 with f(z) = —bx

27 yyy, = n(y,)’ + azky® + bamyn .

This is a special case of equation 2.9.3.9 with f(z) = —ax®, g(x) = —bx™.

28. (n+2)yy” — (n+1)(v,)? = (az? + bz + )™

The substitution y = w"™*2 leads to an equation of the form 2.7.1.36:

1
wl = 7(71 I (cwv2 + bz + c)"w_zn_g.
29. yy,m’w = (ylm)z aa}"yy'm + bz y2-

This is a special case of equation 2.9.3.6 with f(z) = —az™, g(z) = —bz™.

30. ayyl, + b(y;c)2 + (2™ + N)™yy., = 0.

a+b

Solution: 3 o« =04 /exp {i /(x” +A)™ dx] dx + Cos.
a

31. (y+ ax)yl, = bx"(xy, — y)2.

The substitution y = —ax + zz leads to the equation

2
w22l 4222 —ba"T3(2L)" = 0.

Having set w = 2, /z, we obtain the Beroulli equation
zwl, + 2w+ z(1 — bz" ) w? = 0.

32. z2%y” =n(n+ 1)y + ax®" 2 4 pgnmT3nt2ym,

This is a special case of equation 2.9.1.11 with f(£) = a 4 b{™.

33. 2%y’ =k(k+1)y+ axkmt3kt2(pyp2k+l c)nym.

The transformation & = ba?**! 4+ ¢, w = ya* leads to the Emden—Fowler equation
(see Section 2.3)
wie = ab~?(2k + 1) 72" w™.

34. z%y! +xy! =ay™ +0b.

This is a special case of equation 2.9.2.8 with f(y) = ay™ + b.

2,11

35. = Yoz = —(n +m + ]_)my;: —nmy + axnktn—2mgk

y*.
This is a special case of equation 2.9.2.9 with f(¢) = a&*.
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36.

37.

38.

39.

40.

41.

42.

43.

z?y” + azy!, + by = cax"y™.
The transformation = = £%, y = &°w, where a = iL b=+ 1—a 1
) ) @)

D = (1 — a)? — 4b, leads to the Emden—Fowler equation

w/ﬁ/ﬁ _ Ca2§na+mﬂfﬁf2wm

whose solvable cases are outlined in Section 2.3.

2,1

z?y! =n(n— 1)y + ax™(xzy, — ny)™.

n—2

This is a special case of equation 2.9.4.37 with f(z) = ax

(az? + b)y . + axy!, + cy™ = 0.

This is a special case of equation 2.9.2.11 with f(y) = cy™.

(ay + bz?)y” = 1.

This is a special case of equation 2.8.1.2 with n = —1, ¢ = 0.

zyyy, = =(y,)" — yy, + azhy".
This is a special case of equation 2.9.4.14 with f(§) =a&, g(§) =1, k=n—1, s=m+2.
vy, +y(y,)* = az +b.

1
Having set — = u/,(z), we obtain
Y

—uu” 43 ) = (az + b)(ul,)’.

T TTTIT xrx

Taking u as the independent variable, we obtain a constant coefficient linear equation

for x = x(u): . =ax+b.

(z + a)?y?y”, = bux.

. Tr+a .
The transformation £ = ln‘ , W= Y leads to an equation of the form 2.2.1.7:
x
" I —2,,—2
Wi —wp =a” "W ",

(y? + az? + 2bx + 0)29;,@ + sy = 0.

Dividing by the coefficient of yZ, and multiplying by az(zy,, —y) + b(2zy}, —y) + cyl,,
we arrive at a total differential equation. Integrating the latter, we obtain

2
2 71\2 ! 2 o
% ~2 b -
(az? + 2bz + ) (y/.) (ax + b)yy, +ay” + Y2 +ax? +2bx + ¢
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44.

45.

46.

47.

48.

49.

50.

51.

(ax + b)%(cx + d)?y”, = sy + A(ax + b)*(cx + d)1—™Fy™,
The transformation

k

(i) o= (G

leads to an autonomous equation:

wge — (2n+ Dwg + (n® +n — sA?)w = AN 0™,

Wheren:L, A = ad — be.
m—1

(a® — 22)(b* — y?)y”, + (a® — 2?)y(y,)” = z(b® — y*)yL,.

X
Solution: arcsin % = C4 + Cy arcsin 7

(ay™ + bx™)y” + cx™ 3 = 0.
This is a special case of equation 2.9.1.5 with f(¢) = —c(a&™ +b)~L.

(ay™ + bx™)y” +cy™ 3 =0.
This is a special case of equation 2.9.1.5 with f(¢) = —c£"3(a&™ + b)_l.

(ay®™ + bx™)y” + cy®" 3 =0.
This is a special case of equation 2.9.1.6 with f(§) = —c£2"~3(a&®" + b)_l.

(ay™ + bx™)y” + ca™y™ ™3 = 0.
This is a special case of equation 2.9.1.5 with f(§) = —c£" "™ 3(a" + b)fl.

(ay2n + bmn)y;lm _|_ cmmyZn—Zm—3 = 0.

This is a special case of equation 2.9.1.6 with f(§) = —c£2"2m3(a&?" + b)fl.

(Ygo)® = a(zy;, —y) + By, + 7.
Differentiating the equation with respect to x, we obtain
Equating the second factor to zero and integrating, we find

art  Ba? 9
—_— . 2
48 + 12 +C2-73 +Cll‘+00 ( )

The integration constants C; and the parameters «, (3, and - are related by the
constraint 4C% = 3C; —aCp+~ which is obtained by substituting the above solution (2)
into the original equation.

In addition, there is the solution that corresponds to the first factor in (1):

Y= 6133-1-50, where 551 —a50+7:0.
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2.8.2. Painlevé Equations

Preliminary comments.
Painlevé equations are met with in different fields of contemporary physics. They re-
sulted from solving the problem of extracting equation classes of the form

where R is a rational function of y and dy/dx with analytic coefficients whose integrals have
no movable critical points. This problem was solved in works by P. Painlevé and B. Gambier.
A total of 50 equations were extracted, of which 44 equations have the general solutions
that are expressed in terms of elementary functions, solutions of some linear equations, or
solutions of the other six equations.

The six equations not integrated by Painlevé and Gambier are referred to as Painlevé
transcendents (or irreducible Painlevé equations), and their solutions are called transcen-
dental Painlevé functions. The absence of movable critical points makes it possible to use
solutions of Painlevé transcendents as basic functions for representing solutions of other
nonlinear differential equations, along with quadratures and solutions of variable-coefficient
linear differential equations. The canonical forms of Painlevé transcendents are specified
below.

1. First Painlevé transcendent:
yo, = 6y® + . (1)

The solution of the first Painlevé equation is a unique function of z. It can be presented,
in the vicinity of movable pole xp, in terms of the series

1 2
y=(x—1z0)" —l—ﬁ(x—xo)z—g(;v—xo)?’—i—C(x—x) +%m Z0) —i—ZaJ (x — o)’

where x¢ and C' are arbitrary constants; coefficients a; (j > 7) are uniquely defined in terms
of xg and C.
For large values of |z|, the following asymptotic formulae holds:

y(z) ~ xl/zp(%m5/4 —a, 12, b),

where the elliptic Weierstrass function g(¢;12,b) is defined implicitly by the integral

dp
¢= / : ;
VAaps —12p — b
a and b are some constants.

The first Painlevé transcendent (1) is invariant with respect to stretching variables
x = AT, y = A3, where \° = 1, i.e., it admits discrete symmetry of the fifth order.

2. Second Painlevé transcendent:

y! =2y* +zy+a. (2)
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The solution of the second Painlevé equation is a unique function of x. Denote the
solution by y(z, ) with fixed parameter .. Then, the following relation holds:

y(x, 70{) = *y('rv OL),

while solutions y(z, ) and y(z,a — 1) are related by the Béacklund transformations

(2,0 - 1) = —y(z,0) + ol

z,a—1) = —y(z, o ,

y y 2yl (z, ) — 2y2%(z, ) — x
2a -1

= — —1) — .
y(z7a) y(fl),OL ) 2y;(m’,a—1)+2y2(w,a—1)—|—x

Therefore, in order to study the general solution of equation (2) with arbitrary « it is
sufficient to construct the solution for all & out of the band 0 < Rea < %
Three solution corresponding to o and « + 1 are related by the rational formulae

(Ya-1 + Ya)(Ay2 + 22ys + 20+ 1) + (20 — 1)ya
z(ya—l + ya)(ng + x) +2a -1

Ya+1 = —

)

where y, stands for y(z, a).
Solutions y(x,«) and y(x, —a — 1) are related by the Backlunds transformations

20 + 1
2y, (z, @) + 2y%(z, @) +
200+ 1
2y, (r,—a— 1)+ 2y (x,—a— 1) +z

ylx,—a—1) =y(z,a) +

y(z, ) = y(z, —a—1) -

The second Painlevé transcendent (2) for all & = n + 4 (n is an integer) possesses
the one-parameter family of solutions which are generated by the general solution of the

Fuchsian equation
n

(e)" + Y Pl y)(,)" ' =0
j=1
and are expressed in terms of Airy functions and their derivatives.
There exist rational solutions of the form y = R; /R, where Ry and R, are polynomials
in z, only when @ =0, +1, +2, +3, ... A rational solution can be written as

1dn, 1 dQ,
TP, dx Q. dzx’

Ya

where P, and @), are polynomials, a is an integer.
In the special case a = 1, we have

1
P=1 Qi ==z hence Y= ——.
T

In the special case a = 2, we have

1 32

Py =1z, =2+4 h ===
h =x, Qo =x°+ ence Y2 . e

The following recurrence formulae take place:
Pusi = Qa; Qus1 = [vQ% + (Qh)” — 4QuQ4)/ P,
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where prime denotes differentiation with respect to x.
If we stretch and shift the variables in accordance with the rule x = 2% — 610,
y=cij+ec ° and let a =4~ equation (2), in the limit ¢ — 0, transforms to equation (1).

3. Third Painlevé transcendent:

2 ’
Y., Y, 1 é
y;'m=%—7+;(ay2+ﬂ)+7y3+;- (3)

The solution of the third Painlevé equation is a unique function of x.
Any solution of the Riccati equation

—k
= ky? + e y+c, (4)
where k? = v, ¢ = =8, kB + c(a — 2k) = 0, is a solution of equation (3). Substituting
/
1
T=AT, y= —&, where A> = — | into (4), we obtain a linear equation:
ku ke
u k_au;—&-u:O,
kT

whose general solution is expressed in terms of Bessel functions:

(o3

u = _k[Cl ()+CQY%(T)]

In some special cases, equation (3) can be integrated by quadrature. Rewrite equa-
tion (3) in the form of integro-differential relations by two ways

(5] + () samoe=a G (oo

" %_/{(y% +'yy2> +( +ay) } x = €. (6)
Y=
), W

6 = 0, the general solution has the form
we obtain

It is obvious from (5) that for a = 3 =
y = C12%2. Adding (6) multiplied by 2 t 5

Yo Ve (0 2 oD o)er = /662z+ﬁ62y
(y) +2y —|—(y vy) +2<y ay)e =4 " dz, (7)
Subtracting (6) times 2 from (5), we find
2
y_/z _ yz 4 2z ﬁ_ z 2z,2
(y) 2y +<y 7y> —|—2(y ay)e —4 [ (ve¥y* + ae*y)dz.  (8)

Substituting § = 8 = 0 into equation (7) and v = a = 0 into equation (8), we arrive at

v\ LY
(7) +27Z*2ayezwy%2z:cl, 9)
7N\ 2 /
5 2
(5) 25 Pe-a "
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Equations (9) and (10) are integrable by elementary functions. Substituting y = e */v
into (9), we obtain

(v)* =200 + 7 + (1 + C1)v*. (11)
As a result find
2
. ° if C1+1=0, f=6=0;
z(a?In"z + 2aCInz + C? — v)
1
= —— if C1+1=0, a==6=0;
4 x(ﬁlnx + C’) ! p
szl
if C14+1#0 =6=0
C$2m+K11’m+K2 1 1+ 3& ) 6 )

a a? —y(1+Cy) 9 .
where C 7& O, Kl = *m, K2 = m, m* =1+ Cl. ACCOI‘legly,
equation (10) is reduced to equation (11) with the substitution y = ve?®.

If 3= —a and 6 = —v, the transformation y = e =" brings equation (3) to the equivalent
form 1 5
who+ —wl = Y Ginw + 2vsin 2w.
T T
If we perform the transformation z =1+¢2z, y=14+2¢y, a= 7%5’6, 8= %sf6+2[§5*3,
v =4e7% §=—2ec7F then equation (3), in the limit ¢ — 0, transforms to equation (2).

4. Fourth Painlevé transcendent:

7\2
3
y'm'w = (y;y) + 5y3 + 4zy? + 2(:82 — o)y + g (12)

If we pass on to the new independent variable z = €7, the solutions are unique functions
of z.

The Laurent-series expansion of the solution of equation (12) in the vicinity of any pole
x = x¢ has the form

y(r) = = w0 - ?(mg+2a—4m)($—5€0)+C($—$0)2+jz_:gaj(ff—$o)j7

where m = %1, C is an arbitrary number, and a; (j > 3) are uniquely defined in terms of
a, B, g, and C.
If the condition 3+ 2(1 +am)? =0, where m = =+1, is satisfied, then every solution of
the Riccati equation
Y, = my? + 2may — 2(1 + am)

is simultaneously a solution of the fourth Painlevé transcendent (12).

