Chapter 3
Third Order

Differential Equations

3.1. Linear Equations

3.1.1. Preliminary Comments

1. A linear homogeneous equation of the third order has the form

f3(2)yite + F2(@)y + (@)Y, + fol2)y = 0. (1)

Let yo = yo(z) be a nontrivial particular solution of this equation. The substitution

y= yo(x)/z(m) dx
yields a linear equation of the second order:

f3y02" + (3f3y6 + fayo)z' + (Bfsyl + 2f2y + fiyo)z =0, (2)

where prime denotes differentiation with respect to x.

2. Let y1 = y1(x) and yo = y2(z) be two nontrivial linearly-independent particular
solutions of equation (1). Then, the general solution of this equation can be written in the
form

y=Ciy1 + Coya + C3 <y2 /yﬂb dr —y /y2¢ dﬂ?)a (3)
where
-2
= eXp /— dx ) (195 — ¥1y2)
For specific equations described below in 3.1.2-3.1.8, often only particular solutions will
be given, while the generalized solution can be obtained with formula (3).

3. A linear nonhomogeneous equation of the third order has the form:

f3(@)Ysaw + F2(2)0s + fr(2)ys + fo(x)y = g(x). (4)

Let y; = y1(x) and yo = y2(x) be two linearly-independent particular solutions of the
corresponding homogeneous equation (1). Then, the general solution of equation (4) is
defined by formula (3) with

RER

¥ =A"2e _F 1+—/ = Ael’ d:L‘ where F =
I3 f3

A= (yiyz - Z/l?/é)-

© 1995 by CRC Press, Inc.



4. The substitution
yzzexp(—l ﬁdx)
3 fs

reduces equation (1) to the form wherein the second derivative is absent:

1 1 1 2
2"+ (fgo’Z — ggog + cpl)z' + (—gcp'g/ g YLe2 + 2—7<P§ + @0)2 =0,

where ¢ = fi/fs (k=0, 1, 2).

3.1.2. Equations Containing Power Functions
1.y +Ay=0.

Solution:

Ci+ Cox + 035(}2 if A=0,

v= ko3 ) it £0,

+ C3sin kl‘\/§

Cre ke 4 eke/2 (02 cos

where k is the real root of the equation \ = k3.

2. " 4+ Ay = ax? 4+ bx + c.

ymwm

1
Solution: y=w+ oY (azx® +bx+c), where w is the general solution of the equation
3.1.2.1: w? _ + dw = 0.

xxrx

3. " = axy + b.

ymmm

This is a special case of equation 5.1.2.4.

4. y + (ax+b)y=0.
For a = 0, this is an equation of the form 3.1.2.1.
For a # 0, the substitution a§ = ax + b leads to an equation of the form 3.1.2.3:
Yeee T aly = 0.
5. y o+ ax3y = bzx.
The substitution & = z? leads to an equation of the form 3.1.2.90: 2§yé’é€ + 3yg5 +
%aéy = %b.
6. y + (3a’z — a3z®)y=0.

By integrating, we obtain a nonhomogeneous second-order linear equation:

ax2

Yie + azy, + (a®s® —a)y = CeXP(—2 )
(see 2.1.2.28 for the solution of the corresponding homogeneous equation).
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10.

11.

12.

13.

"
yw:cw

1°. Forn=-9, =7, —6, —9/2, —3, —3/2,1, and 3, see equations 3.1.2.183,3.1.2.180,
3.1.2.175, 3.1.2.185, 3.1.2.150, 3.1.2.184, 3.1.2.3, and 3.1.2.5, respectively.

= ax™y.

2°. The transformation x = ¢!, y = wt~2 leads to an equation of the similar form:

mo__ —n—6
Wy = —at w.

3°. For n # —3, the transformation ¢ = z("*3)/3 4 = 2/3y leads to an equation of
the form 3.1.2.151:

3
Suge + (1= v?)Eug + (V¥ = 1 — a’)u =0, where v = 3
y .+ [a®z®" — 3a?naz®~! + an(n — 1)z" 3]y = 0.
axn+l
Particular solution: yo = exp(— )
n+1
aanrl
The substitution y = exp(f ) ) /z(m) dx leads to a second order equation
n

of the form 2.1.2.44: 2 — 3az™z, + (3a?2*" — 3anz™ 1)z = 0.
y 4+ aby’, + a®’x(3 — b — ax?)y = 0.

By integrating, we obtain a nonhomogeneous second-order linear equation:

aa:2

Yl +avyl, + (a®z? +ab—a)y = Cexp(T>

(see 2.1.2.28 for the solution of the corresponding homogeneous equation).

"7

yo . +axy, +any =0, n=1, 2,3, ...
(n—1)

Solution: y =w,; ~’/, where w is the solution of the second order equation w!  +
azxw = C.
y .+ axy, —2ay = 0.

The substitution w = zy), — 2y leads to a second order equation of the form 2.1.2.2:
wl, + azw = 0.

y” 4+ azy! + blaxz + b*)y = 0.

Particular solution: yo = e~ %%.
1

The substitution w = y, + by leads to an equation of the form 2.1.2.12: w! —
bw!, + (ax + b?)w = 0.

yo . +axy, + (abx +a + b3)y = 0.
By integrating, we obtain a nonhomogeneous second-order linear equation:
Yie = by, + (az + %)y = Ce™™

(see 2.1.2.103 for the solution of the corresponding homogeneous equation).
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14.

15.

16.

17.

18.

19.

20.

21.

yut .+ (ax + b)y!, 4+ ay = 0.

By integrating, we obtain a nonhomogeneous second-order linear equation:
yr + (ax +b)yy =C
(see 2.1.2.7 for the solution of the corresponding homogeneous equation).

y:/n,;m + (aa: + b)y/m —ay =0.

Particular solution: yg = ax + b.
The transformation

Yo ay

E=ar+b, z= b (a1

leads to a second order equation of the form 2.1.2.62: £zf, + 3z + a=2¢22=0.

yut .+ (ax + b)y!, + 3ay = 0.

The substitution a¢ = ax + b leads to an equation of the form 3.1.2.35 with m = 0:
Yeee T alye +3ay = 0.

Yooo + (20 + b)y;, + ay = 0.
The substitution e = ax + %b leads to an equation of the form 3.1.2.37 with n = 1:

Yiie +2a8y; +ay = 0.

m .+ (ax — b))y, + abry = 0.

ymwm

The substitution w = y/, + by leads to an equation of the form 2.1.2.103: w/, — bw/, +
azw = 0.

y .+ (ax — b*)y), + a(bz + 1)y = 0.

By integrating, we obtain a nonhomogeneous second-order linear equation:

X

Yoy — byl +azy = Ce™?

(see 2.1.2.103 for the solution of the corresponding homogeneous equation).

The substitution w = y., + cy leads to a second order linear equation of the form
2.1.2.12: w!’, — cw!, + (az + b+ *)w = 0.

y” + (ax + b)Yy, + cx(c*z? + ax + b — 3c)y = 0.
2

Particular solution: yo = exp(—%).
2
The substitution y = exp(—%) /z(;v) dz leads to an equation of the form

2.1.2.28: 2 — 3cxzl + (3c*x? + ax + b —3c)z = 0.
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22. S aa:z'yr’B +axy = 0.

ya::cw
This is a special case of equation 3.1.2.36 with n = 1.
23. y”  +ax?y! — 2axzy = 0.

The substitution w = zy!, — 2y leads to a second order linear equation of the form
2.1.2.7: W, + ax®w = 0.

" 2,..2,,/ 2 p—
24. y,..—a‘z°y, +a‘xy =0.
By integrating, we obtain a nonhomogeneous second-order linear equation:

az2

You T aTYy —ay = CeXp(T)
(see 2.1.2.103 for the solution of the corresponding homogeneous equation).

25. y! + ax?y’ + b(az® + b%)y = 0.

ymwm

"

The substitution w = y,, + by leads to an equation of the form 2.1.2.28: w!/ — bw! +
(az? + b*)w = 0.

26. "o 4+ (a— 1)b23c2y; + b2z (abx?® + 2a + 1)y = 0.

ymzm

By integrating, we obtain a nonhomogeneous second-order linear equation:

" / 2,2 be
Yo — bayl, + (ab%a® + b)y = Cexp(———)
(see 2.1.2.28 for the solution of the corresponding homogeneous equation).

27. "+ (ax? + b)y., + 2axy = 0.

ywww

By integrating, we obtain a nonhomogeneous second-order linear equation:
Yo + (a2 +b)y = C

(see 2.1.2.4 for the solution of the corresponding homogeneous equation).

28. y” + (ax® — b))y, + ax(2 — bx)y = 0.

ywww

By integrating, we obtain a nonhomogeneous second-order linear equation:
" / 2. bx
Yoz + by +ax”y = Ce
(see 2.1.2.13 for the solution of the corresponding homogeneous equation).

29. y” o+ (ax? + b)y., + clax? + b+ c?)y =0.

The substitution w = y!, 4+ cy leads to a second order equation of the form 2.1.2.13:
w!, —cw!, + (ax? + b+ )w = 0.
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30. y., — (3b2x% + a + 3b)y,, + 2bx(b*z® — a)y = 0.

yw:cw

1°. Particular solutions with a > 0:

2 me

bx
?Jl:eXP(T +$\/a), ygzexp(T—x\/a>.
2°. Particular solutions with a < 0:

Yy = cos(aj —a) exp(%), Yo = sin(x —a) exp(bi;).

3°. Particular solutions with a = 0:

e (ba:Q) e (be)
Y1 = eXp 5 ) Y2 = T exp 5 )

31. y” + (ax® + bx + c)y., + kx[(a + k*)x? + bx + ¢ — 3k]y = 0.
. . kx?
Particular solution: yo = exp(— 5 )
k 2
The substitution y = exp(—%) /z(ac) dx leads to a second order linear equa-

tion of the form 2.1.2.28:

2 —3kxzl + [(a + 3k%)x® + bx 4+ ¢ — 3k]z = 0.
32. y” + (ax* + bx)y), — 2(az®+ b)y = 0.
This is a special case of equation 3.1.2.38 with n = 2.
33. y” +ax"y! — 2ax" "'y =0.