Equation (12) is invariant with respect to the transformation y = \j, * = A\Z, a = a@\?,
B = f3, where \* = 1. Two solutions of equation (12) corresponding to different values of
parameters « and ( are related to each other by the Backlund transformations

1

j= @(y;*qf%wyfsyz), ¢ = —-28,
1 ~ ~ B ~

y= *fg(y; —p+2szj+s7°),  pP=-28,

2= —(as—1- 1) do=-2s-2 3w
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where y = y(z, o, 8), § = ¥(z, &, 3)7 s is an arbitrary parameter.
If we perform the transformation z =2"2/3cz —e 3, y=2%/3cj+e 3, a=—-a— €77,
8= —%8_12, equation (12), in the limit e — 0, transforms to equation (3).

5. Fifth Painlevé transcendent:
g = 3y —1
e 2y(y—1)
If we pass on to the new independent variable x = e*, the solutions are unique functions
of z.

Solutions of the fifth Painlevé transcendent (13) corresponding to different values of the
parameters are related by two equalities

: —1)2 dy(y +1
(y;)z—%+7(y xz) (ay+ﬁ)+7%+7y;y_l L. )

y(x7a7ﬁ77?6) = y(_l‘aaaﬁa _776)7
1

z, _ﬁv —Q, =7, 5) .

y(aj)a7ﬁ777 6) = y(

Having set = €' in (13), we obtain

3y—1 2 /3

1 / 2 t
Yy = —————(y +(y—1 (ay-l-—)—i-wye—&-
tt 2y(y ]) ( t) ( )

If v = 6 = 0, equation (14) is reduced, by means of integration, to a first order autonomous

equation:
Yy = (y— D)v2ay? + Cy — 20

which is readily integrable by quadrature.

If the condition
v=vV=25 (1++/-28-V2a)

is satisfied, any solution of the Riccati equation
zyh = V2ay® + (V=26 —V2a — /=28y + /28 (15)

is simultaneously a solution of the fifth Painlevé transcendent (13). equation (15) can be
reduced to the degenerate hypergeometric equation 2.1.2.65.

If we perform the transformation y =1 +ey, 3= —c283, a=c 23+ ta, v=¢73,
§ = €6, equation (13), in the limit € — 0, transforms to equation (3). In a similar manner,
as a result of the transformation y = v2¢ej, = =1+ V2%, o = %574, v = -4,
§ =—+e*— 726, equation (13), in the limit £ — 0, transforms to equation (12).

oy(y+1) o
1 e’ (14)

1

6. Sixth Painlevé transcendent:

, 1,1 1 1 2 1 1 1 ,
y(y — 1) (y — x) x z—1 z(z — 1)
AT {‘”ﬁ?”(y—m (y—m)Z]‘ (16)

In equation (16), the points x = 0, = 1, and & = oo are critical. Painlevé found
two integrable case of the equation. First, if « = f = v = § = 0, the general solution of
equation (16) has the form

y = E(Ciw + Cows, ),
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where F(u,x) is the elliptic function, defined by the integral

(17)

_ (" dy
a /o Vyly—Dly—=)’

with periods 2w; and 2w; which are functions of z. Second, if a ==v7=0, 6 = %, the
general solution of equation (16) has the form

y = E(w + Ciwy + Cows, x),

where w # 0 is any particular solution of the linear equation

R DV
oox(z—1) " dx(z-—1)

E is the elliptic function defined by formula (17).
Solutions of the sixth Painlevé transcendent (16) corresponding to different values of
the parameters are related by three equalities

1
9(937 7ﬁ7 —Q, 7, 6) = 1 ’

w5 o 87 9)
1

S

y(1'7 _ﬂa -, &, 6) =1-

)

1 X
B, —a, =6+ =, —y+—=) = '
y(% ﬁ? «, + 27 'Y+ 2) y(x, Q, ﬂ) 7> 6)

The consecutive use of these equalities yields 24 equations of the form (16) with different
values of the parameters related by the known transformations.
All the solutions of the Riccati equation

p V2a 2 Ax 4+ p n V=20

ym:x(aj—l)y x(x—l)y x—1

are simultaneously solutions of equation (16) if v/2a — /—23 # 1 and the condition

W2 (3 —a+y—06)+2/-26Ba—-B—-y+8) +4V/—aB(B—a+~y—6—1)
+(a+B8+7+6)2+2a—pF—~—4aB—2ay—286) =0

is satisfied (one should take such a value of y/—af3 which coincides with /ay/—3). In
equation (18),

V2a —(a+ 8+ +8) _ V=2 —(a+f-7-9)
V2a—/=28-1 : V2a—/=28-1

If we perform the transformation z = 1+ez, § =¢720, y=¢c"15—¢e2§, equation (16),
in the limit & — 0, transforms to equation (13).
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2.8.3. Equation Containing Exponential Functions

10.

Yy = Xy + aexp[A(n + 3)z]y™.
This is a special case of equation 2.9.1.15 with (&) = a&".

Y, = Xy + aetoy™, A #£ 0.

Az

The transformation ¢ = €2’ w = ye*® leads to the Emden—Fowler equation (see

Section 2.3)

w—3\—mA

2\

“ a4 Tw™, where n =
ylmlm — )‘2y + aeA(m+3)m(be2)\m + c)nym’ bY # 0.

The transformation & = be®** + ¢, w = ye*® leads to the Emden—Fowler equation
(see Section 2.3)

"o_ a n, m
Wee = 4b2>\2E we.

y:/n,:c — )\2y + Ae)\(m+3)w(a62)\w + b)n(CEZ/\w + d)_”_m_:}yn'
The transformation
a€2)\r + b ye)\:c
5 = —, w = —%
ce2 r 4 d ce2 r 4 d

leads to the Emden—Fowler equation (see Section 2.3)

w/g/g — A(2A)\)_2§’”w"‘, where A = ad — be.

Yy = ay!, + be?*®y™.
This is a special case of equation 2.9.2.17 with f(y) = by".

y;,z:,a: — _ay:/c _|_ beanwyn—l.

This is a special case of equation 2.9.2.18 with f(&) = b~ 1.

Yy’ + ay’ + by = cery™.
The substitution £ = e” leads to an equation of the form 2.8.1.36:

Eyle + (a+ 1)Eyp + by = £ y™,

Yoo = — (1 + )y, — vpy + aeH=2)zyn=1,
This is a special case of equation 2.9.2.19 with (&) = a&" L.

Yy’ = Ayl + bxy + ae* *y~3.

This is a special case of equation 2.9.2.20 with f(z) = —bz.

Yy’ = Ayl + ber®y + ae Ty 3.

This is a special case of equation 2.9.2.20 with f(z) = —be!*.
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11. y2 = ay + bexp(2ax + cy™).
This is a special case of equation 2.9.2.17 with f(y) = bexp(cy™).

12. y? +3yy, +y® + ae*®y = 0.

This is a special case of equation 2.9.2.1 with f(z) = ae’*.

13. y! = azxe¥y! + ae?.

Solution: y = C1z — In(—a [ ze“1%dz + Cy).

14. y” = 2ae®yy’ + ae®y>.

Solution in the parametric form:

2
len(;—cl ), y=—a'Cir 22 Y12, + 2),

where Z = C1J1(7) + CoY1(7) or Z = C111(7) + CoK4(7), J1 and Y; are Bessel
functions, I; and K7 are modified Bessel functions.

n—1

15. yZ = ax"eVy) + anx™ 'eY.

Solution: y = Cix —In {Cg — a/z" exp(C1 ) da:} .

—1/2 1/2

16. y/ = ae®y Yyl + 2ae®y

Solution in the parametric form:

x:ln(:l:%f) T2, y:C%[QT:l:eXp(:FTQ)f]z,
—1
where f = [/ exp(F7?) dr + Cg] .

17. y” + (2ay + be*®)y’! + Abe*®y = 0.
Integrating the equation, we obtain the Riccati equation:

Y. 4 ay® + be*y = C.

18. y” = ae™t¥(y, +1).

Solution: a
L (G ).
Yy n 1€ 1+ 02 (&
To the limiting case Cy — —1 corresponds y = —x — In(Cy — ax).

19. y” =a(y.)® — bet®¥ + ca™.

This is a special case of equation 2.9.3.16 with f(z) = —cz™.

© 1995 by CRC Press, Inc.



20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

yr o = a,(y:’B)2 — beday 4 celT,

This is a special case of equation 2.9.3.16 with f(z) = —ce’*.

yr = a(yi’B)2 4+ bx™e®Y + cx™.

This is a special case of equation 2.9.3.15 with f(z) = —bz", g(z) = —cx

m

yr = a(y;c)2 + be¥ter 4 L™,

This is a special case of equation 2.9.3.15 with f(z) = —be®®, g(z) = —ka™.

YL, = a(yl)? + b AT 4 cebe.

This is a special case of equation 2.9.3.15 with f(z) = —be’*, g(x) = —cel®.

yo .+ ay"(y;)z + be* 4+ ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) = be*¥ + c.

2
Yoo = ay™(yy,)" + be*y;,.
This is a special case of equation 2.9.3.2 with f(y) = ay™, g(z) = be*.

Y.+ aer(y.)? + by™ +c=0.
This is a special case of equation 2.9.3.1 with f(y) = ae*?, g(y) = by™ + c.

yr .+ ae"y(y;c)2 + bet¥ +c = 0.
This is a special case of equation 2.9.3.1 with f(y) = ae*?, g(y) = be¥ + c.

y!” = ae (y.)? + bz"y’,.
Ay

This is a special case of equation 2.9.3.2 with f(y) = ae?Y, g(z) = bz™.

Y, = ae™(yl)® + berry!.

This is a special case of equation 2.9.3.2 with f(y) = ae*V, g(z) = bet?.

y! = ae*w(wy; —y)2 + ber=®.

This is a special case of equation 2.9.3.4 with f(z) = be**, g(x) = 0, h(x) = ae’?.

yo .+ be‘”ym(y;)3 +ay!, =0.
This is a special case of equation 2.9.3.24 with f(y) = by

m

yll, + bea=tA ()2 4 ay! = 0.

This is a special case of equation 2.9.3.24 with f(y) = bev.

3 2
Yoo = a€”(y,)" + ae®y(y;,)".

Solution: z = Ciy —In (a/yecly dy + 02).
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34. yl = aa:ey(y;c)g' + aey(y:’c)z.

Solution in the parametric form:
x=Cre %" </7_1e‘”d7+02), y=1InrT.

35. yl = aw2ey(y;)3 + 2amey(y:’c)2.
Solution in the parametric form:
2

-1 —27—1 / T
—a e 227N (r 2 + 2), —1 ( )
r=a CiT (tZ.+ 2) y=In 20,

where Z = C1J1(7) + CoY1(7) or Z = C111(7) + CoK4(7), J1 and Y7 are Bessel
functions, I; and K are modified Bessel functions.

36. yl = 2aw1/zey(y:'c)3 + a:c_l/zey(y:'c)z.

Solution in the parametric form:

T = 012[2T:|:exp(21172)f]2, yzln(i{t—f) F 72,
-1
where f = [/ exp(F72) dr + Cg] .

37. yl = anewy"_l(y;)g + aemy"(y;)z.

Solution: x =Chiy—In <a/y"ecly dy + C’2>.

38. y. = ae*tV[(y.)® + (v.)°].

Solution:

a
=-1 (C Cay y)
x n{Cie + 17026

To the limiting case Cy — 1 corresponds = —y — In(C} + ay).

39. yl = aem(y‘fc)a/2 + ae“’y(y;)l/z.

Solution in the parametric form:
z=1In72, y=—2a 2774 [Z7NrZ.+22)F %72],

where
B { C1Jao(1) + C2Ya(1)  for the upper sign,

C1I(7) + CoKao(1)  for the lower sign,

Jo and Y5 are Bessel functions, Ir and K5 are modified Bessel functions.
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40. y = a:cey(y;)5/2 + aey(y;)3/2.

Solution in the parametric form:
v=-2a"2r" Y2712, +22) F 1], y=In72,

where
B { CyJo(1) + C2Ya(1)  for the upper sign,

C1I5(1) + CoK5(7)  for the lower sign,

Jo and Y5 are Bessel functions, Is and K5 are modified Bessel functions.

— k m—+2
41. y? = —ayl + be*™ y"(y.) .
This is a special case of equation 2.9.4.49 with f(y) = —by*, n = m + 2.
a 2—k
42, y! = —— Y.+ be‘”ym_k"'l(y;)k.
m 1—k
This is a special case of equation 2.9.4.52 with f(§) = b€.

43. Yl =y, + Aexp[(n + 2 — Daly™(yL,)".
The substitution £ = e* leads to the generalized Emden—Fowler equation

l
Yee = ALY (yg)

which is outlined in Section 2.5.

44. y” = —(y.)® + Az exp[(m + 1 — 1)y] (v.,)".

The substitution w = e¥ leads to the generalized Emden—Fowler equation

wl = Az"w™ (w;)l

which is outlined in Section 2.5.

al—k 2 n _2 a k
45. y’m’ngz_k(y'm) + b tE2eay (y )",

This is a special case of equation 2.9.4.51 with f(£) = b¢.

46. y! = a,y’““(y'm)2 + be"y(y;)k.

This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = be*V.

" k
47. y" = ae*v(y,)? + by™(y.,)".

This is a special case of equation 2.9.4.10 with f(y) = ae*?, g(y) = by™.