The substitution w = zy), — 2y leads to a second order equation of the form 2.1.2.7:
wl, + ax™w = 0.
34. y” +az"y, +anz" 'y =0.

By integrating, we obtain a nonhomogeneous second-order linear equation:
Yoo T az"y =C

(see 2.1.2.7 for the solution of the corresponding homogeneous equation).

35. y” +azx™Ty. 4+ a(m+ 3)z™y = 0.

ymwm

The substitution z = t~!, y = wt~2 leads to an equation of the form 3.1.2.34 with
n=—m—5:
wy, + at™™ P w) — a(m +5)t7™ %w = 0.

36. y” +ax®y’ + anz® "y =0.
Solution:
y = ChazJ?(u) + CoxJ, (u)Y, (u) + C32Y,? (u),
1
where v = u = va 2"t J, and Y, are Bessel functions.

2n+ 1)’ " 2n+1)
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37. o e 20Tyl + anz™ 1y = 0.

yw:cw

Solution:
Y= Clwf + Chwiws + ngg,

where w; and wy form a fundamental set of solutions of a second order equation of
the form 2.1.2.7: 2w/ + az™w = 0.

38. y” + (ax®* + bx" ')y, — 2(ax®*" ! + bz %)y = 0.

The substitution w = xy!, — 2y leads to a second order equation of the form 2.1.2.10:
w?, + (az® + bz 1w = 0.

39. yl + (aw2"+b:c"_1)y; —c[(a+c?)z®"+(b+3cn)z?>" 1 4+n(n—1)z" 2]y =0.
Cl‘nJrl
Particular solution: yo = exp( )
n+1
an+1

The substitution y = exp(
tion of the form 2.1.2.44:

> / z(x) dx leads to a second order linear equa-
n+1

2+ 3ca™zl + [(a+ 3¢H)x® + (b + 3en)z" "z = 0.

40. y + 3ay? + 3a?y. +a*y =0.

ymwm

Solution: y = e~ (Cy + Cyx + Cs2?).

41, Y, + a2y, + a1y, + aoy = 0.
Denote P(\) = A% + aa\? + a1\ + ap.
1°. Let the characteristic polynomial P(X) be factorizable:

PQA) = (A =2)A = A) (A = A3),

where A1, Az, and A3 are real numbers. The following cases may take place:

a) all the roots A\ are different:
y — Cle)\lx + 02€>\2(E + CSGAQ,I

b) )\1 = )\2 7é )\32
y = (C1 4 Coz)eM® 4 Cz3e®,

c) A\ = A2 = A3: see 3.1.2.40 for this case.
2°. Let P(\) = (A — A1)(A% + 201\ + by), where b2 < by. Then

y = Cr1eM® + e M%(Cy cos px + Casinpx), p= /by — b2,

42. y”' +ay! 4+ (bx + c)y., + (abx + ac+ b)y = 0.
By integrating, we obtain a nonhomogeneous second-order linear equation:
Yow + (bz + )y = Ce™ ™

(see 2.1.2.2 for the solution of the corresponding homogeneous equation).
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

y .+ 3ayl 4+ 2(bx + az)y:’c + b(2ax + 1)y = 0.

This is a special case of equation 3.1.2.71 with n =0, m = 1.

y 4+ ay? + (bx® + cx + d)y’, + a(bx?® + cx + d)y = 0.
The substitution w = y’, + ay leads to a second order equation of the form 2.1.2.6:

w4+ (ba? + cx + d)w = 0.

177

yo . +ayl 4+ bx"y! 4 abx"y = 0.

The substitution w = y., + ay leads to a second order equation of the form 2.1.2.7:
wl + bx"w = 0.

y” 4 3axy” + 3a*z?y! + (a®*z® + b)y = 0.

2
azx
The substitution y = w exp(—T) leads to a constant coefficient equation: w/”’ —

3aw!, + bw = 0.

y . +axy?’ + (abx +a — bz)y'm + aby = 0.

2
Particular solutions: y; = e %%, yo = /exp(?bx — %) dx.

y .+ 3axyl + (2a%z% + a + b)y., + abxy = 0.

Solution:
y = Chwi + Cowywy + Caw3,

where w; and ws are linearly-independent solutions of a second order equation of the
form 2.1.2.25: w, + azw, + +bw = 0.

y 4+ 3axy! + (2a*x? + 2bx + a)y’, + b(2ax® + 1)y = 0.

This is a special case of equation 3.1.2.71 with n =1, m = 1.

y” 4+ 3axy” + 3(a*x?® + a)y), + (a®z® + bz + c)y = 0.

2
The substitution y = exp(—%)w leads to an equation of the form 3.1.2.4: w?/ +

[(b—3a?)z + cJw = 0.

Yoo + 3axyl + [2(a® + b)x? 4 aly), + 2bx(ax® + 1)y = 0.

This is a special case of equation 3.1.2.71 with n =1, m = 2.

Yo o + (ax + b)yl + (abx + a + c)y., + bcy = 0.

By integrating, we obtain a nonhomogeneous second-order linear equation:
Yl +axyl, +cy = Ce

(see 2.1.2.25 for the solution of the corresponding homogeneous equation).
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53.

54.

55.

56.

57.

58.

59.

y .+ (abx + a + b)y” + abzy! — ab’y = 0.
Particular solutions: y; =z, yo = e "%,
Ypza T+ (ax + D)y, + [(ab + )z + aly, + c(bz + 1)y = 0.

By integrating, we obtain a nonhomogenous second-order linear equation:

bz

y;’x + axy; + cxy = Ce™

(see 2.1.2.25 for the solution of the corresponding homogeneous equation).

y .+ (ax + b+ )y’ + (acx + be + s)y., + s(ax + b)y = 0.

Particular solutions: 1, = eM?®, 1y, = e*?,  where A\; and )y are the roots of the

quadratic equation A% +cA + s = 0.

y .+ (ax + by, + (cx + 2a)y., + a[(c — ab)z? + bly = 0.

aac2

Particular solution: yo = exp(—T).
2
The subbstitution y = exp (— %) / z(x) dx leads to a second order linear equa-

tion of the form 2.1.2.28:

+ (b — 2ax)z., + [a*2* + (c — 2ab)x — a]z = 0.

y .+ (ax + b)y” + (cx + d)y’, + [acz?® + (ad + bc)z + ¢ + bd]y = 0.
By integrating, we obtain a nonhomogeneous second-order linear equation:
az?
o+ (ca+d)y = Cexp( = — ba)

(see 2.1.2.2 for the solution of the corresponding homogeneous equation).

y +(ax+b)y? +(ax?+Bx+7v)y), —klox?+ (ak+B)x+k*+bk+~]y =0.
The substitution w = y!, — ky leads to a second order equation of the form 2.1.2.28:

wl + (az + b+ k)w), + [ax® + (ak + B)x + k* + bk + v]w = 0.

"7 2,11

The following three series, converging for any x, make up a fundamental set of solu-
tions:

Hi ab(a—3)(b—3)...(a—3n+3)(b—3n+3)xgn

Y1 = )
— (3n)!
L (a—1)0b-1)(a—4)b—4)...(a=3n+2)b—3n+2) 5. .,
y2:x+z; Bn+1)! =,
2 N (a—2)(b—2)(a—5)(b—=5)...(a=3n+1)(b—3n+1) 5,
y3:7+; 2)( )( (Sn)—|—2)(! ) ) 3nt2
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

773 n,, /" n—2
Yo + ALY, — 20T

y=0.
The substitution w = zy!, — 2y leads to a second order equation of the form 2.1.2.42:

" T n—1,, _
w,, + ar"w, + ax™ " w = 0.

"
ymww

1°. Particular solutions with b > 0: y; = exp(—2Vb), y2 = exp(xV/b).
2°. Particular solutions with b < 0: y; = cos(zv/=b), y2 =sin(zv/=b).

+ azx™y! — by. — abx™y = 0.

"7
ymzm

+ az™y! — 2az™"'y! + 2az™ %y = 0.

Particular solutions: y; =z, ys = z°.

—1 —2 _
Yome T @y, +bx" 1y, — 2(a + b)z" %y = 0.

The substitution w = xy!, — 2y leads to a second order equation of the form 2.1.2.42:
w4+ az™w), + (a + b)z" 1w = 0.

m .+ ax™yl — (ax™t — bx?)y! + bx(axz™t! + 3)y = 0.

ywww

2Vb 2Vb
Particular solutions: y; = Cos( 22vb >, Yo = sin( 22 Vb >

2 2

v+ ax™yl + (abx™ + anx™ ' — b?)y! + abnz™ 'y = 0.

ywmw

a
Particular solutions: 3, = e %, yo =e " /exp(be — TJC"H) dx.
n

7 + am"y'm'm + bsr:my'm _ bwm_ly = 0.

ymzm
Particular solution: yo = x.
y .+ ax”yl + bx™yl + bx™ (az™ ! + m)y = 0.

The substitution w =y +bz™y leads to a first order linear equation: w!, +az"w =0.

yu .+ ax™yl — b(2ax™ + 3b)y!, + b%(azx™ + 2b)y = 0.
Particular solutions: 31 = €%, 1y, = zeb®.

yo . +ax™yl 4 (abx™ — b2 + o)yl + c(ax™ — b)y = 0.

Particular solutions: y; = eMe Yo = e*®  where A\; and Ay are the roots of the

quadratic equation A% + bX 4+ ¢ = 0.

y .+ axmyl + (bx™ — c?)y!, — c(acz™ + bx™)y = 0.

Particular solution: gy = e“*.

Yy +3az™y! +(2a’z*" 4 2bx™ +anz™ 1)y, +b(2ax™ ™ +ma™ 1)y = 0.

Solution:
Y= Clwf + Cowywsy + CBWS»

where w; and ws form a fundamental set of solutions of the second order linear
equation w, + az"w/, + 4bz™w = 0.

© 1995 by CRC Press, Inc.



72. yll, = (" — @)y}, + (az™ — b)y, + ba"y.
Particular solutions: y; = eM?,  y, = e*2*, where A\; and A, are the roots of the

quadratic equation A2 +aX +b=0.

73. y .+ (ax™ + b)y) . + (acx™ + be + m)y!, + (m + c?)(ax™ +b—c)y =0.

Particular solutions: y; = eM?®, Yo = e*®  where \; and Ay are the roots of the

quadratic equation A2 + cA +m + c? = 0.

74. Y+ (az™ — by’ + cx™y’! — blabz™ + cx™)y = 0.

ymwm

Particular solution: gy = eb®.

75. yl o+ (™ + a)y), + (ax™ + bx™)y. + abx™y = 0.

Particular solution: gy =e **

76. y!' +(ax™+c)y! +[aca™+ (an+b)z" 1)y, +blca™ 1+ (n—1)xz" 3|y =0.
By integrating, we obtain a nonhomogeneous second-order linear equation:
y/m/x + axnylx + bl‘n_ly — Ce—c.r

(see 2.1.2.42 for the solution of the corresponding homogeneous equation).

7.yl + (az™ + bx)y”, + blaz™ ! + 2)y! + abz™y = 0.
. . ba? bx? ba?
Particular solutions: y; = EXP(_T>’ Yo = eXp<_T) eXp(T) de.

78. o et (ax™+bx)yl + (abzmt? —I—bcw—{—b—cz)y:’c +c(abx™t! —acx™+b)y =0.

yw:c:c
3 : —cx —cx ba?
Particular solutions: y; =e™“, ya =€ “ [ exp (2cx — T) dz.

79. y”' + (abz™ + az™ ! 4+ b)y” + ab’*z™y! — ab’*z™ly = 0.

ymmm

Particular solutions: y; =z, yo = e "%,

80. w2’ + (ax™ 4 bx™)y! + cy. + c(ax™ + bx™)y = 0.
1°. Particular solutions with ¢ > 0: y; = cos (:v\/E), Yo = sin(gc\/E).

2°. Particular solutions with ¢ < 0: y; = exp(—x —c), Yy = exp(x\/—c).

81. w2  + (ax™ 4 bx™)y + (abz™T™ + bex™ + bmax™ ! — c2)y;
+ c(abz™t™ — acx™ + bmz™ 1)y = 0.

b m+1
Particular solutions: y; =e™“, yy=¢e /exp (20x -z ) dx
m+1

82. zy!” —a?*(ax+3)y=0.

Particular solution: yg = xe®".
The substitution y = ze® [ z(x) dz leads to a second order equation of the form
2.1.2.103: zz!, 4+ 3(ax 4+ 1)z, + 3a(ax 4+ 2)z = 0.

© 1995 by CRC Press, Inc.



83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

xyl  +ayl + b(b%x + a)y = 0.

The substitution w = ), + by leads to a second order equation of the form 2.1.2.103:
zw”, — brw! + (b*x + a)w = 0.

xyl'  + axy! — [b(a + b?)x + a + 3b%]y = 0.
Particular solution: vy = ze?®.
The substitution y = ze® [ z(z) dz leads to a second order equation of the form

2.1.2.103: z2!, + 3(bx + 1)z, + [(a + 3b?)x + 6b]z = 0.

zy!” 4+ (b —a’z)y’ + aby = 0.

The substitution w = y,, + ay leads to an equation of the form 2.1.2.103: zw!, —
azw!, + bw = 0.

zy!” + (ax® 4+ bx)y! — 2(ax + b)y = 0.

The substitution w = zy,, — 2y leads to a second order equation of the form 2.1.2.2:
wl + (ax + b)w = 0.

zy” + (az® 4 bx)y! — 2(az® + b)y = 0.

The substitution w = zy,, — 2y leads to a second order equation of the form 2.1.2.4:
wl, + (az® + b)w = 0.

xy 4+ 3y) 4+ axy =0.
The substitution w = zy leads to a constant coefficient equation of the form 3.1.2.1:

n —
Wiy, +aw = 0.

mn ’

TYpara — 3ny,w:c +axy =0, n=0,1, 2, ...

v=( ) ()

where w is the solution of the equation 3.1.2.1: w}" + aw = 0.

Solution:

2zy, . + 3y, + ary = b, a # 0.

Solution:

4 )\ Tz
v e dz
y:§ C - %
y— “Jo V2B ta’

where A1, Aa, and A3 are the roots of the cubic equation 2A3 + a = 0; Ay = —oco with
x>0 and A\y =+o00 with z < 0. In addition, constants C,, are related by the constraint
Va(Cy + Cy 4+ C5+ Cy) + b =0, and the integrals are taken along straight lines.

zy! + 3y’ + ax’y =0

"

The substitution w = xy leads to an equation of the form 3.1.2.3: w, . + axw =b.

zy! + 3y’ + ax'y = bx.

n

The substitution w = zy leads to an equation of the form 3.1.2.5: w”’  + ax3w = bx.
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93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

The substitution w = y, + by leads to a second order linear equation of the form
2.1.2.103: zw!, + (a — bx)w!, + b2zw = 0.

xyl +(a+byl —xy, —ay=0, a>0, b>0.

Solution:

Bu
y = ZCV/ |t|a71|t2 o 1‘(1772)/267&” dt,

v=1 v

where vy = =1, 1 =1 =0, B2 = 1; for x > 0, 73 = 1 and (B3 = +o0o; for x < 0,
v3 = —oo and (B3 = —1.

zy! 4+ ay? + (b— c)zy!, — c(ac+ bx)y = 0.

The substitution w = ), — cy leads to a second order equation of the form 2.1.2.103:
zwl, + (cx + a)wl, + (bx + ac)w = 0.

zy  +ayl + [(c — b))z + ably), + c(a — bx)y = 0.

Particular solutions: y; = eM®, 3o = e*®  where \; and Ay are the roots of the

quadratic equation A% + bX 4+ ¢ = 0.
zy! 4+ ay? +bx"y, +bla+n—1)z" "'y =0.

The substitution w =1y +bx" 1y leads to a first order linear equation: zw’, +aw = 0.

zy” + (ax + b)y” — a’by = 0.

The substitution w = y,, + ay leads to a second order equation of the form 2.1.2.103:
xwl, + bw!, — abw = 0.

xy 4+ (ax 4+ b)y. + cxy., —cy =0.

The substitution w = zy!, — y leads to a second order equation of the form 2.1.2.103:
zw? . + (ax +b— 1w, + cxw = 0.

Yo + (az + 3)yg, + (bx + 2a)y; + (cz + b)y = 0.

The substitution w = zy leads to a constant coefficient equation: w’ +aw! +bw! +
cw = 0.
TYree + (az + )Yy, + a(bz + 2)y;, + b[b(a — b)x + aly = 0.

Solution:

1 bxv/3 brv3
y=—|Crelt= % 4 Chete/? cos( x;/_ ) + Ceb2/? sin( x2\/_ )} .
T

zy”  + [a(b+ 1)z + bly”, + a’bxy’, — a?by = 0.

Particular solutions: y; =z, y2 =e .
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103.

104.

105.

106.

107.

108.

109.

110.

111.

xy  —(x+2a)yl), —(x—2a—-1)y, +(x—1)y=0.

Solution:
y= Che® + $a+1[021a+1(.%') + C3Ka+1(l‘)],

where I, and K, are modified Bessel functions.

2zy!!  —4(x+a—1)y) + (24 6a —5)y., + (1 —2a)y = 0.

Solution:
y = Cre® + 2%/ 2[Col, (x/2) + C3 K, (x/2)],

where I, and K, are modified Bessel functions.

2zy!  + 3(2ax + k)yl, + 6(bx + ak)y., + (2cx + 3bk)y = 0, k>0.

Solution:

= Z / [P(2)]*=2/2 gz,

v=1

where P(z) = 23 + 3az% + 3bz + ¢; A, A2, and A3 are the roots of this polynomial
that are assumed to be different; \y = —oco with x > 0 and \y = 400 with = < 0;
Cy=-Cy—Cy—Cs.

zyll! .+ (ax + by + [(ac + s — )z + bely,, + s[(a — c)x + bly = 0.

Particular solutions: y; = eM?T Yo = e*®  where \; and Ay are the roots of the

quadratic equation A% + ¢\ + s = 0.

xyl 4+ (ax? + b+ 2)yY . —ab(b+ 1)y = 0.
This is a special case of equation 3.1.2.109 with n = 2.

Integrating the equation twice, we arrive at a first order linear equation: xzy! +
(az? +b—2)y = C; + Coz.

zy! + (az™ + b+ 2)y” — ab(b+ 1)z 2y = 0.

The substitution w=zy, + by leads to a second order equation of the form 2.1.2.42:
w4+ az" 1w —a(b+ 1)z" 2w = 0.

zy! 4+ (ax™ + 3)y”, + (2az™ ' 4 bx)y! + b(az™ + 1)y = 0.

1 1
Particular solutions: y; = — cos(a:\/g), Yo = — sin(m\/l_)).
T x

zy! + (az™tt + 3)y” + a(bx + 2)z"y), + b(abz™ ! + az™ — b%z)y = 0.

Particular solutions:

yl:%eXP(fb%) Cos<bx\/§)» y2:%eXp(fb7z> sin(bx\/g)

2 2
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112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

xy'  + (ax™ + 3)yY + (abx™ + 2ax™ 1 — bzm)y; + b(az™ ! —b)y = 0.