48. yo = ae>‘y(y;c)2 + be“y(y;)k.

This is a special case of equation 2.9.4.10 with f(y) = ae?¥, g(y) = be"Y.
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49. y” = az"(zy, —y) + be*®(zy), — y)*.

This is a special case of equation 2.9.4.39 with f(z) = ax™, g(z) = be’*.
50. y” = ae*®(zy), —y) + ba"(zy, — y)*.

This is a special case of equation 2.9.4.39 with f(z) = ae?®, g(x) = ba™.

l -1

51y, = ae™V[(y,) + (y,) ], 1#2

Solution in the parametric form:

dr dr
€T T / Ia 2, Yy Ia + Oy,
1

where F = [a(2 — )" + C1] =2 +1.
52. y” = aer®(zy! —y) + be!*(zy!, — y)*.

This is a special case of equation 2.9.4.39 with f(x) = ae®, g(x) = betv.
53. zy” +y. = az"eM.

This equation is encountered in the combustion theory and hydrodynamics.
The transformation { =Inz, w=Ay+(n+1)lnz leads to an autonomous equation

of the form 2.9.1.1: w’f/f = ale¥.

Having integrated the latter equation, we obtain

the solution of the original equation in the parametric form:

t n+1

r=elC £ 70, y=+ - ToIC (1)
where
1 In VO + 2aiet — +/Cy O >0
Cy VCs + 2aXet + /Co 2 ’
2
Hed - — = if Co=0,
ug V2aMet ?

2 V4 2 t

arctan s + 2ahe if Cy <0.
v—C5 —Cs
54. zy! = ny) + az®"tleMV.
Ay

This is a special case of equation 2.9.2.4 with f(y) = ae™V.

55. xy = ny) + az®"t!exp(Ay™).

This is a special case of equation 2.9.2.4 with f(y) = aexp(Ay™).

56. xy! +y. = ax™e(y,)™.

_ n—m-+1

The transformation ( = zy,, w==
linear equation:

e after dividing by w leads to a first order

aC™we = X +n—m+1.
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57. zy” + my! + az"™m2mtlerv(y! )" = 0.

This is a special case of equation 2.9.4.11 with f(y) = ae?V.

58. xy! 4y, = (az™eM + bmm_l)(y;)m.

The transformation ¢ = zy),, w = 2" ™ e leads to a first order equation with
separation of variables:

("(aw + b)we = (A +n —m+ 1w.

2
59. 2yy” = (v.)° + be**y? — a.

This is a special case of equation 2.9.3.7 with f(x) = —be?*.

60. yy” =n(y.)? — ay®™ 2 + be *y>.
This is a special case of equation 2.9.3.8 with f(x) = —be *.

61. yy’, =n(y,)? + az™y? + be Ty tL.

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(x) = —be ",

62. yy = n(y,d'v)2 + ae*®y? 4 bxe™mynt1l,

This is a special case of equation 2.9.3.9 with f(z) = —ae?®, g(z) = —bz™.

63. yy! = n(y;)2 + ae*®y? 4 berTyntl

This is a special case of equation 2.9.3.9 with f(z) = —ae’*, g(z) = —be!*.

2
64. yy! = (v.)" + ax"yy., + be ®y2.

This is a special case of equation 2.9.3.6 with f(x) = —az™

) g(.]f) = _be>\1.

65. yy! = (y’w)2 + ae*®yy’, + bx"y>.

This is a special case of equation 2.9.3.6 with f(z) = —ae??, g(x) = —ba™.

2
66. yy’ = (y.)"+ ae>‘”“'yy;J + betTy?,

This is a special case of equation 2.9.3.6 with f(z) = —ae’®, g(z) = —be!*.

67. yyr, = (yo)* + bea=y" (y,)".
This is a special case of equation 2.9.4.53 with f(&) = b¢, g(¢) =¢*, n=m — k + 2.

68. yy. = (y.)* + (ae*®y™ + by* ™) (y,)™.

The transformation ¢ =y /y, w = e y"+™=2 leads to a first order equation with
separation of variables:

£ (aw + b)wg = [(n +m —2)§ + Nw.
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69.

70.

71.

72.

73.

74.

wzy;’w = ax"t2e¥ 4+ n.

This is a special case of equation 2.9.1.17 with f(§) = a€.

2 A
z*y! + xy, = ae?¥ 4+ b.

This is a special case of equation 2.9.2.8 with f(y) = ae* + b.

z?y! + xy! = kx"e + b.
This is a special case of equation 2.9.2.23 with f(§) = k€ + b.

(ax? + b)y” + azy! + cer¥ = 0.

This is a special case of equation 2.9.2.11 with f(y) = ce?.

(a€?®* + b)y! + ae**y! + cy™ = 0.

This is a special case of equation 2.9.2.14 with g(z) = ae®** + b, f(y) = —cy™.
(a€®® 4+ b)y” + ae®*y’ + ce*¥ = 0.

xrxT

This is a special case of equation 2.9.2.14 with g(z) = ae?* +b, f(y) = —ceV.

2.8.4. Equations Containing Hyperbolic Functions

y” = A2y + a(cosh Az) " 3y™.
This is a special case of equation 2.9.1.21 with f(£) = a&".

y” = A%y + a(sinh Az) "3y,
This is a special case of equation 2.9.1.20 with f(£) = a&".

y” = A%y + asinh™(Az) cosh™" "™ 3(Az)y™.

The transformation £ = tanh(Az), w= — Y leads to the Emden—Fowler equa-

cosh(Azx)
tion
wé/g — a>\72£nwm

which is outlined in Section 2.3.

y” = A%y + acosh™(Az) sinh ™" "3 (Az)y™.

Y

Smh(ha) leads to the Emden—Fowler equa-

The transformation & = coth(A\x), w =

tion
u)/g/5 — a)\72§nwm

which is outlined in Section 2.3.

y2 = bcosh(Az)y + ay™3.
This is a special case of equation 2.9.1.12 with f(z) = —bcosh(A\z).
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6. y” =bsinh(Az)y + ay—>.
This is a special case of equation 2.9.1.12 with f(z) = —bsinh(A\z).

7.y’ +3yy, +y®+ acosh(Az)y = 0.
This is a special case of equation 2.9.2.1 with f(z) = a cosh(\x).

8.  y! +3yy, +y°+ (asinhz + b)y = 0.
This is a special case of equation 2.9.2.1 with f(x) = asinhx + b.

9. v, +ay"(y'm)2 4+ bcosh™y +c=0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) = bcosh™ y + c.

10. y2, +ay™(y,)? + btanh™y + c = 0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) = btanh™ y + c.

11. y/ = a'g,/"(y'm)2 + bsinh™ (Ax)y..
This is a special case of equation 2.9.3.2 with f(y) = ay™, g(x) = bsinh™ (Ax).

12. y/ = ay"(y;)z + btanh™ (Ax)y’.
This is a special case of equation 2.9.3.2 with f(y) = ay™, g(x) = btanh™ (A\x).

13. yZ +acosh™y (y’m)2 +by™ 4+ c=0.
This is a special case of equation 2.9.3.1 with f(y) = acosh™y, g(y) = by™ + c.

14. yl, +acosh™y (y,)* + bcosh™(Ay) + ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = acosh™ y, g(y) =bcosh™ (A\y) +c.

15. gy =asinh"y (y:',:)2 + bx™y!.
This is a special case of equation 2.9.3.2 with f(y) = asinh” y, g(x) = bz™.

16. y! = asinh"y (y'm)2 + bsinh™ (Az)y’,.

T

This is a special case of equation 2.9.3.2 with f(y) = asinh" y, g(x) = bsinh™ (Ax).

17. yZ” +atanh™y (y’z)2 +by™ +c=0.
This is a special case of equation 2.9.3.1 with f(y) = atanh™ y, g(y) = by™ + c.

18. y” + atanh™y (y’m)2 + btanh™(A\y) +c = 0.
This is a special case of equation 2.9.3.1 with f(y) =atanh™y, g(y) =btanh™ (Ay)+c.

19. yZ =atanh™y (y:'m)2 + bx™y’ .

m

This is a special case of equation 2.9.3.2 with f(y) = atanh™y, g(z) = ba™.
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20. y! =atanh™y (y:’c)2 + btanh™ (Ax)y’.
This is a special case of equation 2.9.3.2 with f(y) = atanh™ y, g(x) = btanh™ (A\z).

21. yl = ay"(y’m)2 + bcosh™ y (y’w)k

This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = bcosh™ y.

22, yl = a;:,/"(y;)2 + btanh™ y (y;)k
This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = btanh™ y.

23. y” =acosh™y (y.)* + by™(y.)".

This is a special case of equation 2.9.4.10 with f(y) = acosh™ y, g(y) = by

m

24. y” =atanh"y (y,)* + by™(y.)".

This is a special case of equation 2.9.4.10 with f(y) = atanh™y, g(y) = by

m

25. zy” = ny) + az®*! cosh™(\y).

This is a special case of equation 2.9.2.4 with f(y) = acosh™ (\y).

26. zy! = ny) + ax®t!sinh™(Ay).

This is a special case of equation 2.9.2.4 with f(y) = asinh™ (\y).

27. zy!” = ny/ + ax®* ! tanh™(A\y).

This is a special case of equation 2.9.2.4 with f(y) = atanh™(\y).

28. zy” = ny) + az®t! coth™(A\y).

This is a special case of equation 2.9.2.4 with f(y) = acoth™ (\y).

29. 2yy” = (y.)? + bcosh™(Az)y? — a.
This is a special case of equation 2.9.3.7 with f(z) = —bcosh™ (Az).

30. yy. . = n(y;)z — ay?*™ =2 + bcosh™ (Az)y2.

This is a special case of equation 2.9.3.8 with f(z) = —bcosh™ (Az).

31. yy’ = n(y;c)2 + ax™y? + bcosh®(A\z)yntt.

This is a special case of equation 2.9.3.9 with f(z) = —ax™, g(x) = —bcosh®(\z).

32. yy = n(y,d'v)2 + ax™y? + bsinh®(A\x)ym+1.

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(x) = —bsinh®(\z).

33. yy = n(y:'ﬂ)2 + ax™y? + btanh®(A\z)ynt1l.

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(x) = —btanh®(\z).
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

YVpo = (Z/;fc)2 + az™yy’, + bcosh™ (Ax)y?.
This is a special case of equation 2.9.3.6 with f(z) = —az™, g(z) = —bcosh™(A\z).

yy:’z:,m = (y;)z + aCOSh”(A{B)yy; _|_ bwmyZ
This is a special case of equation 2.9.3.6 with f(z) = —acosh™(A\z), g(x) = —bz™.

z?y” 4+ xy! = acosh™(Ay) + b.
This is a special case of equation 2.9.2.8 with f(y) = acosh™(\y) + b.

z?y” + xy! = asinh™(A\y) + b.
This is a special case of equation 2.9.2.8 with f(y) = asinh"(\y) + b.

z?y” + xy! = atanh™(A\y) + b.
This is a special case of equation 2.9.2.8 with f(y) = atanh™(\y) + b.

x?y! + xy! = acoth™(Ay) + b.
This is a special case of equation 2.9.2.8 with f(y) = acoth™(\y) + b.

(az® 4+ b)y” + azxy, + cosh™(Ay) + ¢ = 0.
This is a special case of equation 2.9.2.11 with f(y) = cosh™(\y) + ¢.

(az?® 4+ b)y”_ + axy!, + sinh™(Ay) + ¢ = 0.
This is a special case of equation 2.9.2.11 with f(y) = sinh™(\y) + c.

(az?® 4+ b)y”_ + azxy’ + tanh™(Ay) + ¢ = 0.
This is a special case of equation 2.9.2.11 with f(y) = tanh"(\y) + c.

(az?® 4+ b)y”_ + axy!, + coth™(Ay) + ¢ = 0.
This is a special case of equation 2.9.2.11 with f(y) = coth™(\y) + ¢.

2.8.5. Equations Containing Logarithmic Functions

y! =az 3(Iny —Inx).

This is a special case of equation 2.9.1.5 with f(§) = aln€.

y! =az"3?(2lny — Inx).

This is a special case of equation 2.9.1.6 with f(¢) = 2aIn¢.

Y +ay™(y,)’ +bIn™y +c=0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) =bIn" y +c.
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4. y' =ay™(y,)’ +bIn™(A\z)y,.
This is a special case of equation 2.9.3.2 with f(y) = ay™, g(z) = bIn™(\x).

5yl —i—aln”y(g,/;:)2 +by™ +c=0.
This is a special case of equation 2.9.3.1 with f(y) = aln"y, g(y) = by™ + c.

6. Yy =aln™y (yc’c)2 + bx™y! .
This is a special case of equation 2.9.3.2 with f(y) = aln" vy, g(z) = bx™.

7. oyl = aln"y(y:’c)2 + bIn™ (Ax)y.,.
This is a special case of equation 2.9.3.2 with f(y) =aln"y, g(z) = bIn™ (Ax).

o _ 4 _ 3
8. y/ =azx %y (y,)" —2azx*Iny(y,)".

Solution in the parametric form:

= A[(F+2r)2+4n(C1F)]"?,  y=CF,

-1

where F' = exp(F77) [/ exp(F72)dr +Ca| , A= (i%aCf)IM.

3

9. y/ =2alnzy?®— aa:_ly_z(y;)_l.