1 1
Particular solutions: y; = —, yo = —e 7.
x x

(az + b)Yy  + cy’, + k(ak®z + bk? + c)y = 0.
The substitution w = y,, + ky leads to a second order equation of the form 2.1.2.103:

(az + b)w!, — k(azx + b)w!, + (ak*z + bk* + c)w = 0.

(az + 2)y”  — aPzy), + 2ay = 0.

T

Particular solutions: y; = 22, yy = e %%,

(acx 4+ bc — a)y”! — c*(ax + by, + acy = 0.

T

Particular solutions: y; = ax +b, yo = e*.

(ax + b)Yy  + (cx 4+ d)y), + s[(as? + c)z + bs® + d]y = 0.
The substitution w =y, + sy leads to a second order equation of the form 2.1.2.103:

(az + b)w!, — s(ax + b)w!, + [(as® + ¢)x + bs® + djw = 0.

(ax + b)Yy  + [(c — ak?®)z + d — bk?|y’, + k(cz + d)y = 0.
The substitution w = y,, + ky leads to a second order equation of the form 2.1.2.103:

(az + b)wl), — k(ax + b)w!, + (cx + d)w = 0.

(ax + b)y”  + [b(a+ 1)z + b + 1]y” + bPzy! — by = 0.
Particular solutions: y; =z, yo = e "%,

(ax + b)y! + k(ax + b))y, + (cx + d)y., + k(cx + d)y = 0.

The substitution w = y,, + ky leads to a second order equation of the form 2.1.2.103:
(ax +b)wl, + (cx + d)w = 0.

(az +b)yl:, + (cx + d)yl, + [(aX + cp)x + bA + duly,,
+ A+ p?)[(c — ap)z + d — buly = 0.

Particular solutions: y; =exp(s1x), y2 =exp(saz), where s; and so are the roots
of the quadratic equation s? + s + A + p2 = 0.

(ax + b)y! + (cx + d)y., — k[(3ak + 2c)x + 3bk + 2d]y.,
+ k2[(2ak + c)x + 2bk + d]y = 0.
kx kx

Particular solutions: y; =e Yo = T€

(axz + b)Y . + (cx + d)y”, + sx(ax + b)y., + s[cx® + (a + d)z + bly = 0.

The substitution w =y, + szy leads to a first order linear equation: (az + b)w!, +
(cx + d)w = 0.
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123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

1 —=x)y?  +z(ax — 2a + 1)y’ + (—az® + 2a — 1)y, + 2a(x — 1)y = 0.

Particular solutions: y; = 2%, yo = €”.

(az + b)y” — (aBz® — 3a®z + b3)y!, + abz(a?z® — 3a — b))y = 0.
2
b a/

x
Particular solutions: y; = e’*, yo = exp(fT)

(ax+b)y +(cx+d)y” +sz™(ax+b)y, + sz ‘[cx®+ (an+d)x+bn]y=0.

The substitution w =y, + sz™y leads to a first order linear equation: (az + b)w!, +
(cx + d)w = 0.

(ax — 1)y + z(abz™t! — 2bx™ — az)y:’c'w
+ (2bz™ — a?bx™ T2 + az)y; + 2ab(ax — 1)z"y = 0.

. . . . 2 __ _ax
Particular solutions: y; =z, y: =e

2y — 6y. + ax?y + 2bx = 0.

The substitution y = 22w leads to the equation 3.1.2.159 wherein w should be sub-
stituted for y.

22y + (ax® + bx — m? — m)y’, + (m — 1)(axz + b)y = 0.

The substitution w = xy!, + (m — 1)y leads to a second order equation of the form
2.1.2.103: 2wl — (m+ 1)w), + (az + b)w = 0.

22y + (ax® + bx + )y, — k[(a + k?)z? + bz + c]ly = 0.
The substitution w = y,, — ky leads to a second order equation of the form 2.1.2.130:
2w+ kx?w! + [(a + k?)z? + bx + cjw = 0.

22y + (ax™ — b® — b)Yy, +a(b—1)z" 'y = 0.
The substitution w = zy!, + (b — 1)y leads to a second order equation of the form
2.1.2.62: xw”, — (b+ 1wl + ax™ tw = 0.

22y + 3xy” — 3y’ +ax’y+b=0.

d jw
Solution: y = o (—), where function w = w(x) satisfies a constant coefficient
x \ x

equation of the form 3.1.2.2: w!’ + aw =b.

2yl + 6xy! + 6y, + ax?y =0b.

The substitution w = x2y leads to a constant coefficient equation of the form 3.1.2.2:

///
Wi, +aw =b.

mzy;’:'w —3(n+m)xyl +3n(3m+ 1)y, — z?y =0, m,n=1, 2, 3,

Solution:

n—1 m— 3
y:Hc? 3u—1) H 6 — 31/—2)20166‘%9:,
k=1

pn=0 v=0

d
where 6 = xd—, wy, are three roots of the cubic equation w? = 1.
x
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134.

135.

136.

137.

138.

139.

140.

141.

142.

2y  + 6wy + 6y. + axdy =b.

The substitution w = z?y leads to an equation of the form 3.1.2.3: w!”

v T aTW = b.

22y —2(n+ 1)zy” — (az? — 6n)y., + 2azy = 0, n=1, 2, 3, ...

Solution:

{ C1 + C2£L'4 + C3£C2n+1 ifa= 0,
Ci(az® — 4n + 2) + Coe®™VoP(z) + Cse~*VeQ(z) if a # 0,

where P and @) are some polynomials of the degree < 2n + 2.

22y + 3xy! + (4az?* + 1 — 4a?b?)y!, + 4a*z?* 1y = 0.

Solution:
Yy = C1Jb2(1'a) + Cng(x“)Yl;(xa) + Cng(xa),

where J, and Y}, are Bessel functions.

x?y  + ax?yl + (bx + c)y!, + a(bz + c)y = 0.

The substitution w = y’, + ay leads to a second order equation of the form 2.1.2.106:
22w+ (bx + c)w = 0.

2?2y + ax?y! + (bx™ + )y, + a(bz™ + c)y = 0.
The substitution w = y,, + ay leads to a second order equation of the form 2.1.2.113:
22w, + (ba™ + c)w = 0.

2yl — (x + a)zyl, + a2z + 1)y, — a(z + 1)y = 0.

Solution:
y = Cre® +gletD)/2 [Cadayi(2Vax) + C3Yara (2Vax )],

where J, and Y, are Bessel functions.

2yl — (2 — 2x)y! — (2® +a® — %)y;E + (22 — 2z 4+ a® — %)y =0.

Solution:
y= Ce” + \/E [CQIQ({L‘) + CgKa(LL')],

where I, and K, are modified Bessel functions.

oyt —2z(x — L)yl + (2 —2z+ + —a?)y, + (a®* — )y = 0.

Solution:
Yy= Cre” + \/Ee;c/Q [C2Ia(x/2) + CdKa(x/2)]a

where I, and K, are modified Bessel functions.

22y —3(x—a)zy! +[2e2+4(b—a)x+a(2a—1)]y,, —2b(2z—2a+1)y =0.

Solution:
y = Crwi + Cowywy + Caw3,

where w; and wy form a fundamental set of solutions of a second order equation of
the form 2.1.2.103: zw!, + (a — z)w}, + bw = 0.
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143.

144.

145.

146.

147.

148.

149.

wzy;’:’w + z[(a + c)x + bly., + [(ac + a)z? + (bc + B)x + YyL,
+ c(ax? + Bz +v)y = 0.

The substitution w = y,, + cy leads to an equation of the form 2.1.2.141 with n = 1:
22w + x(azx + b)wl, + (ax? + Bz +vy)w = 0.

22y + (ax™Tt — b% — b)y’ + a(b— 1)z"y = 0.
The substitution w = xy!, + (b — 1)y leads to a second order equation of the form

2.1.2.62: 2w, — (b+ Dw., 4+ az™w = 0.

z?y)r, — 3ax"t(n + az™t)y) + ax™(n — n® + 2a22>" )y = 0.

aanrl aanrl
1°. Particular solutions with n # —1: y; = exp( ), Yo = xexp( )

n+1 n+1
2°. Particular solutions with n = —1: 3, = 2%, 1y = 22+1.

T?Yyee + (az™ Tt + ba)yy, + [a(b — 2)2" + c]y;, + a(c — b+ 2)z" "y = 0.

Particular solutions: y; = ™!, yo =22, where m; and mo are the roots of the
quadratic equation: m? + (b—3)m+c—b+2=0.

z(azx 4 b)yl . + z(cx + d)y,, — 2(cx + d)y = 0.

The substitution w = zy!, — 2y leads to a second order equation of the form 2.1.2.103:
(az + b)wl, + (cx + d)w = 0.

20(x — 1)y, + 3(22 — 1)y, + (2az + b)y,, + ay = 0.

Solution:
Yy = Clw% —+ Cg’u}lwg —+ ngg,

where w; and we form a fundamental set of solutions of the equation

D w4 ( 2,1) _
2x(x — Dwl,, + (2z 1)wm+(2x+4 3 w =0,

which is reduced, by means of the substitution = cos? €, to the Mathieu equation
2.1.6.4: 2w}, = (a+b— 2+ acos2§)w.

(azz®+arz+ao)y?. .+ (brz+bo)y” + (cix+co)y, —mec1y =0, c1#0,
where m is a positive integer.

A solution of this eqaution is a polynomial of the degree m, which can presented as
follows:

m 1 \F 1 9 5 ) ko

y:Z(——C ) {a" 1z [(az® + a1x + ag) D® + (b1x + bo) D* + o D]} 2™,
1

k=0

v+1

v+1

d
where D = —, Iz¥ = with v # —1.
dz
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150.

151.

152.

153.

154.

155.

3,11

iyl = a(a® — 1)y.

This is a special case of equation 3.1.2.161.
Solution:
y= :Z?(Oll‘nl + Cox™ + Ogl‘a),

where n; and ns are the roots of the quadratic equation n? + an + a?> — 1 = 0.

3y 4+ (1 —a®)zy), + (bx® +a* — 1)y = 0.

For a = +1, we have a constant coefficient equation of the form 3.1.2.1. For b =0, we
obtain the Euler equation 3.1.2.161.
If b # 0 and a is a positive integer greater than 1, then

3
y=2'""Y " Crexp(—Awx)Pp(z),
k=1

where A1, A2, A3 are the roots of the cubic equation A3 = b and P (z) are polynomials
of the degree < 3(a — 1).

Denote the solution of the original equation for arbitrary (including complex) a
by 44. Then, the recurrence relation holds

Yats = bya + (20 + 3)27 Yy — (a +1)(2a + 3)(z %y, — 2 ya). (1)
Since y+1 =e~**, corresponding to three values of A which satisfy the condition A% =b,
make up a fundamental set of solutions, then formula (1) makes it possible to find

all y,, for any integer values of n not divisible by 3. In particular, yo = (27! + \)e™?*
(A3 =b).

3,1

23y + (423 + ax)y!, — ay = 0.

Solution:
y = CrxJ?(x) + CoxJ, (2)Y, (z) + CsxY?(x),

where J, and Y, are Bessel functions; 4v? =1 — a.

23y + x[ax? + 3b(1 — b)]y’, + 2b(ax?® 4+ b*> — 1)y = 0.
1°. Particular solutions with a > 0: y; = 2’sin(zv/a), y2 = 2¥cos(zv/a).
2°. Particular solutions with a < 0: y; = z° exp(—x —a), yo = xlexp (x —a).

3°. Particular solutions with a = 0: gy, = zb, 1y, = xb+1,

23y + x(ax® + bx + )y, + (k — 1)(az? + bz + c+ k* + k)y = 0.

The substitution w = zy!, + (k — 1)y leads to a second order linear equation of the
form 2.1.2.126:

22w’ — (k+ Daw!, + (ax® +bs +c+ k* + k)w = 0.

w3y;’:’w + azx™y! + (b — 1)(az™ ! + b2+ b)y = 0.

The substitution w = xy., + (b — 1)y leads to a second order linear equation of the
form 2.1.2.127:
2?w!’, — (b+ Vawl, + (az" ' + b* + b)w = 0.
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156.

157.

158.

159.

160.

161.

162.

163.

164.

23y  + x(az™ + b)y., — 2(az™ + b)y = 0.

The substitution w = zy, — 2y leads to a second order linear equation of the form
2.1.2.113: z%w!, + (az™ + b)w = 0.

23y 4+ x(ax™ +b—c)y., + (c — 1)(az™ + b+ c*)y = 0.

The substitution w = xy., + (¢ — 1)y leads to a second order linear equation of the

form 2.1.2.127:

22w’ — (c+ Daw!, + (az"™ + b+ H)w = 0.

23y + (ax® + 1 — n?)zy! + b3 4+ a(n — 1)z + n? — 1y = 0.

1
The transformation ¢ = —z", z = 2" 'y leads to a constant coefficient equation:
n

" / —
Zege + azg + bz = 0.

3y + 6x%y! + (ax® — 12)y + 2b = 0.

d
Solution: y = — (12
x

x
of the form 3.1.2.2: w’”’

rxrxr

), where w = w(x) satisfies a constant coefficient equation
4+ aw = b.

23y + ax?y! + bxy! + (a — 2)by = 0.

This is a special case of equation 3.1.2.161.
Solution:
y = C1z?™% 4+ Cox™ + Cza™2,

where n; and ny are the roots of the quadratic equation n? —n +b = 0.

:c3y;’£’w + amzy'm'w + bxy! + cy = 0.

The FEuler equation.
The substitution ¢ = In|z| leads to a constant coefficient equation of the form
3.1.2.41: yif, + (a = 3)yy; + (2 —a +b)y; + cy = 0.

23y + 3ax?y! + 3a(a — 1)zy), + [bx® + a(a — 1)(a — 2)]y = 0.

The substitution w = x%y leads to a constant coefficient equation of the form 3.1.2.1:
wl +bw=0.

rrx

23y + 3ax?y! 4+ 3a(a — 1)zy’, + [bx™ + a(a — 1)(a — 2)]y = 0.

The substitution w = x% leads to an equation of the form 3.1.2.7: w”’ +bz" 3w =0.

3y 4+ 3(1 — a)zy” + x[4b2c*x* + 1 — 4v3c? + 3a(a — 1))y,
+ [4b2c%(c — a)x?C + a(4v?c? — a?)]y = 0.

Solution:
y = Cr2°J%(u) + Coz®J, (v)Y, (u) + C3zY;?(u),

where u = bx¢; J, and Y, are Bessel functions.
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165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

2y le + (ax® + b)y;, + 2(2a — 9)zy, +2(a — 6)y = 0.

Integrating the equation twice, we arrive at a first order linear equation: %y +
[(a — 6)z% + bly = C1 + Cax.

a3y + x?(ax + b)y!, + cxy, + c(ax + b — 2)y = 0.

Particular solutions: y; = 2™, yo = x™2, where n; and no are the roots of the
quadratic equation n? —n + ¢ = 0.

:c3y;’:’w + 2% (2ax + by + z(a?z? + 2abx + o)yl + (a?bx? + bc — 2¢)y = 0.

—ax —ax

Particular solutions: y; =e~ %™, 1y =e *2x™, where n; and nsy are the roots

of the quadratic equation n? —n + ¢ = 0.

23y + ax™y! + bry! + b(ax™"? —2)y = 0.

Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the
quadratic equation m? —m + b = 0.

:c3y;’:’w + z%(az™ + by, + x(ax™ +b— 1)y, + (ax™ + b —3)y = 0.

Particular solutions: y; = cos(lnx), y2 =sin(lnz).

3y + x?(az™ + b+ c+ 1)y) + z[ax® + (ac + B)z™ + v + bcly.,
+ (c — 1)(ax®™ + Bz™ + v)y = 0.

The substitution w = xy, + (¢ — 1)y leads to a second order equation of the form
2.1.2.141: 2?w!, + z(az™ + b)w!, + (az® + Bz" + y)w = 0.

z?(ax + b)y”  + (cx — bm? — bm)y’, + (m — 1)(c + am?® 4+ am)y = 0.

T

The substitution w = xy!, + (m — 1)y leads to a hypergeometric equation of the form
2.1.2.159: z(az + b)w, — (m + 1)(azx + b)wl, + (¢ + am? + am)w = 0.

z(ax? + bx + )y, + zy!, — 2y = 0.

The substitution w = zy), — 2y leads to a second order equation of the form 2.1.2.166:
(az? + bz + c)w, +w = 0.

(az + b)xy!  + (cx + d)z?y” + s(ax + b)zy. + s[(c — 2a)x + d — 2bly = 0.
Particular solutions: y; = 2™, ys = 2™, where n; and ny are the roots of the

quadratic equation n? —n + s = 0.

5,1

Solution:

x? [C’l +C’gexp< \/E> +Cgexp<7a)] if a > 0,

X

:E2|:01+CQCOS(—Q)+0381H< — ):| if a < 0.
T x

y:

y
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175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

z8y” = ay + bx?.

The transformation z = ¢!, y = wt 2 leads to a constant coefficient equation of the
form 3.1.2.2: wy}, + aw +b = 0.

z8y”  + ax?y’! + (b — 2ax)y = 0.

The transformation x =¢~!, y = wt~2 leads to a constant coefficient equation: w;, +
awy — bw = 0.

zby”  + 6x5y! — ay + 2bx = 0.

The substitution x = ¢t~1 leads to an equation of the form 3.1.2.127: 2y}/, — 6y, +
at?y — 2bt = 0.

(x —a)®*(x—b)3y  —cy=0, a #b.
The transformation
t:ln‘—x_a wziy
r—bl (x —b)?

leads to a constant coefficient equation: (a — b)3(w}}, — 3w}, + 2w,) — cw = 0.

(az?® 4+ bz + )3y = ky.

The transformation

5*/ dx w — Yy
) ax?+br+c’ ar?+br+e

leads to a constant coefficient equation: wi/, + (dac — l)2)w’E = kw.

"y = ay + bxd.

The transformation z = ¢!, y = wt~2 leads to an equation of the form 3.1.2.3:

wiy, + atw 4+ b= 0.

xTy)r, + (ax +b)y = 0.

The transformation z = ¢!, y = wt™
wify — (bt + ayw = 0.

leads to an equation of the form 3.1.2.4:

2%y + (a® — 3a?z?)y = 0.

2

The transformation z = ¢!, y = wt~2 leads to an equation of the form 3.1.2.6:

wif, + (3a*t — a3t3)w = 0.

The transformation z = ¢!, y = wt~2 leads to an equation of the form 3.1.2.5:

" 3. —
Wiy, + at*w = 0.

3/2,,m _
xr cxe — AY-

This is a special case of equation 5.1.2.25 with n = 1.
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185. z%/2y"”" = ay.

TXTT

This is a special case of equation 5.1.2.26 with n = 1.
186. z%(z™ + a)y”  + z(bx™ ! + 2na™ + cx)y!,
+ [2bma™ ! 4+ n(n — 1)z"]y), + bm(m — 1)z™y = 0.

The twofold integration yields a first order linear equation:

(" + a)y,, + (ba™ + ¢)y = C1 + Caz.

3.1.3. Equations Containing Exponential Functions

1. e — ae T (a?e® T 4 3ader 4+ A2y = 0.

y:l!:l?:l!

a
Particular solution: yo = exp(Te/\x)

The substitution y = exp(%e”) /z(m) dx leads to a second order equation of
the form 2.1.3.29: 27, + 3ae’* 2., + (3a%e*** + 3ae?®)z = 0.