Solution in the parametric form:

2=CF,  y=A(F+2r)?+£4ln(C,F)]"?,

-1

where F' = exp(:FT2) [/ BXP(:FTz) dr +Co| , A= (i%acf)l/él'

10. y2 = ay"(y;)2 +bln™y (y;)k
This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = bIn™ y.

11. y” =aln™y(y.)* + by™(y.)".

This is a special case of equation 2.9.4.10 with f(y) = aln"y, g(y) = by™.

12. zy”, = ny. + az®* 1 In™(Ay).

This is a special case of equation 2.9.2.4 with f(y) = aln™(A\y).

13. zy!” =—-(n+1)y, +az" '(lny+ nlnz).
This is a special case of equation 2.9.2.5 with f(§) = aln¢.

14. zy! = (ay+nlnx)y..
This is a special case of equation 2.9.2.22 with f(£) =1In¢&.
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

zy) +x(2ay +Inxz+b)y., +y=0.

Integrating the equation, we obtain Riccati equation
Yl +ay® + (Inz + b)y = C.

Yo = n(y})” + az™y® + bIn" Az)y .

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(z) = —bIn"(\z).

Yyt = ()" + aln™(Aa)yy, + ba™y?.
This is a special case of equation 2.9.3.6 with f(z) = —aln"(Az), g(z) = —bz™.

yy = (y:’c)2 + az™yy!, + bIn™ (A\x)y>.
This is a special case of equation 2.9.3.6 with f(z) = —az™, g(z) = =bIn"(Ax).

yyy, = (az + nlny)(y,)*
This is a special case of equation 2.9.3.17 with f(£) = In¢&.

2?2y =ax*(y+alnz+b)™ +a.
This is a special case of equation 2.9.1.22 with (&) = ¢™.

z?y” =n(n+ 1)y + az®*+3(lny + nlnz).
This is a special case of equation 2.9.1.11 with f(£) = aln€.

1—m

2y, + sy +Az” 2 (alnz+b)"y™ = 0.

The transformation £ = alnx + b, w = Y leads to the Emden—Fowler equation

VT

we + Aa”2"w™ = 0.

(see Section 2.3)

z?y” + xy! = aln™(Ay) + b.
This is a special case of equation 2.9.2.8 with f(y) = aln™(A\y) + b.

(az® + b)y” + azxy) + cIn"(Ay) = 0.
This is a special case of equation 2.9.2.11 with f(y) = cIn"(\y).

2.8.6. Equations Containing Trigonometric Functions

1.

Yy = =A%y + a(cos Az)"y "3
This is a special case of equation 2.9.1.27 with f(&) = a&="73.

y” = —X%y + a(sin Azx)"y "3
This is a special case of equation 2.9.1.26 with f(&) = a&~"73.
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10.

11.

12.

13.

Yo = —A2y + acos™(Ax) sin™ (Ax)y— ™3,

The transformation £ = cot(A\x), w = leads to the Emden—TFowler equation

_Yy
sin(Az)

wgg — a/)\—anw—n—m,—B.

(see Section 2.3)

y! = =A%y + asin” (Az)[sin(Az) + bcos(Az)] "y "3,

Y

————— leads to the Emden—Fowler
sin(A\z)

The transformation £ = 1 + beot(Az), w =

equation (see Section 2.3)

wgg = a(b\) M T3,

y! = =Xy + Asin"(Az + a)sin™ Az + b)y~ "3,
The transformation

- sin(Az + a) w— Y
~ sin(\z +0b)’ ~ sin(Az +b)

leads to the Emden—Fowler equation (see Section 2.3)

we = A[Asin(b — a)] 2w TR
y” = bcos(Az)y + ay—3.
This is a special case of equation 2.9.1.12 with f(z) = —bcos(Az).

y” = bsin(Az)y + ay—3.
This is a special case of equation 2.9.1.12 with f(z) = —bsin(\x).

y? = 2(cosz) %y + a(cot z)"T3y™.
This is a special case of equation 2.9.1.29 with f(&) = a&".

y” = 2(sinz) %y + a(tanz)"T3y™.
This is a special case of equation 2.9.1.28 with f(£) = a&".

y” = (n+1)(tanz)y’, + ny + a(cos )™ 2y™~1.
This is a special case of equation 2.9.2.30 with f(&) = a¢™ 1.

y” +3yy., + y® + asin(Az)y = 0.
This is a special case of equation 2.9.2.1 with f(x) = asin(Az).

y” +3yy, +y®+ (acosxz + b)y = 0.

This is a special case of equation 2.9.2.1 with f(x) = acosz + b.

y” + (2ay + bsinz)y!, + b(cos z)y = 0.
Integrating, we obtain the Riccati equation vy, + ay? + b(sinx)y = C.
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14. y” + ay”(y:’c)2 + bsin™y +c=0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) = bsin™ y + c.

15. y” + ay”(y:’c)2 +btan™y + c = 0.
This is a special case of equation 2.9.3.1 with f(y) = ay™, g(y) = btan™ y + c.

16. y! = ay"(y'm)2 + bsin™ (Az)y.,.

This is a special case of equation 2.9.3.2 with f(y) = ay”, g(x) = bsin™(Az).

17 yll, = ay™(y,)” + btan™(Az)y,,.
This is a special case of equation 2.9.3.2 with f(y) = ay”, g(x) = btan™(A\z).

18. yZ +asin™y (y;,})2 +by™ +c=0.
This is a special case of equation 2.9.3.1 with f(y) = asin™y, g(y) = by™ + c.

19. yZ” +asin™y (y;)2 + bsin™(Ay) + ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = asin™ y, g(y) = bsin™(A\y) + c.

20. y” =asin"y (ya’v)2 + bx™y! .
This is a special case of equation 2.9.3.2 with f(y) = asin"y, g(z) = ba™.

21. oy’ =asin"y(y.)* + bsin™(\x)y..
This is a special case of equation 2.9.3.2 with f(y) = asin™y, g(z) = bsin™ (Ax).

22. y/ +atan™y (y:’n)2 +by™ +c=0.
This is a special case of equation 2.9.3.1 with f(y) = atan™y, g(y) = by™ + c.

23. y/ +atan™y (y’m)2 + btan™(A\y) + ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = atan™y, g(y) = btan™(A\y) + c.

24. y =atan™y (y'm)2 + bx™y! .
This is a special case of equation 2.9.3.2 with f(y) = atan™y, g(z) = bz™.

25. y” =atan"y(y.)* + btan™(\z)y’,.
This is a special case of equation 2.9.3.2 with f(y) = atan™y, g(z) = btan™(\x).

26. y! = ay”(y’m)2 + bsin™y (y'm)k
This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = bsin™ y.

k
27. Yyl = ay"‘(y’m)2 +btan™y (y.,)".
This is a special case of equation 2.9.4.10 with f(y) = ay™, g(y) = btan™ y.
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

N ) k
Yy =asin"y (ys’e)2 + by™(y.,)".
This is a special case of equation 2.9.4.10 with f(y) = asin" vy, g(y) = by

m

Vi, = atan™y (y,)" + by™ (y,)".
This is a special case of equation 2.9.4.10 with f(y) = atan™y, g(y) = by

m

zy” = ny! + az®* ! cos™(Ay).

This is a special case of equation 2.9.2.4 with f(y) = acos™(\y).

zy” = ny! + az® 1 sin™(Ay).

This is a special case of equation 2.9.2.4 with f(y) = asin™(\y).

zy!” = ny! + az® ! tan™(A\y).

This is a special case of equation 2.9.2.4 with f(y) = atan™(\y).

zy!” = ny! + ax® ! cot™(\y).
This is a special case of equation 2.9.2.4 with f(y) = acot™(\y).

2yy”, = (y,)? + bsin(Az)y? — a.
This is a special case of equation 2.9.3.7 with f(z) = —bsin(A\x).

vyl = n(y,)? — ay'™~2 + bsin(Az)y?.
This is a special case of equation 2.9.3.8 with f(z) = —bsin(A\x).

Yy, = n(y})® + aa™y? + boost (Ax)y" L.
This is a special case of equation 2.9.3.9 with f(z) = —az™, g(z) = —bcos*(\x).

yy! = fn(y;)2 + ax™y? + bsink(/\x)y”+1.

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(z) = —bsin*(\z).

yy! = n(yc'n)2 + ax™y? + btan®(Ax)y" .

This is a special case of equation 2.9.3.9 with f(z) = —az™, g(z) = —btan*(\x).

This is a special case of equation 2.9.3.9 with f(z) = —asin(Az), g(x) = —bsin(uzx).

vy = (v.)? + az"yy’, + bsin™(Az)y>.
This is a special case of equation 2.9.3.6 with f(x) = —az™, g(x) = —bsin™(A\x).

Yy, = (y,)° + az™yy,, + btan™ (Az)y>.
This is a special case of equation 2.9.3.6 with f(z) = —az™, g(z) = —btan™(\x).
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42. gy = (y.)* + asin"(Az)yy, + ba™y?.
This is a special case of equation 2.9.3.6 with f(x) = —asin"(\x), g(z) = —ba™.

43. z?y! + xy,, = asin™(A\y) + b.

This is a special case of equation 2.9.2.8 with f(y) = asin™(\y) + b.

44. 2%y! + xy! = atan™(Ay) + b.
This is a special case of equation 2.9.2.8 with f(y) = atan™(\y) + b.

45. z?y! + az®tanzy + n(artanz —n — 1)y = bz 2(cos x)22y™ 3.

This is a special case of equation 2.9.2.33 with f(&) = b&™m 3.

46. (az? + b)y” 4+ azy! + cos™(Ay) + ¢ = 0.
This is a special case of equation 2.9.2.11 with f(y) = cos™(A\y) + c.

47. (az®+ b)y”_ + azy’ +sin"(Ay) + c = 0.
This is a special case of equation 2.9.2.11 with f(y) = sin"(\y) + c.

48. (ax?® + b)yY . + axy! + tan™(Ay) +c=0.
This is a special case of equation 2.9.2.11 with f(y) = tan™(\y) + c.

49. (az? 4+ b)y”_ + azy’, + cot™(Ay) + c = 0.
This is a special case of equation 2.9.2.11 with f(y) = cot™(A\y) + c.

50. sinzy! + 3 coswyl, =ay™+b.

This is a special case of equation 2.9.2.14 with g(z) =sinz, f(y) = ay™ + b.

51. sinzyl + % coszy, = asin”(Ay) +b.

This is a special case of equation 2.9.2.14 with g(x) = sinz, f(y) = asin™(A\y) + b.

52. sinzyl + % coszy! = acos™(Ay) +b.
This is a special case of equation 2.9.2.14 with g(z) = sinz, f(y) = acos™(Ay) + b.

53. sinxzy! + % coszy! = atan™(Ay) + b.

This is a special case of equation 2.9.2.14 with g(z) =sinz, f(y) = atan™(\y) + b.

54. sin’x y;’m =nn+1—n sin? x)y + a(sin a:)nm+3n+2ym.

This is a special case of equation 2.9.1.30 with f(§) = a&™.

55. cos?zy” =n(n+1—ncos?xz)y+ a(cosz)m3nt2ym

This is a special case of equation 2.9.1.31 with f(§) = a&™.
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2.8.7. Equations Containing the Combinations of Exponential,

10.

11.

12.

13.

Hyperbolic, Logarithmic, and Trigonometric Functions

Yy’ =Xy + ae***(Iny + Az).
This is a special case of equation 2.9.1.15 with f(§) = aln&.

yr = —ay! + be**(Iny + ax).
This is a special case of equation 2.9.2.18 with f(£) = bln¢&.

Yy = ay), + be?** In"(A\y).

This is a special case of equation 2.9.2.17 with f(y) = bIn"(\y).
Y2 = ay), + be?*® sin™(A\y).
This is a special case of equation 2.9.2.17 with f(y) = bsin"(\y).

y” . = ay!, + be?*® tan™(Ay).

This is a special case of equation 2.9.2.17 with f(y) = btan™(\y).

y;,m + atanx y; + b(a tanx — b)y — cebmw(cos m)2aym—3‘

This is a special case of equation 2.9.2.32 with f(&) = c£™73.

Y2, = a(y,)? — be® + csinh(Ax).
This is a special case of equation 2.9.3.16 with f(z) = —csinh(A\z).

y:/n,w = a(y;/,,)2 + bCOShn(Am)eay + cx™.

This is a special case of equation 2.9.3.15 with f(z) = —bcosh™(\z), g(x) = —cz™.

Yy’ = a,(y'm)2 + bIn"(Ax)e*¥ + cx™.
This is a special case of equation 2.9.3.15 with f(z) = —bIn"(\z), g(z) = —caz™.

y:/n,ac = a(y;/,;)2 + bln"()\a;)eay + ce’®,
This is a special case of equation 2.9.3.15 with f(z) = —=bIn"(\z), g(z) = —ce”®.

y!. = a(y,)? — be®¥ + csin(Ax).
This is a special case of equation 2.9.3.16 with f(z) = —csin(Az).

y:/v,ac = a(y;/n)2 + bsin”()\m)eay + cx™.

This is a special case of equation 2.9.3.15 with f(z) = —bsin"(\z), g(x) = —ca™.

ylmlz = a’(y;,n)z + bSil’ln()\gc)ea’y _|_ cev?®.
This is a special case of equation 2.9.3.15 with f(z) = —bsin™(\z), g(x) = —ce"".
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

yo .+ ae)‘y(y:’c)2 +bln"y+c=0.
This is a special case of equation 2.9.3.1 with f(y) = ae*?, g(y) = bIn" y + c.

yr .+ ae}‘y(y’w)2 + bsin®y 4+ ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = ae?, g(y) = bsin" y + c.