2. m o+ aer®yl 4+ axe*®y = bet.

ymwm

By integrating, we obtain a nonhomogeneous second-order linear equation:
" Az b "
ymz+ae y=—¢€ +C
I
(see 2.1.3.1 for the solution of the corresponding homogeneous equation).

3. - ae>‘:‘”’y’m + b(ae*® + b%)y = 0.

ymmm

The substitution w = y!, + by leads to a second order equation of the form 2.1.3.10:
w!, —bw!, + (ae*® + b?)w = 0.

4.y +ae’®yl + bx(ae’® 4 b2z? — 3b)y = 0.
. . ba?
Particular solution: yg = eXp<_T)'
5. Yire T ae’y, +[a(X —b)er® — by = 0.

By integrating, we obtain a nonhomogeneous second-order linear equation:
Ve + by + (ae™ 0%y = Ce'

(see 2.1.3.10 for the solution of the corresponding homogeneous equation).

6. "+ (aer® — b2)y’m + abe*®y = 0.

ymmm

The substitution w = y!, + by leads to a second order equation of the form 2.1.3.10:
w! — bw!, + ae’w = 0.
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7. m .+ (ae*® —b?)y! 4+ a(X — b)ery = 0.

yw:cw

By integrating, we obtain a nonhomogeneous second-order linear equation:
Yl + byl 4 aer® = Ce”

(see 2.1.3.10 for the solution of the corresponding homogeneous equation).

8. y .+ (ae?® + b)y. + c(ae*® + b+ c?)y = 0.

The substitution w = y., + cy leads to a second order equation of the form 2.1.3.10:
w!, — cwl, + (ae* + b+ 2w = 0.

9. "+ (ax + b)e)‘wy’w —ae*®y = 0.

ymwm

Particular solution: yg = ax + b.

10.  y”'  + (ae®*® + be*®)y! — c(ae® ® + be*® 4 %)y = 0.

ym:c:c

The substitution w = y!, — cy leads to a second order equation of the form 2.1.3.29:
w! .+ cwl, + (ae®* +be’* + 2w = 0.

11. mo_ 3ae>\m(ae>\w + )\)y/m + aeAw(ZazezAw _ )\2)y = 0.

ymwm
. . a . a
Particular solutions: y; = exp(ye ), Ys = xexp(xe )
12. 2 — (3a%e®® 4 3are*™ 4 b)y!, + ae*®(2a%e*® — 2b — A?)y = 0.

1°. Particular solutions with b > 0:
Y1 = exp(%e’\x — x\/l_)), Yo = exp(%e’\x + x\/l_))
2°. Particular solutions with b < 0:

Y1 = cos(ac\/—_b) exp(%e“), Yo = sin(x\/—_b) exp(%e”).

13. y”' + ay” + be**y’ + abe**y = 0.

ym:cm

The substitution w = y., + ay leads to a second order equation of the form 2.1.3.1:
w! + berMw = 0.

14. y” +ay” + (be** + )y’ + [b(a + X)e*® + acly = 0.
By integrating, we obtain a nonhomogeneous second-order linear equation:
Yo + (b€ +c)y = Ce™ "

(see 2.1.3.2 for the solution of the corresponding homogeneous equation).

15. " + a/y:IEIm + (be2>\m + ce}m})ylm + a(be2>\m + ce)‘"’)y = 0.

ymmm

The substitution w =y, + ay leads to a second order equation of the form 2.1.3.29:
w4+ (b2 + cer)w = 0.
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16.  yr, +ae**yl — b*(ae® +b)y = 0.

yw:cw

The substitution w = y!, — by leads to a second order equation of the form 2.1.3.29:
w4+ (ae™® + b)w!, + b(ae ™ + b)w = 0.

17. y” + ae*®y” — by’ — abe**y = 0.

ymm:ﬂ

1°. Particular solutions with b > 0: y; = exp(—x\/g), Yo = €xp (x\/g)
2°. Particular solutions with b < 0: y; = cos (x\/fb), Yo = sin (x\/fb).

18. y' + ae*®y” + abe**y’ + b3y = 0.

ymww

The substitution w = y!, + by leads to a second order equation of the form 2.1.3.29:
w4+ (ae® — b)w!, + b*w = 0.

19. y” + ae*®y” — b(2ae*® + 3b)y’, + b%(ae ® + 2b)y = 0.

ymmm

bz bx
s .

Particular solutions: y; =e Yo = TE

20. y”'  + ae**y’ + (bet* — c?)y! — c(ace*® + bet*)y = 0.
Particular solution: gy = e“*.
21. yl o+ ae)‘“’y;c’w + (abe*® — b2 + o)yl + c(ae*® — b)y = 0.

Particular solutions: 1y, = e®%, 1y, = €77 where 5, and [, are the roots of the
quadratic equation 5% 4+ b3 + ¢ = 0.

22. y” +aer®y” + [a(b+ e ® — b2y. + abAe**y = 0.

ymmm

Particular solutions: y; = e b, Yo = e~ b /exp (Qba: - %e”) dzx.

23. mooy aeAmylm/w + bamy!, + bz ' (axe*® + n)y = 0.

ymzm

The substitution w =y, +bz™y leads to a first order linear equation: w’, +ae**w = 0.

24. y” _+ azxe*®y” + (bz? — ae*®)y! + bx(az?e*® + 3)y = 0.

ymwm

1°. Particular solutions with b > 0:

(5) ()
Y1 = COS , Yo =sin 5 .

2

2°. Particular solutions with b < 0:

—22v/—b x2v/—b
Y1 = exXp — ) Y2 = exp 5 )

25. y” + azx?e y! — 2axe*®y’ + 2ae*®y = 0.

ymmm

Particular solutions: y; =z, ys = z°.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

"+ (aer® + by, — ab?e*y = 0.

yw:cw

The substitution w = y!, + by leads to a second order equation of the form 2.1.3.29:
wl . + ae*w!, — aberw = 0.

Yy + (@™ 4 b)yll, — (X 4 b+ )y = 0.

The substitution w = y!, — cy leads to a second order equation of the form 2.1.3.29:
w4+ (ae + b+ e)w!, + c(ae*® + b+ c)w = 0.

Y+ (ae*® + b)y” + c(ae*® + b)y., + 3y =0.

The substitution w = y!, + cy leads to a second order equation of the form 2.1.3.29:
w4+ (ae? + b — c)w!, + 2w = 0.

y;t,:;w + (beaw + 2a)y/w,;p - a(beaw + a)y; — 2a3y = 0.
b

Particular solutions: y; = e, ys=e "+ —
Y = (er —a)y”, + (ae>® — b)y!, + be*y.

Particular solutions: 1y, = e®%, 1y, = €% where 3, and [, are the roots of the
quadratic equation 5% 4+ a3+ b = 0.

Y+ (ae*® + b)y” + (ce*® + d)y,, — s[(as + c)e*® + bs + d + s%]y = 0.

The substitution w = y!, — sy leads to a second order equation of the form 2.1.3.29:

w4 (ae*® 4 b+ s)w’, + [(as + ¢)e*® + bs +d + s*Jw = 0.

Y+ (ae*® 4+ b)y” + (ce®** + d)y!, — s(ce®** + ase*® + bs + d + s%)y = 0.
The substitution w = y!, — sy leads to a second order equation of the form 2.1.3.29:

"

w(L‘Zl)

+ (ae™® + b+ s)w!, + (ce®® + ase™ + bs 4 d + s*)w = 0.

yu .+ (ae?® + b)y. + (ce*® + d)y! — ke*®[k(a + k)e2*®
+ (aX + 3kX + bk + c)e® + A% + bA + d]y = 0.

k
Particular solution: yo = exp(xem)

k
The substitution y = exp (Te’\m> / z(x) dz lead to a second order linear equation
of the form 2.1.3.29.

Y+ (2ae*® + b)y” + ae**(ae*® + 2b + 3Ny,
+ ae*®[a(b + 20)e*® + b + A%y = 0.

a a
Particular solutions: y; = eXp(—Xe)‘”), Yo = xexp(—xe”\x).

m o+ (aer® — by + ce*®y’ — b(abe* + cet*)y = 0.

ymmm

Particular solution: gy = €.
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Y+ (e + a)y!, + (ae*® + ber®)y! + abe®y = 0.

Particular solution: gy = e **.

Yy + (ax + be**)y” + a(bze® + 2)y’, + abe *y = 0.

. : az? ax? ax?
Particular solutions: y; = exp(—T), Yo = exp(—T) exP(T) dex.

m .+ (abze® + be*® + a)y” + ab*ze*®y! — a’be*y = 0.

yil%l:m

Particular solutions: y; =z, y2 =e .

y o+ azx™(be*® + 2Ny — A(abx™er® + Ayl — 2a\3z™y = 0.
b

Particular solutions: 3 = e**, 1y, = e ¥ 4 ~

m o+ (ax™ — 2be?®)y”  — be ®(2az™ — be ® + 3X\)y!,

ymwm
+ be*®[az™ (be?® — X) + 2bAe*® — A2%]y = 0.

b b
Particular solutions: y; = eXp(Xe)\r)’ Yo = xexp(ye”).

Yo + (a€*® + ber®)yl, + cyl, + c(ae® + bei)y = 0.

The substitution w = y” + cy leads to a first order linear equation: w’, + (ae® +
bet)w = 0.

Yl (@eX 4 bere )yl + [abeC 0% 4 blc + p)en® — ey,
+ c[abeP )T _ qcer® 4 buet*ly = 0.

b
Particular solutions: y; =e “*, ys=e <~ /exp (20:0 — —e“"”) dx.
I

yr o+ ae*®(bel® + 2p)yl. — n(abe W= wy., — 2apde®y = 0.
b

Particular solutions: gy = e#®, yp, =e H* + —.
o
zy!” +ay” + x(be*® + c)y’, + [b(Ax + a)e*® + acly = 0.

The substitution w =y, +(be**+c)y yields a first order linear equation: xw’,+aw =0.

n

Az
TY,., T OTE

Y, — 2ae*®y = 0.
The substitution w = zy,, — 2y leads to a second order equation of the form 2.1.3.1:
w4+ ae*w = 0.
" :(}\m_ )// _|_( Am_b)/_i_b)\z
Yyl e axr)y. . ae xz)y., ey,

Particular solutions: 1y, = %%, 1y, = €% where 3, and [, are the roots of the
quadratic equation 32 + a3 + b = 0.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

xy  + (axe?® + 3)y.. + a(bx + 2)e>""y; + b(abxe*® + ae*® — b2zx)y = 0.

Particular solutions:

= ep(~ ) cos (222, = Lewp(-20)sn( 2252,

x 2 2 2

22y + z(axe*® + b)y” + [a(b — 2)ze*® + ]y, + a(c — b+ 2)e**y = 0.
Particular solutions: y; = ™, yo = ™2, where n; and no are the roots of the
quadratic equation n? + (b —3)n+c—b+2=0.

by by _
23y + bx?e *y” + axy! + a(be*® — 2)y = 0.
Particular solutions: y; = ™, yo = ™2, where n; and no are the roots of the
quadratic equation n?> —n +a = 0.
23y + z?(ae*® 4+ by’ + z(abe* + ¢ — by’ + c(ae?® — 2)y = 0.
Particular solutions: y; = ™, yo = ™2, where n; and no are the roots of the

quadratic equation n? 4+ (b — 1)n +c = 0.

(ae®™ + b)y!” — ae®y = 0.

T

Particular solution: yg = ae® +b.

(bce™ + a + )yl — (bc’e®® + a® + 3)yl, + ac(a® — )y = 0.

Particular solutions: y; = e, ys =€ 7 + 0.

(ae*® + b)Y+ (ce*® + d)y”, + k(ae® + b)y’, + k(ce*® + d)y = 0.
1°. Particular solutions with k > 0: y; = cos (a:\/E), Yo = sin(x\/E).

2°. Particular solutions with k < 0: y; = exp(—x\/—k), Yo = exp(x\/—k).

(ae® + bx)yl! — ae®y = 0.
Particular solution: yg = ae® + bzx.
(ae® + bx?)y! — ae®y = 0.
Particular solution: yo = ae® + ba?.
(axe” + b))yl 4+ by =0.

Particular solution: yo = ax + be™~.

(az?e® 4+ b)y”! + by = 0.

Particular solution: yo = ax? + be™*.

© 1995 by CRC Press, Inc.



3.1.4. Equations Containing Hyperbolic Functions

1. " — a3tanh(ax)y = 0.

ymwm

Particular solution: gy = cosh(az).
The substitution y = cosh(axz) [ z(z) dz leads to a second order equation of the
form 2.1.4.44: 2!+ 3atanh(az)z) + 3a?z = 0.

2. " — a3 coth(ax)y = 0.

ymww

Particular solution: yo = sinh(ax).
The substitution y = sinh(az) [ z(z) dz leads to a second order equation of the
form 2.1.4.45: 2!+ 3acoth(ax)z), + 3a?z = 0.

3. m . — 3a%y! + 2a® tanh(az)y = 0.

ymwm

Particular solutions: y; = cosh(ax), y2 = z cosh(ax).
4.  y” —3a%y’ + 2acoth(az)y = 0.

Particular solutions: y; = sinh(ax), y2 = zsinh(ax).
5.y, + lacosh(2z) + by, + asinh(2z)y = 0.

Solution:
Yy = Clw% + Cowwy + CBUJS»

where wy and ws form a fundamental set of solutions of the modified Mathieu equation
2.1.4.1: 4w}, + [acosh(2z) + blw = 0.

6. n e+ 0yl + bcosh(2x)y! + abcosh(2x)y = 0.

yil?a:m

The substitution w = y’, + ay leads to a second order equation of the form 2.1.4.1:
wl. + beosh(2z)w = 0.
7. oy . tayl + bcosh? y. + ab cosh®’zy = 0.

The substitution w =y, + ay leads to a second order equation of the form 2.1.4.2:
w”, + beosh® zw = 0.

8. yr +ayl + b sinh? xy, + absinh®’zy = 0.

The substitution w = y., + ay leads to a second order equation of the form 2.1.4.5:
w”, + bsinh® zw = 0.

9. yr . +ay’ 4+ [btanh(Ax) + cly), + a[btanh(Ax) 4 c]y = 0.

The substitution w = y’, + ay leads to a second order equation of the form 2.1.4.6:
wl + [btanh(Az) + cJw = 0.

10. y” +ay’ —A[2atanh(Az)+3A]y,+A?[2a tanh® (Az)+2) tanh(Az)—a]y = 0.

ymwm

Particular solutions: y; = cosh(Az), y2 = x cosh(Ax).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

y .+ ayl + [becoth(Az) + c]y., + a[bcoth(Azx) + c]y = 0.

The substitution w =y, + ay leads to a second order equation of the form 2.1.4.10:
wl + [beoth(Ax) + cJw = 0.

Yy +ay” —A[2acoth(Az)+3A]y, +A%[2a coth?(Az)+2X coth(Az)—aly =0.

Particular solutions: y; = sinh(A\x), y2 = xsinh(Ax).

y .+ acosh™(Ax)y” + by! + abcosh™(Az)y = 0.

mwa:

1°. Particular solutions with b > 0: y; = cos (x\/g), Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(—ac\/—b), Y = exp(x\/ —b).

.+ acosh™(Az)y” + bxz™y! + ba™ [ax cosh™(Az) + m]y = 0.

ymzm

The substitution w = y./ + bx™y leads to a first order linear equation: w} +
acosh™ (Az)w = 0.

y! 4+ acosh™(Az)y” + abcosh™(Az)y., + b*[a cosh™(Az) — bly = 0.

ZBQHE

Particular solutions: 1 = e bx/2 c0s< bz2\/§ >, Yo = e bx/2 sin(%).

. +acosh™(Az)y” —b[2a cosh™(Ax) + 3b]y’, + b*[a cosh™(Azx) + 2bly = 0.

ywmw

Particular solutions: 1y = €%, 1y, = ze®®.

y . +acosh™ xy” 4 (abcosh™x + ¢ — bz)y; + ¢(acosh™ x — b)y = 0.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots
of the quadratic equation A? + b\ + ¢ = 0.

m . + axcosh™ xy” + (bx? — acosh™ x)y! + bx(az? cosh™ z + 3)y = 0.

ywmw

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

. + ax? cosh™(Ax)y” — 2ax cosh™(Az)y’, + 2a cosh™(Az)y = 0.

ywmw

Particular solutions: y; =z, ys = z°.

e = (cosh™x —a)y” + (acosh™ x — b)y. + bcosh™ z y.

ymmm

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and A are the roots
of the quadratic equation A2 + aX + b = 0.

y .+ (acosh™ x + bx)y! + b(ax cosh™ x + 2)y!, + abcosh™ xy = 0.

mwm

Particular solutions: y; = exp(—%bﬁ), Yo = exp(—%bxz) /exp(%bﬁ) dx.

Yo . + asinh™(Ax)y 4+ by, 4+ absinh™(Az)y = 0.

1°. Particular solutions with b > 0:  y; = cos (x\/g), Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(x\/ —b).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

m . + asinh™(Az)y” + bx™y!, + be™ ![ax sinh™(Az) + m]y = 0.

yw:cw

The substitution w = yJ, + bz™y leads to a first order linear equation: w! +
asinh” (Az)w = 0.

y 4 asinh™(Az)y” + absinh™(Az)y’, + b*[asinh™(Az) — bly = 0.

w:cm

b b
Particular solutions: y; = e br/2 cos< z2\/§ ), Yo = e bz/2 sin( x;/ﬁ )

Y+ asinh™(Az)y” — b[2asinh™(Az) + 3bly’, + b%[a sinh™(Az) + 2b]y = 0.
Particular solutions: y; = €%, yo = zeb®.
y” 4+ asinh™zy” + (absinh™z + ¢ — b?)y’ + c(asinh™ z — b)y = 0.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A; and s are the roots
of the quadratic equation A2 + b\ + ¢ = 0.

"
ymww

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

+ azsinh™ zy” + (bz? — asinh™ z)y’, 4+ bxz(az?sinh™ z + 3)y = 0.

m 4 ax? sinh™(Az)y”  — 2azxsinh™(Az)y’, + 2asinh™(Az)y = 0.

ymmm

Particular solutions: 1y, =z, ys = z°.

y . = (sinh” x — a)y’” + (asinh™x — b)y’, + bsinh™ xz y.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots
of the quadratic equation A\? 4+ aX + b = 0.

m .+ (asinh™x + bx)y” + b(axsinh™ x + 2)y., 4+ absinh™ zy = 0.

ymm:ﬂ

Particular solutions: y; = exp(f ; bx2), Yo = exp(f ; bxz) /exp(%be) dx.

"
ymazm

. Solution with @ > 0: y = C; exp(—z+/a) + Cs exp(z+/a) + C3 cosh x.

—tanhzy! —ay! +atanhzy = 0.

2°. Solution with a < 0: y = Cy cos(zy/—a) + Casin(z+/—a) + Cs cosh z.

m . + atanh™(Axz)y? + bx™y! + bz™ ![ax tanh™(Az) + m]y = 0.

ymmm

The substitution w = y// + bx™y leads to a first order linear equation: w! +
atanh™ (Az)w = 0.