2 n
Yyl = aeky(y;) + bIn"(px)y.,.

This is a special case of equation 2.9.3.2 with f(y) = ae*?, g(z) = bln"(ux).

Y. = aer(y,)? + bsin™(uzx)y’,.
This is a special case of equation 2.9.3.2 with f(y) = ae?, g(x) = bsin™ (ux).

2
Yy’ = ae*(y.)” + btan™(pz)y’.
This is a special case of equation 2.9.3.2 with f(y) = ae?, g(z) = btan™(uz).

2
yr +aln™y(y.)" + be*¥ + ¢ = 0.
This is a special case of equation 2.9.3.1 with f(y) = aln"y, g(y) = be’V + c.

yll, = aln™y (y})* + be*y,.
This is a special case of equation 2.9.3.2 with f(y) = aln"y, g(z) = be*.

Yy =aln™y (yc’c)2 + bsin™ (Ax)y.,.
This is a special case of equation 2.9.3.2 with f(y) = aln" y, g(z) = bsin™ (\x).

y” +asin"y (y’m)2 + be* + ¢ =0.
This is a special case of equation 2.9.3.1 with f(y) = asin”y, g(y) = be*¥ + c.

. 2
Yy =asin"y (y.)" + be*?y.
This is a special case of equation 2.9.3.2 with f(y) = asin™y, g(z) = be’?.

y” =asin"y(y,)? +bln™(Azx)y,.
This is a special case of equation 2.9.3.2 with f(y) = asin™y, g(z) = bln™ (Ax).

2
Yy =atany (y.)" + be*®y’.
This is a special case of equation 2.9.3.2 with f(y) = atan™y, g(x) = be’?.

yo .+ be®® cosh(Ay) (y’m)3 +ay!, = 0.
This is a special case of equation 2.9.3.24 with f(y) = bcosh(\y).

yu .+ be®® sin(Ay) (y;)3 +ay., = 0.
This is a special case of equation 2.9.3.24 with f(y) = bsin(\y).
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28. zy! =axlnzeYy! 4 ae?.

Solution: y = —1In {eclm (C’ — Cil /aflefclz das) + C’il In z]

29. yy! = aem(y‘fc)3 + ae®ylny (y‘fg)2

Solution: = = —In {ecly (C’g + Cil /y_le_cly dy) — Cil In y} .

30. yy!. = (y.)? + ae*®yy!, + bsin"(vz)y>.

This is a special case of equation 2.9.3.6 with f(z) = —ae*®, g(z) = —bsin"(vz).

31. (ae** +b)y” + ae**y/, = cosh™(Ay) + c.
This is a special case of equation 2.9.2.14 with g(z) = ae®® +b, f(y) = cosh™(\y) + c.

32. (ae®*® +b)y! + ae**y/ = tanh™(\y) + c.
This is a special case of equation 2.9.2.14 with g(z) = ae?* + b, f(y) = tanh™ (\y) +c.

33. (ae*® +b)y” + ae**y, =In"(Ay) +c.
This is a special case of equation 2.9.2.14 with g(z) = ae®® + b, f(y) = In"(\y) +c.

34. (ae*® 4+ b)y” + ae*®y, =sin"(Ay) + ¢
This is a special case of equation 2.9.2.14 with g(z) = ae®** + b, f(y) = sin™(\y) + c.

35. (ae®*® 4+ b)y! + ae**y! = tan™(Ay) + c.
This is a special case of equation 2.9.2.14 with g(z) = ae®* + b, f(y) = tan"(\y) + c.

36. sinzy! + % costy! = ae¥ + b.

This is a special case of equation 2.9.2.14 with g(z) = sinz, f(y) = ae’¥ +b.

37. sinzy! + 5 coswy), = acosh™(Ay) + b.
This is a special case of equation 2.9.2.14 with g(x) = sinz, f(y) = acosh™(\y) + b.

38. sinzyl + % coszy, = asinh™(Ay) + b.

This is a special case of equation 2.9.2.14 with g(x) = sinz, f(y) = asinh™(A\y) + b.

39. sinzyl + % cosxy! = atanh™(Ay) + b.

This is a special case of equation 2.9.2.14 with g(z) = sinz, f(y) = atanh™(\y) + b.

40. sinzyl + ;coszy,, =aln™y+b.

This is a special case of equation 2.9.2.14 with g(x) =sinz, f(y) =aln™ y + .
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2.9. Equations Containing Arbitrary Functions

Notation: f, g, h, @, and ¥ are arbitrary composite functions of their arguments indi-

cated in parentheses just after the function name (the arguments may depend on x, y, y.. ).

2.9.1. Equations of the Form F(x,y)y! + G(z,y) =0

1.

Yoo = F ().
This autonomous equation is met with in mechanics, the combustion theory, and the

theory of mass transfer with chemical reactions.
The substitution u(y) =y, leads to a first order equation with separated variables:

uuy, = f(y).
—1/2
Solution: /[Cl +2 / f(y) dy} dy = Cs + .

Particular solutions: y = Ay, where Ay are roots of the equation f(Ag) = 0.

yr = f(ay + bx + c).

The substitution w = ay+bx +c leads to an equation of the form 2.9.1.1: w =af(w).

vy’ = f(y+ az® + bz + c).

The substitution w = y + ax? + bz + ¢ leads to an equation of the form 2.9.1.1:
w!, = f(w) + 2a.

v, = f(y + az” + bz? + cx) — an(n — 1)z,

The substitution w = y + az™ + bx? + cx leads to an equation of the form 2.9.1.1:
w!, = f(w) +2b.

1 Y
v 7

The transformation & = 1/, w = y/x leads to an equation of the form 2.9.1.1:
wie = f(w).

Yoo = 22 f (yx™1/2).

1/2

Having set w = yx~"'/%, we obtain

d
d—(avw;:)2 = %ww; + 2f (w)w,.
x

Integrating the latter equation, we arrive at an equation with separation of variables.

—1/2
Solution: /[Cl +w?+2 / f(w) dw] dw = Cy £ 1n|z|.

no_ 1 Yy a b
ym—gf ;+§+;+C .
The transformation £ = 1/z, w = y/z leads to an equation of the form 2.9.1.3:
wé’g = f(w+ a&? + b€ + ¢).
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10.

11.

12.

13.

14.

v, = 2%/ f(ayz~1/2 4 ba'/?).

The substitution w = ay + bz leads to an equation of the form 2.9.1.6: w!, =
az =32 f(wz=1/?).

n o __ 3 Yy
Yoo = Y f(\/a:cz—l—bm—i—c).

Setting u(z) = y(az® + bz + ¢)~/? and integrating the equation, we obtain a first
order equation with separation of variables:

(az? +ba + ¢) (W) = (16% — ac)u® + 2/u*3f(u) du + Ch.

(az? +b:c+c)3/2 "o o_ f( ay:‘ﬂw—f—’Y >
vax? +bx +c
1
Setting w = ay + Sz + v and denoting f(z) = ﬁgp(z), we obtain an equation of the

form 2.9.1.9:
Wy = w‘%(—w )
vazr? +bx +c

Yo = n(n + D~y + 2" f(ya™).
This is a special case of equation 2.9.1.14 with ¢ =z

—n

yr + f(x)y = ay=>.

Yermakov’s equation.
Let w = w(x) be a nontrivial solution of the linear equation w, + f(x)w = 0.

The transformation £ = / —, 2= LS leads to an autonomous equation of the form
w w

2.9.1.1: zé’g =az 5.

Solution: Ciy* = aw? +w <02 + 01/ iﬁ ) :

(az™ + b)y” = an(n — 1)z" %y + y_zf(L)

ar™ + b
d
The transformation £ = / (niib)z, w = +—i—b leads to an equation of the
ax ax

form 2.9.1.1: wg, = w2 f(w).

/lljll
Yoo = Tzwy-i-ﬂi °f 1/; y Y =9y().
. dx y :
The transformation & = W’ w = E leads to an equation of the form 2.9.1.1:
wie = f(w).
—-1/2 d
Solution: C1+2 d dw=0Cy+ | ——.
olution /[ 1+ /f(w) w} w 9 ()
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Yoo = N2y + e f(ye?).
x

This is a special case of equation 2.9.1.14 with ¢ = e™**.

Yy’ = f(y + ae*® 4+ b) — ar?eP™.
The substitution w = y+ae® +b leads to an equation of the form 2.9.1.1: w/, = f(w).

wzy;’w = z2f(x"e¥) + n.
The substitution y = w —nlnz leads to an equation of the form 2.9.1.1: w/, = f(e™).

y” = f(y + asinhz + b) — asinhz.
The substitution w = y+asinh z+b yields an equation of the form 2.9.1.1: w!, = f(w).

y . = f(y + acoshx + b) — acoshzx.
The substitution w = y+a cosh +b yields an equation of the form 2.9.1.1: w/, = f(w).

y” = A%y + (sinh )\m)_3f<L).

sinh Az

This is a special case of equation 2.9.1.14 with ¢ = sinh A\z.

yr = A2y + (cosh Am)‘?f(L).
cosh Az

This is a special case of equation 2.9.1.14 with ¥ = cosh A\z.

2?y!” =2?f(y+alnz+b)+a.
The substitution w=y+aln z+b leads to an equation of the form 2.9.1.1: w, = f(w).

wo_ Y 1 Y
Yoo = T 2 g + (lnm)?’f(lna:).

This is a special case of equation 2.9.1.14 with ¥ = Inz.

4

Yea = f(y—l—asina:—i—b) + asinx.

The substitution w=y+asin z+b leads to an equation of the form 2.9.1.1: w/ = f(w).

yu . = f(y+acosx +b) 4+ acoszx.
The substitution w =y-+a cos z+b leads to an equation of the form 2.9.1.1: w/, = f(w).

yro= —A%y + (sin )\ac)_?’f(L).

sin \x

This is a special case of equation 2.9.1.14 with ¥ = sin Az.

Yy = —A%y + (cos )\ac)_3f( Y >

COS AT

This is a special case of equation 2.9.1.14 with ¥ = cos A\z.
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28.

29.

30.

31.

32.

y! = 2(sinz) 2y + (tanz)3f(y tanx).

This is a special case of equation 2.9.1.14 with ¢ = cot x.

y! = 2(cosz) 2y + (cot z)3 f(y cot x).

This is a special case of equation 2.9.1.14 with ¢ = tanx.

3n+2

sinzy” =n(n+1— nsin®z)y + sin T sin” x).

The substitution = § + 5 leads to an equation of the form 2.9.1.31:
cos? Eyge=n(n+1-n cos? &)y + cos>" T2 ¢ f(y cos™ €).

3n+2

cos?zy” =n(n+1—mncos?x)y+ cos zf(y cos™ x).

The transformation £ = / cos?™ x dz, w = ycos™ x leads to an autonomous equation
of the form 2.9.1.1: wf, = f(w).
Pra

Yo, = <p‘3f(% + ’l,l’) + Yy — P — 200!, e =p(x), ¥ =P(x).

d
=[S w=Lay
¥ ¥

The transformation

leads to an autonomous equation of the form 2.9.1.1: wj, = f(w).
Solution:

/W:i/%—i—C& where F(w):/f(w)dw

2.9.2. Equations of the Form F(x,y)y. + G(x,y)y, + H(z,y) =0

Yyl +3yy, +y> + f(z)y = 0.

The substitution y = w( [ wdz)~* leads to the linear equation: w/, + f(z)w = 0.

Yo, + [2ay + f(2)]y), + af(x)y® = g(z).

Having set u = ¢/, + ay?, we obtain u/, + f(z)u = g(x). Thus, the original equation is
reduced to the first order linear equation and the Riccati equation.

Yl + By + F @)y, + v® + f(@)y® + g(x)y + h(z) = 0.

The substitution y = u/,/u leads to a third order linear equation:

Wy + f(2)l, + g(x)ul, + h(z)u = 0.
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10.

11.

12.

TYg, = Ny, + 22T (y).

Multiplying both sides by z 2"

—1. we obtain an equation of the form 2.9.2.14.

1°. Solution with n # —1:

—1/2 l,nJrl
/{C’1+2/f(y)dy} dy ==+ + Ch.

n+1

2°. Solution with n = —1:
—1/2
/|:Cl+2/f(y)dy:| dy:jzln\x|+C2.

Yy, + (n+ Dy, = 2" f(ya").
The transformation £ = z”, w = ya™ leads to an autonomous equation of the form
2.9.1.1: n*wf, = f(w).

2n+1,,—3

zy —nyl, + f(x)y = ax® Ty

The substitution w = yz~"/? leads to Yermakov’s equation 2.9.1.12:

wl, + 273z f(z) — tn(n+ 2)w = aw™.

xyl = f(y)y.,.

The substitution w(y) = xy; /y leads to a first order linear equation: yw; = —w+1+

f()

r?yg, +xy, = f(y).
Substitutions x = +e' leads to an equation of the form 2.9.1.1: y}, = f(y).

z?y” + (n+m+ 1)zy’, + nmy = "~ 2™ f(yz").

1°. For n # m, the transformation £ = 2"~ ™, w = yz™ leads to an autonomous
equation of the form 2.9.1.1: (n — m)*wf, = f(w).

2°. For n =m, the transformation £ =Inz, w = yx™ leads to an autonomous equation

of the form 2.9.1.1: wf, = f(w).

2,1

vy, = f(y/o)(zy, — ).
This is a special case of equation 2.9.3.23 with g(z) = h(z) = 0.

(ax?® 4+ b)y” + azyl, + f(y) = 0.

The substitution & = / leads to an autonomous equation of the form

2.9.1.1: yf, + f(y) = 0.

dzx
var? +b

ziyy, = f(y/z)(zy;, — y).
This is a special case of equation 2.9.4.34 with g(z) = z.
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13.

14.

15.

16.

17.

18.

19.

20.

Yip + [2ay + f(2)]y,, + fr(x)y = 0.
Integrating, we obtain the Riccati equation y!, + f(z)y + ay? = C.

gyl + +g.y. = f(y), g=g(=).

Intergating, we obtain an equation with separation of variables:

g(2) ()’ =2 / J(y)dy + Ch.

With g(z) > 0, the solution is

/[clm/f(y)dyr”dy:oﬁ J%

Yoo + Cfy+ 9y, + foy* + 9,y =0, f=f(z), g=g(z).
Integrating, we obtain the Riccati equation y/, + fy? + gy = C.

v P Ld’__*/’_) _¢ (i) _ _
Yo Soyg,ﬂr<so ” v )Y ¢3f v ) ¢ e(x), P =1().

The transformation £ = / % de, w= % leads to an autonomous equation of the

form 2.9.1.1: wg, = f(w).

Yoo = ¥y, + €22 f(y).
Multiplying both sides by e

Solution:
—1/2 1
/[C& + Z/f(y) dy] dy =Cy + Ee“

yo . = —ayl, + e*” f(ye®®).
The transformation £ = e, w = ye*” leads to an equation of the form 2.9.1.1:
wi, = a 2f(w).

—20%  we obtain an equation of the form 2.9.2.14.

Y+ (b + V)Y, + vpy = el f(yehe).

1°. For p # v, the transformation £ = e(#~")* 1 = yel* leads to an autonomous
equation of the form 2.9.1.1: (u — v)*wf, = f(w).

2°. For p =v, the substitution w = ye** leads to an autonomous equation of the form
2.9.1.1: wie = f(w).

Yoo — MY, + f(2)y = ae®y~2.
The substitution w = ye~**/2 leads to Yermakov’s equation 2.9.1.12:

wl, + [f(z) - %)\Q]w = aw 3.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

TYy, — Ny, — alax + n)y = " T1eT f(ye®).

ax

This is a special case of equation 2.9.2.16 with ¢ = ™, ¢p = e~

zy,, = f(z"e™)y,.

The transformation z = 2"e®, w = zy,, leads to a first order equation with separation
of variables: z(aw 4+ n)w!, = [f(2) + 1]w.

22y 4+ xy! = f(x™e™).

The transformation z = 2"e®, w = xy,, leads to a first order equation with separation

of variables: z(aw + n)w!, = f(2).

z?y” —az?y! — n(az +n+ 1)y = 3" T2e29% f(yz™).

This is a special case of equation 2.9.2.16 with ¢ = e** ) = ™™

(a€®® + b)y” + are***y’ + f(y) = 0.
This is a special case of equation 2.9.2.14 with g(z) = ae®** + b.

Yo T 90, + fy =ae™9y~3%, = f(z), g=g(z)
The substitution w = ye?/? leads to Yermakov’s equation 2.9.1.12:

Wop + [f = 5(92)° — 395w = aw™>.
@, %,
Yo — —: Yy, — a<7‘”” + a>y = P2 f(ye?®),  p = p(2).

The transformation € = [ pe??® dz, w = ye®® leads to an equation of the form 2.9.1.1:
wie = f(w).

22y + ey, = f(y +alnz+bln’z).
The substitution z = e’ leads to an equation of the form 2.9.1.3: vy =fly+at+ bt2).

Yo + Amtan(Az)y;, + f(x)y = afcos(Az)]* ™y~

This is a special case of equation 2.9.2.26 with ¢ = —m Incos(\x).

yr, — (n+1)tanz y), — ny = cos™ ?x f(y cos™ x).

This is a special case of equation 2.9.2.16 with ¢ = cos™" !z, ¥ = cos " z.
Yy’ + (m —n)tanzy), —n[(m + 1) tan®  + 1]y = cos>™ " z f(y cos™ x).
This is a special case of equation 2.9.2.16 with ¢ = cos™ "z, ¥ = cos™ " x.

Yl +atanzy) + blatanz — b)y = cos®* z % f(ye"™).

This is a special case of equation 2.9.2.16 with ¢ = cos® x, 1) = e~ %,
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33.

34.

35.

36.

z?y” +azx?tanzy), + n(aztanz — n — 1)y = 3" 12 cos®* z f(ya™).

This is a special case of equation 2.9.2.16 with ¢ = cos® x, ¥ = ™.

z2y” —azx?cotzy! — n(axcotx +n+ 1)y = 23" T2sin’* z f(yz).

This is a special case of equation 2.9.2.16 with ¢ = sin®x, ) = 2",

sinxy?” + %cosa;y; = f(y).

This is a special case of equation 2.9.2.14 with g = sin x.

cosryl — % sinzy!, = f(y).

This is a special case of equation 2.9.2.14 with g = cosz.

2.9.3. Equations of the Form

M
F(z,y)yh, + Y. Gu(z,y)(y,)" =0 (M =2, 3, 4)
m=0
v+ F) (L) +a(y) = 0.

The substitution w(y) = () leads to a first order linear equation:

wy, +2f(y)w + 2g(y) = 0.

yr, = f() (W) + g(@)yl,.

Dividing by y.,, we obtain a total differential equation. Its solution is found from the
equation

In [y, | :/f(y)dy+/g(a:)dx+0.

Solving the latter for y), we arrive at an equation with separation of variables. In
addition, y = C is the solution with arbitrary constant C.

f(xmy™)
Yoy = T(Sﬂyé - )y,

/
x
The transformation z = z™y™, w = Y leads to an equation with separation of

variables: z(mw + n)w’, = [f(z) — 1](w? — w).

Yoo = F(2) + 9(@)(zy;, — y) + h(z)(zy; — y)*.
The substitution w(z) = xy!, — y leads to the Riccati equation:
wl, = xf(x) + zg(x)w + vh(z)w?.

vy + (¥.)? + f(x)yy, + g(x) = 0.

The substitution u = 32 leads to a linear equation: u”, + f(x)ul, + 2g(x) = 0.
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10.

11.

12.

13.

14.

15.

2
Yoo — (U2)" + F(@)yy, + 9(x)y* = 0.
The substitution v =y, /y leads to a first order linear equation: u!, + f(z)u+g(z) =0.

29y, — (¥,)° + f(@)y* +a=0, a>0

If w and v are two solutions of the linear equation 4y + f(z)y = 0, which satisfy the
condition (uv!, — u/v)? = a, then y = uv is a solution of the original equation.

Yy, — n(y,) + f(@)y® + ay'" "2 = 0.
1°. With n =1, this is an equation of the form 2.9.3.6.
2°. With n # 1, the substitution w = y'~™ leads to Yermakov’s equation 2.9.1.12:

w! + (1 —n)f(@)w+a(l —n)w > =0.

vy, — n(yl)” + f(x)y? + g(z)y™ ! = 0.

The substitution w = y'~" leads to a nonhomogeneous linear equation:

wy, + (1= n) f(z)w + (1 —n)g(x) = 0.

yy! +a(yl)’ + f(@)y, + g(z)y® = 0.

The substitution w =y%*! leads to a linear equation: w’, + f(z)w), + (a+1)g(x)w =0.

vy —2(y.)? — (fy +29)v., + fly® + gLy = 0, f=f(x), g=g(x).

Integrating, we obtain the Riccati equation: y’ + Cy? + fy + g = 0.

yy! — W)+ (Y + 9y + fly —gly =0, f=f(z), g=g(=).

Integrating, we obtain the Riccati equation: 3y, + fy? + Cy — g = 0, where C is an
arbitrary constant.

2
Yoo = F(®)(y,)"
The substitution w(xz) = xy., /y leads to the Bernoulli equation 1.1.5:

zwl, = w+ [f(z) — 1w

yyll, + f(@)(yl)* + g(x)yyl, + h(z)y? = 0.
The substitution u = y.,/y leads to the Riccati equation:

u,+ (1+ fHu +gu+h=0.

2
Yoo — a(yy)” + f(x)e® + g(x) = 0.
The substitution w = e~ leads to a nonhomogeneous linear equation:

Wy — ag(z)w = af(z).
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

Yy — a(y:’c)2 + beta¥ + f(x) = 0.

The substitution w = e~ %Y leads to Yermakov’s equation 2.9.1.12:
w”, —af(x)w = abw 3.
2
YUY = F(e*Y")(yz)"

The transformation z = e®y", w = y! /y leads to a first order separable equation:
z(nw + a)w!, = [f(z) — 1w

3
Yo = (Y)(y,)"
Taking y as the independent variable, we obtain a linear equation for = = z(y):
), = ().

Yt + [2F () + 9@ () + h(y) (y;)* = 0.

Taking y as the independent variable, we obtain a linear equation for z = z(y):
wyy — h(y)z), — f(y)z — g(y) = 0.

Yy 2
Ty, = f(;)(wy; — ()"
This is a special case of equation 2.9.4.35 with k = 2.
3yl + [#*f(y) + a](y,)’ = 0.

Taking y as the independent variable, we obtain an equation of the form 2.9.1.12 for
x=ux(y): zy, — f(y)r —az™> =0.

Yie = = [f(y) + 9(v) (=Y, — y) + h(y)(zy,, — ¥)]y,.

The substitution w(y) = zy,, — y leads to the Riccati equation:

wl, = f(y) + g(y)w + h(y)w>.

— Yy Y Y 2
v, = o arty =) 1(2) +o( Lot + (L) w0’
The transformation z = y/x, w = zy., /y leads to the Riccati equation:
2wl = f(2) + [29(2) — Jw + 22h(2)w?.
Yy, + e f(y)(yL)° + ayl, = 0.
3,3

The substitution £ = e~ leads to an equation of the form 2.9.4.2 with g(z) = a®2°:
"o 3 _ 0
Yee af(y) (yg) =Y

_ _ 4
yr =73 2p(yx=3/2)(y,)".

This is a special case of equation 2.9.4.8 with n = =3/2, m =1, f(2) = zp(2).
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26.

27.

28.

Yite + F@) (W) +9(y)(¥,)" + h(y) = 0.
The substitution w(y) = () leads to the Riccati equation:

wy, + 2f (y)w? + 2g(y)w + 2h(y) = 0.

@y, + T (y) (y5) " + my), = 0.

This is a special case of equation 2.9.4.46 with n =4, ¢ = z7™.

(y + az)yl, = f(z)(zy), —y)*.
The substitution y = —ax + xz leads to the equation

5_0.

w2zl + 2220 — 2 f(x)(2))
Setting w = z.,/z, we obtain the Bernoulli equation:

zwl, + 2w + [z — 2 f(2)]w? = 0.

2.9.4. Equations of the Form F(z,y,y.)y” + G(z,y,y.) =0

1.

Yoy = F(2)g(yL,)-

The substitution u(z) =y, leads to a first order equation with separation of variables:

uy = f(2)g(u).

Yoo = F(W)9(y)-
The substitution u(y) =y, leads to a first order equation with separation of variables:
uuy, = f(y)g(u).

In addition, there may exist solutions of the form y = Ax + C, where A are roots
of the equation g(A) = 0, C' is an arbitrary number, or y = B, where B are roots of
the equation f(B) = 0.

Y = flaz + by + c)g(y,,).

With b = 0, we have an equation of the form 2.9.4.1. With b # 0, the substitution
u(x) =y+ (ax+c)/bleads to an equation of the form 2.9.4.2: v, = f(bu)g(u;. - %)
Yoo = = "1 (2"yy).

The substitution w(x) = z™y., leads to a first order equation with separation of vari-
ables: zw!, = f(w) 4+ nw.

Yoo =¥ "1 (YY)
The substitution w(y) = y"y, leads to a first order equation with separation of vari-
ables: yww; = f(w) + nw?.

Y zy,,
x Yy

The substitution w(x) = zy,/y leads to a first order equation with separation of

variables: zw! = f(w) +w — w?.
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f(y)
VZTY
Setting u = y., and passing on to new variables

du
t= W? w_2\/53

we have y = (w£)2. Differentiating the latter with respect to x, we obtain a second
order linear equation wj; = g(¢t)w, where function g(t) is defined parametrically:

du
flu)

7. ylmlm =

g=qu, t=

n,m 2n+m
Yoo = J@ym) )(y,f,,.) nfm
Ty

The transformation z = z™y™, w = zy,, /y yields

1 2n+m
z(mw 4 n)w, = 2z~ mFL f(2)w ntm 4w — w?.

2n+m
Divide both sides of this equation by w n+m and introduce a new variable

_m_ __n
C:wn+m_w n+m |

As a result we obtain a first order linear equation:

(n+m)aC, = —¢ + 2~ 7 f(2).

9.y, +f@)y, +9@)(y,)" =0
The substitution u(x) = ¥, leads to the Bernoulli equation u/, + f(z)u + g(x)u® = 0.

10y, = F) )" +9)(y,)".
The substitution w(y) =y, leads to the Bernoulli equation w], = f(y)w + g(y)w*~'.

11, zyg, + a2 (y) (y,)" + my;, = 0.

This is a special case of equation 2.9.4.46 with p = =™
n—kn—km _ . k1
12,y = ——————a 'y, + Ty My )

km
Passing on to new variables z = 2"y™, w = xy, /y, we arrive at

! n(l — k)

z(mw + n)w), = W w? + f(2)wht.

k—1

Multiplying the latter by w™"~", we obtain, with the aid of the substitution

. m -k Nk
CET Y g

a first order linear equation:
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13.

14.

15.

16.

" m + km + kn
y:l::l: = kn
Passing on to new variables z = 2"y™, w = xy, /y, we arrive at

Yy (yl)? + Fy R (™) (yl) T

z(mw + n)w, = w + Wﬂ? + f(2)wk*2.
Multiplying the latter by w™*~2, we obtain, with the aid of the substitution
(= Tw_k + kLHw_k_l,
a first order linear equation:
=20 )

— 2 — — zy,
Yoo =Y (y,) —a Yy, + @ 2yf(ﬂv"'ym)g< y‘”’“’ >
The transformation z = z™y™, w = zy., /y leads to a first order separable equation:

2(mw +n)w} = f(z)g(w).

o F(yL)
y prg

re \/amy—i-b'

Setting u = y.,, we rewrite the equation as follows:

-2 _
Vau,/fw)] " = ay+bo".
Differentiating both sides with respect to x and passing on to new variables

1 du
=y )y TV

we obtain an equation of the form 2.9.1.12:

2 = au(t)z — bz 3.

P ()

yma: /ay + ba)z :

Setting u = y.,, we rewrite the equation as follows:

[ul/ f(u)] 2 ay + bz’

Differentiating both sides with respect to z and introducing a new independent vari-
du

able t = / W7 we obtain a second order linear equation for z = z(t), integrable
u

by quadrature:
224, = 2bx + au(t),

du
flu)

where function u = u(t) is defined imlicitly: ¢ = /
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17.

18.

19.

20.

21.

22,

g = IWa)
x® vazx + by?

Taking y as the independent variable, we obtain an equation of the form 2.9.4.16 for
z = z(y): s
_ 2\~ 3
all, = —(az + by?) 2 (1) ()’

y! = (ax®+bry +cy® +az + By +v) " f ().

The transformation z = At + Bu+ C, y = Dt + Pu+ Q, where u = u(t), reduces this
equation, by selecting appropriate constants A, B, C, D, P, and @, to an equation
of the form 2.9.4.15, 2.9.4.16, or 2.9.4.17.

" o_ f(yz)
v Vaxy + bx3/2 + cx
Setting u = y.,, we rewrite the equation as follows:

[Vau,/fw)] " =ay+bV/z+ec.

Differentiating both sides with respect to x and changing to new variables

1 du
t= 5 _f(u) s Z—\/Ev

we obtain a second order linear equation:

2z, = 2au(t)z + b.

1 d
where function u = wu(¢) is defined in the inplicit form: ¢ = — / v

2J f(u)
Y = f(yz)

* Vazy + by 2 f ey
Taking y as the independent variable, we obtain an equation of the form 2.9.4.19 for
x = x(y)
1, = —(aay + 0y + ey) () ()
Yy y/\ Lyl -

f(ys)
Vaxy + bx? + cx3/? + dx
The substitution aw = ay + bz leads to an equation of the form 2.9.4.19:
w! = f(w;: — b/a) )
Vazw + cx3/2 + dx

1720
ym:c -

f(vz)
Vazy + by? + cy3/2 + dy
Taking y as the independent variable, we obtain an equation of the form 2.9.4.21 for
2= a(y):

" o __
y:vac -

-1/2 3
ay, = —(awy + by + ey + dy) T f(1/2),)(2),)"
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23.

24.

25.

26.

27.

28.

29.

30.

31.

yl, = [xf () +yg(ul) + h(yl)]

The Legendre transformation z = wj, y = tw, —w (y, = ¢, yo, = 1/w},) leads to a
second order linear equation:

wy = [f(t) + tg(O)w; — g(t)w + h(t).

Yy, = a+ f(x)y/(y3)* — 2ay.
Setting u = y.,, we rewrite the equation as follows:
(), — a)2[f ()] "2 = u® — 2ay.

Differentiating both sides with respect to z and dividing by (ul, — a), we obtain a
linear equation:

fuiy = [, + Pu—af;.

Yoo = @)V (zy; — v).
The Legendre transformation x = wy, y = tw; — w leads to an equation of the form

1
. [

y! = f(y)(zy, —y) "2 (y)>

The transformation x = tw; — w, y = —w,, where w = w(t), leads to an equation of

the form 2.94.7: w), = ——— .
T f(wh)Viw

7

Yoo = 2 (zy, — ) f(¥3)-

The Legendre transformation x = w}, y = tw; — w (y, = ¢, yil, = 1/wi;) leads to an
2

"o_ (wy)

equation of the form 2.9.3.13: wy, = B
w

Yy, =z 3 f(ayl, —y)(yl,)
The Legendre transformation = wj}, y = tw, — w leads to an equation of the form
2.9.3.18: w}, = t[f(w)] " (w})>.

1 y
Yoy = T f(y; - ;)

The substitution w = y/, — A leads to an equation with separation of variables:
x
rwl, = —w+ f(w).

Yoo = F(@)g(2y, — ).
The substitution w = zy), — y leads to an equation with separation of variables:

wy, =z f(x)g(w).

4

yu =z " Sy f(xyl, — y).

The transformation z = 1/t, y = w/t leads to an autonomous equation of the form
2.9.4.2: wi, = w" f(—wy).
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32.

33.

34.

35.

36.

37.

38.

39.

fzy™) 2o
Yoo = — (@Y, —y) » .
ry

2
This is a special case of equation 2.9.4.36 with k = m
7"

yu. =z f(y)g(zy, — v)y..

The substitution w(y) = zy,, — y leads to an equation with separation of variables:
w, = f(y)g(w).

Yoo = T2 f(y/2)9(2Y;, — V).
The transformation z = 1/t, y = w/t leads to an equation of the form 2.9.4.2:
wiy = f(w)g(—wp).

y! = a2 f(y/z)(zy), — y)(y.)".

The transformation z = y/x, w = zy., /y leads to the Bernoulli equation
2wl = —w + 2" f(2)w”.

There are particular solutions y = x and y = Az, where A are roots of the equation
f(A) = 0; with k& > 0 we also have y = C, where C is an arbitrary number.

f(mnym) 2n+m—nk k
Y=l el - )"

The transformation z = 2"y™, w = xy.,/y leads to the equation

k—1 2n+m—nk
z(mw + n)w, = zntm f()w nrm (w—1)* +w — w?

_ 2n4m
Multiplying both sides by w  n+m and passing on to a new variable

_m __n
C:wn+m —w ntm

we arrive at the Bernoulli equation

k—1

(n+m)z(, = —C+znFm f(2)¢".

Yo = n(n — Dz~ 2y + f(z)(zy;, — ny)™
The substitution w = 2™y, — na" 1y leads to a first order equation with separation

of variables: w!, = z"T"="™ f(z)w™.

n—1

yu . =n(n — Dz 2y + f(z)g(x™y), —nx y).

The substitution w = 2"y, — na" 1y leads to a first order equation with separation
of variables: w), = 2" f(x)g(w).

Yl = f(@) (=Y, — y) + 9(x)(zy, — )"
The substitution w(xz) = xy!, — y leads to the Bernoulli equation

w!, = xf (z)w + zg(z)w”.

© 1995 by CRC Press, Inc.



40.

41.

42.

43.

44.

45.

_ k
Yoo == [F) (=Yg, — ) +9(y) (zy;, — v) "]y,
The substitution w(y) = xy; —y leads to the Bernoulli equation w; = fy)w+g(y)wt.
- Yy Y k
Yoo = = (Y, — ¥) {f(—)y; + g(—)(y;) }
T T
The transformation z = y/z, w = zy.,/y leads to the Bernoulli equation: zw! =
[2f(2) = Lw + 2Fg(2)w".

- 2,.(Y — E (Y
vl = o @y, — ) F () +2 @y, —»)'a( ).
The transformation © = —1/t, y = —w/t leads to an equation of the form 2.9.4.10:
wiy = f(w)(w)? + g(w) (w)".

F(zmy™) 2ntm_nk k. g(x™y™)
Yo = T(y;) ntmo(xzyl —y)" + Ty;(wy; - ).

The transformation z = z"y™, w = zy, /y followed by the substitution

__m__ __n
C:wner —w nt+m

leads to the Bernoulli equation

k—1
(n+m)z¢. = [g(z) — 1]¢ + zn¥m f(z)¢".
2ntm+s e
Yo, ="y (y,) T2 F(Q), (= (zy, —y)(y,) mTmE2.

The Legendre transformation = wj}, y = tw, — w leads to an equation of the form
2.9.4.36:

1 % 2a+1—ab b
wiy = o [W] (wi) o (tw; —w)’,
where a = —H"iz;iz, b=—m.
Fz™y™) Zntm - g(z"y™)
Yo = T(y;) e A C )

h(x™y™ L ,
+ h(="y™) (yo) mtm (zy!, — y)°.
zy

The transformation z = z"y™, w = zy,, /y followed by the substitution

m . n
C(z) —wntm —q ntm

leads to the Riccati equation

(n+m)aC = 270m W)+ la(z) — 10 + 2 7 £(2).
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n LPZ?
46. Yo+ o> " f(y)(yl)" — 7ym =0, =)

The substitution £ = [ ¢(x) dz leads to an equation of the form 2.9.4.2:

Yee + [ () (ye)" = 0.

a7, gyl + 39yl = FWh(Yeva), g=g(=).
The substitution w(y) = y,+/g leads to an equation with separation of variables:
wwy, = f(y)h(w).

48.  fy! + Lfyl = fa() (W) + Frr) (YL, f = f(z).

dx
The substitution £ = / \/7

vée = 9(W) (W) + hly) ()™

leads to an autonomous equation of the form 2.9.4.10:

49. yy, + e f(y)(y)" + ay], = 0.
This is a special case of equation 2.9.4.46 with ¢ = e~

ax

50. y” = —z 'y, +x2f(x™e™)g(zy.).
The transformation z = z"e®, w = xy! leads to an equation with separation of
variables: z(aw + n)w!, = f(z)g(w).

al

BL = — ( )7+ 22 f(ame ) (y))"

Passing on to new variables z = 2"e®, w = xy/,, we have

,_al—k
z(aw + n)w,, = S 24w+ f2)w”

Multiplying both sides by w™* and introducing a new variable

& 2k n 1k
VTR TR
we obtain a first order linear equation:
1—k
2l = v+ f(2).
n
a 2—k
— 1—k k
52. Y, = —— T Ve TV F YT
Passing on to new variables z = e**y™, w = y. /y, we have
P2 427k
z(mw + a)w, = —w mlfkw+f()

Multiplying both sides by w™* and introducing a new variable

m _ a _
v= ——w? k—|——w1 k,

2—k 1—k
we obtain a first order linear equation:

mzv, = (k —2)v+mf(z).
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53.

54.

55.

56.

Y’ =y () +yf(e®y™)g(y./y).

The transformation z = e®y™, w = vy, /y leads to an equation with separation of
variables: z(mw + a)w, = f(2)g(w).

a
yr =z 2f(z"e™) exp(—;wyé).
The transformation z = z"e®, w = zy., leads to the equation

z(aw + n)w, = w + f(2) exp<f%w>

a
which can be reduced, with the aid of the substitution { = wexp(—w), to a first
n

order linear equation: nz¢, = ¢ + f(z).
7 a , 1 y;: ax, my,,/
Yoo = — Yo IN o + f(e**y™)y,,.
The transformation z = e*®y™, w = y, /y leads to an equation

z(mw + a)w!, = —%w Inw —w? + f(2)w.

Dividing both sides by w and passing on to a new variable v = mw 4+ a In w, we obtain

a first order linear equation: mzv, = —v + mf(z).
@ 2 na 2
Yoo = = (¥2)" In(zyy) + f(a"e™)(y;)"

The transformation z = z"e®, w = zy/, leads to the equation
a

z(aw + n)w!, = w — —w? Inw 4+ w? f(2).
n

Dividing both sides by w? and passing on to a new variable v = alnw — nw™!, we

obtain a first order linear equation: nzv, = —v 4+ nf(2).

2.9.5. Equations of the Form F(x, y, y., y2/.) =0

1.

rxr

y = f(yl,)

The substitution w(y) = %(y'z)2 leads to an equation of the form 1.9.1.2: y = f(w]).

Y
yl/
Y, = yf<ﬂ)
y

The transformation t = y2, w = (y;[‘,)2 leads to an equation of the form 1.9.1.7: w =

tf?(wy).

y = zf(zyg,)-

The transformation « = 1/t, y = w/t leads to an equation of the form 2.9.5.1: w =

fwg).
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4. y=am2—{—bw—i—c—f—f(y;’w).

The substitution w = y — ax? — bx — ¢ leads to an equation of the form 2.9.5.1:
w= f(w!, +2a).

5. =y, —y = f(z"y,,)
This is a special case of equation 2.9.5.10 with ¢ = z".

6. =y, =y+a(y,)’+by,+c+ fyL,).

The Legendre transformation x = wy, y = tw; — w (y, = ¢, yil, = 1/w};) leads to an
equation of the form 2.9.5.4: w = at? + bt + ¢ + f(1/w}}).

7. fyge) tryg, =y
Solution: 2y = C12? + 2z f(Cy) + Cs.

8. F(yl,+vy) = uL)*+ u,)"
Differentiating with respect to x, we obtain
[ W + ) = 2050) (Uil + ¥2) = O
From the equation ¥y, + y, = 0, we find
y = Asin(z + Cy) + Cs, where A% = f(Cs).

Equating the expression in the square brackets to zero, we arrive at another solution
in the parametric form:

>] du ,
/ s y=u— 5 fli(u).
% L)

9.  f(z)(yr, —a)? = (y,)* — 2ay.

Differentiating with respect to x, we obtain

(y;c/x - a)(nyg,c/a/cx + f/yalclar - 2y; - afglc) =0. (1)

d
Equating the second factor to zero and making the transformation £ = / %, w=y,

we arrive at a second order linear equation of the form 2.1.9.1:

1

" _ 1 e
Wee — W = Fafy,

whose right-hand side is to be expressed in terms of £. Substituting the solution of
the latter equation into the original one, we obtain a relation connecting integration
constants.
Equating the first factor in (1) to zero, we find the second solution y = +a(z+C)2.
10. zy, —y = f(eyz.),  » = ().
The transformation £ = / z dx, w=zy., —y leads to an equation of the form 1.9.1.2:
®

© 1995 by CRC Press, Inc.



(y.)? v, — (y.)°
11. F<y+ " , T+ v =0.

Solutions can be found from the equality
(y — C1)? =20y (x — A) + C3, where F(Cy, A) =0.
The question of whether there are other solutions calls for further investigation.
12. F(y.., xy., —y., az2y;’w — 2xy! 4+ 2y) = 0.
It is known that all the functions of the form
Y= %AIZ —Cix + %C’g,

where A = A(C1,C2) is determined from the equation F(A,Cq,Cs) = 0, are the
solutions of the original equation.

13. ” Ypr Y+ m )

4
T T yww

F(m_(y;>2+1, (v)* +1 ((y;)2+1)3/2>:0.

It is known that all the functions of the form
(x—C1)*+ (y — Co)? = A%

where A = A(C1,C2) is determined from the equation F(Cy,Cs, A) = 0, are the
solutions of the original equation.

14. zy, —y= f(e"my;'m).

This is a special case of equation 2.9.5.10 with ¢ = e**.

2.9.6. General Equations Admitting the Order Reduction

L yg, = F(z, yp)

The substitution w(z) = y/, leads to a first order equation: w), = F(z,w).

2. yl.=F(y, y.,).

The substitution w(y) = y;, leads to a first order equation: wwj, = F(y, w).

3. y! = F(ax+ by, y.).
The substitution bw = ax + by leads to the equation of the form 2.9.6.2:

wh = F(bw7 wh, — %)

4. y! = ?F(z7ky, =l 7ky).

Homogeneous equation in the extended sense.
The transformation ¢t = Inz, w = 2~y leads to an equation of the form 2.9.6.2:

wi + (2k — Dw; + k(k — Dw = F(w, w; + kw).
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10.

11.

12.

13.

14.

T
vl = —F(a"y™, —v,).
Yy
Homogeneous equation in the extended sense.
The transformation z = z"y™, w = zy.,/y leads to a first order equation:

z(mw 4+ n)w, = F(z,w) +w — w?.

Yo, = F(z, zy, —y).

The substitution w(x) = xy,, — y leads to a first order equation: w), = zF(z,w).

yro= F(m, Y, — i)
T

The substitution w(z) =y, — = leads to a first order equation: zw!, = —w+zF(z,w).

4

Yoo = ¢ 2F(y, xy, — y).
The substitution w(y) = xy; —y leads to a first order equation: (y +w)w;, = F(y,w).

yu, + [f(x) + 9]y, + fi(x)y = 0.

Integrating yields a first order equation: y., + f(z)y + /g(y) dy=C.

FLyLyl, + fauyl, + Fs(Ul)* + fayyl, + Fs¥2 =0,  fi = fu(a).
The substitution w(x) =y, /y leads to the Abel equation

(fiw+ fo)wl, + frw® + (fo + f3)w® + frw + f5 = 0.

FW)vz. + 9y, + h(z) = 0.
Integrating, we obtain

/f(u) du+/g(y) dy+/h(ax) do—C,  where u—1y..

2y, + Ffoy, = @y, fy,), = f(2).
The substitution w(y) = fy; leads to a first order equation: wwj = ®(y, w).

z(x — a)?yl, = f(y/z).

The transformation £ = ln( ra , W= Y leads to an equation of the form 2.9.6.2:
x

EE — w = a2 f(w). For some specific functions f, the solutions of this equation are
given in Subsectlon 2.2.1.

s (cx4+d)" ! f( (ax + b)™y )
= (az+ b2 ez + )1 )’

The transformation

B ar—+b _ (ax+0)"y
g_ln(cnc—l—d) ~ (cx +d)ntl

leads to an equation of the form 2.9.6.2:

we — (2n+ Dwg +n(n+ Dw = A% f(w), where A = ad — be.
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15.

16.

17.

18.

19.

20.

21.

Yo, = 2ayyl, + F(z, y, — ay?).

This equation can be derived by eliminating subsidiary function z from the simulta-
neous first-order equations

z; ZF(CL',Z), (1)

/

Yo —ay’ = z. (2)

If one succeed in finding the general solution z = z(x, C1) of equation (1), the original
equation is reducible to the Riccati equation (2) with a known right-hand side.

The substitution w = e*®y leads to an equation of the form 2.9.6.2:

2

/ 2, — !
wy,y — 20wy + a*w = F(w, w), — aw).

yu. = yF(e*™y™, y./y).

Exponential homogeneous equation.
The transformation z = e*y™, w =y, /y leads to a first order equation:

z(mw + a)w), = F(z,w) — w?.

"o .2 n,a ’
yo . =x *F(z"e, xy.).

Exponential homogeneous equation.
The transformation z = z™e¥, w = xy’, leads to a first order equation:

z(aw + n)w!, = F(z,w) + w.

" L2a a —a ’
Yy = e*YF(xe®, e Wy!).
The transformation z = xze®, w = e~ Wy leads to a first order equation:

(azw + Dw!, = F(z,w) — aw?.

yo = aeVy! + F(xz, y,, — aeY).

This equation can be derived by eliminating subsidiary function z from the simulta-
neous first-order equations

2l = F(x,z2), (1)

Y —ae¥ = 2. (2)

If one succeed in finding the general solution z = z(z, Cy) of equation (1), the original
equation is equation (2) of the form 1.7.2.5 which is readily integrable.

y! =x 2F(ay+blnz, zy’).

The transformation z = ay + bIlnz, w = zy/, leads to a first order equation:

(aw + b)w!, = F(z,w) + w.
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22,

23.

Yoo = yF(ax +blny, y. /y).

The transformation z = ax + blny, w =y’ /y leads to a first order equation:

(bw + a)w), = F(z,w) — w>.

Yoo = F(z,y).

Let F # o(z)y + ¥(x), i.e., the equation is a nonlinear one. Then, its order can be
lowered by one if the right-hand side of the equation has the following form:

Flag) = 122p{ a0 + [ [ v Pl al
where

E:exp(k/f—ldx>, V:/f_3/29E_1dx, u=f2E Yy —V;

O =d(u), f=f(x), g=g(x)are arbitrary functions, k is an arbitrary constant.
The integral in (1) may always be expressed in terms of E and V. The following
cases are possible:

Case 1. For fI! 0,

rrx

F(z,y) = f*PE®(w) + —— 2 £ = (1) ]y + 577 [2F 90 — ig+ 2kg] +K*F /2 BV

4f2 2f2
Case 2. For f = ax?+bx +c, f. # -2k, fl. # %k,

Flay) = [~ B8u) + 51 (20, — Tog + 2kg] + (¥ + 1 A) 2B,

2f2
where A = 4ac — b2.
Case 3. For f =3 — 2kx,

Flo.y) = 1200+ W) + £, + 2kg), W= [ flgde
Case 4. For f = %kx + 0,

Flz,y)=®(f?y-U)+ f‘z(fg; + %k) + %szU, U= /f_dix.

In all these cases, the transformation
t:/f_ldx, u:f_l/QE_ly—V

leads to an autonomous equation:

ulfy + 2kul + k*u = ®(u),
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which is reducible, with the aid of the substitution z(u) = u}, to the Abel equation:
2zl + 2kz 4+ K*u = ®(u)

(see Subsection 1.3.1).

With k = 0, the solution of the original equation for the first and second cases is

as follows:
for case 1,
d d
/—u -+ [ + Oy, where U(w) = /@(w) dw.
\/ Q\P(u) + 1 f
for case 2,

/ du :i/#JrCQ, where \I/(w):/q)(w)dw.
\/Z\I'(U)—%AUQ—FC& ax+0bxr+c

Remark. The original equation can be reduced, with the aid of point transfor-
mations, to an autonomous form only for function F' of the form (1).

2.9.7. Some Transformations

1
1.yl + :1:_3F(—, i) =0.
x T

The transformation { = 1/2, w = y/z leads to the equation wg, + F/(§,w) = 0.

2. y/ =n(n+ )z 2y + 3" F(2>" !, z"y) = 0.

2n+1
)

The transformation & = x w = z™y leads to the equation (2n + 1)21112’6 =F (¢, w).

cx +d ]
, ):0.
ar+b axr+b
cx+d

The transformation & = , W= Yy
ax+b ar +b

3. y!l 4+ (ax+ b)_3F<

leads to the equation
wge + APF(E w) =0, where A = ad — be.

4. 2%*y” +axy, +by+ F(z, y) =0.

The transformation z = &, y = £#w, where parameters v and p are found from the
simultaneous algebraic equations

2u+ 1+ (a— 1)y =0, p? + (@ — V)pv + b =0,
leads to an equation of the form

wie + VTR (EY, §lw) = 0.
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10.

11.

y! =n(n+ 1)z 2y + 23" F(az®* T + b, z™y).

The transformation ¢ = az?"t! 4+ b, w = z"y leads to the equation
a*(2n + 1)*wf, = F(&, w).

y:/v,ac — )\Zy + eSAmF(ae2)\m + b, e)\my).

The transformation & = ae?** + b, w = e**y leads to the equation

wg& = (2a\) T2 F (€, w).

eSAm ae2Am + b e)\a;y
Yoo = Ny + < )

(ce?*® + d)3 ce2>x 4 d’ ce2 z 4+ (d
The transformation
§ a62)\m 4 b eAzy
= s w =
ce2 r 4 d ce2 r 4 d

leads to the equation
wgg = (QA)\)_2F(€7U))7 Where A = ad — bC.
17 _ 2 . —3 y
ymw - >‘ Yy + SlIlh (Aw)F(coth()\x), 7>
sinh(A\x)

The transformation £ = coth(Az), w leads to the equation

=Y
sinh(Azx)

w§§—>\ PF(&w).

You = Ny + COSh_a(/\:E)F<tanh()\w), L)
cosh(Ax)
The transformation &£ = tanh(Az), w = — Y leads to the equation
cosh(Ax)

wgg*)‘ PF(w).

wzy;,w"F %?J—F\/EF(alnw—{—b, %) =0.

The transformation £ = alnx + b, w = v leads to the equation
T

wee + a?F (¢ w) =

ar — a
2 — 12y :F(ln : L )
z+1 |z2 — 1]
The transformation & = In w, w = __¥ leads to the equation
r+1 |22 — 1

dwfe = F(§w) +w
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12, y” + Ny + sin_3(/\:c)F<cot()\w), L) =0
sin(Ax)

The transformation £ = cot(A\z), w = leads to the equation

Y
sin(Ax)

wgg + /\72F(§, w) = 0.

— Y
13. y” + A? 3(x F<t A —) =0
Yo + A%y + cos™7(Ax) an(Ax), cos(AT)
The transformation & = tan(\x), w = Yy leads to the equation
cos(Ax)

we + ATF (&, w) = 0.

in(A\
14. y2 + Ay + sin_g()\w + b)F( sin(Az + a) y ) =0.

sin(Az + b) ~ sin(Az + b)
sin(Az + a) B y

The transformation f = m, w = m

leads to the equation
wie + [Asin(b— a)] 2 F(¢,w) = 0.

15. (2 +1)* %y + F(arctan:c +b, L) — 0.
r2+1

The transformation £ = arctanx + b, w = leads to the equation

Y
V41
wie +w + F(&w) = 0.

16. (z* + 1)3/2y;’w + F(arccot xz+ b, L) =0.
2 +1

Y
Va?+1

wee +w + F(§w) = 0.

The transformation & = arccot x + b, w = leads to the equation

17. y2. + F(z,y) =0.

The transformation z = ¢(§), y = w agpé leads to the equation

1%0/525 3 Sﬁgg ? _ 3/2
w2/5+[5 oL -7 o w+a 2(@90’5) / F(cp, w acp’g):o.

The sign of parameter a must coincide with that of derivative <p'£.
18,y + f(z,y)(¥,)° + 9(z,9)(y,)" = 0.

Taking y as the independent variable, we obtain the following equation for x = z(y):
zy, — 9z, y)7y, — f(z,y) = 0.
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19. F(z, y, y., yo,) =0.

The Legendre transformation x = wj, y = tw; — w, where w = w(t), in view of the

relations y/, = ¢ and y, = 1/w}}, leads to the equation

1
F(wi, tw; — w, t, W) =0.

tt

Given the solution of the original equation, the solution of the transformed equation
is written in the parametric form:

t=y,, w=uxy,—y,  where y=y(z).
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