. + atanh™(Az)y” + abtanh™(Az)y’ + b*[a tanh™(Az) — bly = 0.

ymww

b b
Particular solutions: y; = e %%/2 COS(xT\/g), Yo = e 0%/? Sin(xT\/g>.

y! +atanh™(Az)y” —b[2atanh™(Az)+ 3bly’, + b?*[a tanh™(Az) + 2bly = 0.

mwm

Particular solutions: 31 = €%, o = zeb®.
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

. +atanh™(Az)y” 4+ [abtanh™(Az) + c — b?]y’, + c[a tanh™ (Az) — by = 0.

yw:cw

Particular solutions: y; =exp(f1z), y2=exp(f2x), where 31 and S are the roots
of the quadratic equation 82 + b8 + ¢ = 0.

y” +azx™y’ — (2az™tanhz+ 3)y’ + [az™(2tanh? z — 1) + 2 tanh ]y = 0.

Particular solutions: y; = coshx, ¥y = xcoshz.

y” +atanh™zy” — (2atanh™™ z + 3)y’
+ (2a tanh™ T2 2 — a tanh™ = + 2 tanh x)y = 0.

Particular solutions: y; = coshx, ¥y = xcoshuz.

m . +aztanh™ zy” + (bx? — atanh” z)y/ + bx(az?tanh™ z 4 3)y = 0.

ymwm

Particular solutions: y; = cos ( %xQ Vb ) , Yo =sin ( %xQ Vb ) .

m . + ax? tanh™(Az)y” — 2ax tanh™(Az)y’, + 2a tanh™(Az)y = 0.

y:mc:c

Particular solutions: y; =z, ys = z°.

y . = (tanh™ z — a)y” + (atanh™ x — b)y, + btanh™ z y.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and s are the roots
of the quadratic equation A\? 4+ aX + b = 0.

n .+ (atanh™ x 4 bx)y” + b(ax tanh™ x + 2)y’ + abtanh™ zy = 0.

ymmm

Particular solutions: y; = exp(f%be), Yo = exp(f ; bxz) /exp(%bﬁ) dx.

y?” 4+ laz™(tanhx — b) — bly”_+ [a(b®> — 1)z™ — 1]y,
+ blaz™(1 — btanhz) 4+ 1]y = 0.
Particular solutions: y; = €%®, 1y, = coshz.
m .+ [Atanh(Az)(az™ — 1) — az™ ]y — aX?z™y! 4+ aX?z™ 'y = 0.

ym:cm

Particular solutions: y; =, y2 = cosh(\x).

y”" + (atanh™™' z — abtanh™ xz — b)y”_
n [a(bz _ 1) tanh™ = — 1]y;} + b(—abtanh"+1 T + atanh™ =+ 1)?/ = 0.

Particular solutions: y; = ebm, yo = cosh x.

"
ymww

1°. Solution with a > 0: y = C; exp(—x+v/a) + Cy exp(x\/a) + C3 sinh z.

—cothzy! —ay! +acothzy =0.

x

2°. Solution with a < 0: y = Cq cos(xv/—a) + Cysin(xv/—a) + Cssinh z.

.+ (acothz —ab—b)y” + (ab* —a—1)y’ +b(—abcothz+a+1)y =0.

ymwm

bx
)

Particular solutions: y; =e Yo = sinh x.
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

m . + acoth™(Axz)y” + bx™y! + bx™ '[ax coth™ (Az) + m]y = 0.

yw:cw

The substitution w = y/, + bx™y leads to a first order linear equation: w! +
acoth” (Az)w = 0.

.+ acoth™(Az)y” + abcoth™(Az)y’ + b*[a coth™(Az) — bly = 0.

ymzm

Particular solutions: y; = e bx/2 cos< ba:;/g >, Yo = o bz/2 Sin(#)_

. +acoth™(Az)y” —b[2a coth™(Az) 4 3bly’, + b?[a coth™ (Az) 4 2b]y = 0.

ymwm

Particular solutions: 31 = €%, o = ze®®.

y!” 4+ axcoth™ zy!” + (bx? — acoth™ x)y’ + bx(axz? coth™ z + 3)y = 0.

mwm

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

y?” 4 ax®coth™(Az)y” — 2ax coth™(Az)y), + 2a coth™(Az)y = 0.

mwa:

Particular solutions: y; =z, ys = 2.

Yy +azx"y” — (2az™ cothz + 3)y’, + [az™(2 coth® z — 1) + 2 coth z]y = 0.

ZBZZ:T

Particular solutions: y; = sinhx, ¥y = zsinhz.

Y +acoth™zy” — (2acoth™™ z + 3)y’,
+ (2a coth™™? x — acoth™ = 4+ 2 coth z)y = 0.

Particular solutions: y; = sinhz, gy = xsinhx.

n e+ (acoth™ x + bx)y” + b(ax coth™ x + 2)y’ + abcoth™ xy = 0.

ymwm

Particular solutions: y; = exp(f%bﬁ), Yo = exp(f%bxz) /exp(%bﬁ) dx.

.+ [Acoth(Az)(az™ — 1) — az™ y” — aX?z™y’ + aX?z™ 1y = 0.

ymmm

Particular solutions: y; =, y2 = sinh(A\x).

xy!! 4+ x[a cosh(2x) 4 bly!, — 2[a cosh(2x) + bly = 0.

The substitution w = zy,, — 2y leads to a second order equation of the form 2.1.4.1:
wl, + [acosh(2x) + bjw = 0.

wy!l’ . + x(acosh? z + b)y,, — 2(a cosh® z + b)y = 0.

The substitution w = zy), — 2y leads to a second order equation of the form 2.1.4.2:
w”_ + (acosh® z 4 b)w = 0.

xy! + x(asinh®z + by, — 2(asinh®z + b)y = 0.

The substitution w = zy,, — 2y leads to a second order equation of the form 2.1.4.5:
w” + (asinh? z 4 b)w = 0.
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

xyl! = (cosh™x — ax)y! + (acosh™ xz — bx)y! + bcosh™ xy.

Particular solutions: y; =exp(A1z), yo2=exp(l2x), where \; and A are the roots
of the quadratic equation A2 + aX + b = 0.

z?y!” + (ax? cosh™ x + bx)y + [a(b — 2)z cosh™ z + cly,
+a(lc—b+2)cosh"zy = 0.
Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b—3)m +c—b+2 = 0.

2y + (ax?sinh™ z + bx)y” + [a(b — 2)xsinh"™ = + cy/,
+a(c—b+ 2)sinh"zy = 0.
Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b—3)m +c—b+2=0.

22y + (ax?tanh” x + bx)y? + [a(b — 2)ztanh™ = + cly,
+a(c—b+2)tanh" zy = 0.

Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b—3)m +c—b+2 = 0.

22y  + (ax? coth™ z + bx)y” + [a(b — 2)x coth™ = + cy/,
+a(c—b+2)coth"zy = 0.

Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b—3)m +c—b+2 = 0.

3y +x%(acosh™ z+b)y” +x(abcosh™ z+c—b)y. +c(acosh™ z—2)y=0.

Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b — 1)m + ¢ = 0.

23y +x?(asinh™ z+b)y” +x(absinh™ z+c—b)y’, +c(asinh™ z—2)y =0.

Particular solutions: y; = 2™, yo =22, where m; and mo are the roots of the

quadratic equation m? + (b — 1)m + ¢ = 0.

3y +a?(atanh™ z+b)y” +x(abtanh™ z+c—b)y’, +c(atanh™ z—2)y=0.

Particular solutions: y; = ™', yo =22, where m; and mo are the roots of the

quadratic equation m? + (b — 1)m + ¢ = 0.

3y +x?(acoth™ xz+b)y” +x(abcoth™ z+c—b)y., +c(acoth™ z—2)y=0.

Particular solutions: y; = ™', yo =22, where m; and mo are the roots of the

quadratic equation m? + (b — 1)m + ¢ = 0.

cosh xy” + ay! + aby! + b*(a — bcosh™ z)y = 0.

brv'3 brv'3
Particular solutions: 1y, = e **/2 cos( :1:2\/_ ), Yo = e 0%/2 sin(xT\/_)
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69.

70.

71.

72.

73.

74.

75.

76.

e

78.

79.

80.

cosh zy?" + ay! + bcosh™ xzy! 4 aby = 0.
1°. Particular solutions with b > 0: y; = cos (1:\/5), Yo = sin(x\/g).
2°. Particular solutions with b < 0: ¥y, = exp(fz\/fb), Yo = exp (a:\/fb).

cosh™ zy!” + ay” — b(2a + 3bcosh™ z)y’ + b*(a + 2bcosh™ z)y = 0.

i

Particular solutions: 31 = €%, 1y, = zeb®.

cosh"zy” +y” + [(b— a®)cosh™z + aly,, + b(1 — acosh™ z)y = 0.
Particular solutions: y; = eM®, 4o = e*®  where \; and Ay are the roots of the

quadratic equation A% + aX +b = 0.

cosh™(Az)y”' + ax?y! — 2azy’ + 2ay = 0.

T

Particular solutions: y; =z, ys = 2.

7

cosh™ zy!” 4+ (acosh™z + az + 1)y”_ + a’zy/, — a’y = 0.

Particular solutions: y; =z, yo =e **.

cosh" xzy!" + (axcosh™ x4 1)y” + a(x + 2cosh™ x)y,, + ay = 0.
2 2 2

. . azx ax ax
Particular solutions: ¥ = exp(—T), Yo = exp(_T) /QXP(T) de.

xcosh” xy!" +(3cosh™ x+x)y” +(axcosh™ x+2)y! +a(cosh™ x+x)y=0.

1 1
Particular solutions: y; = — cos(:t\/a)7 Yo = — sin(x\/a).
T T

3 cosh™ zy” + ax?y” — 2xcosh™zy! + 2(2cosh™ z — a)y = 0.
Particular solutions: y; = afl, Yo = z2.
z3 cosh™ zy”! + ax?y” — 6xcosh™ zy! + 6(2cosh™ z — a)y = 0.

Particular solutions: y; =272, yp = 2°.

3 cosh™ zy” + az?y” + x(a — cosh™ z)y’ + a(a — 3cosh™ z)y = 0.

Particular solutions: y; = cos(In|z|), y2 = sin(In|z|).

z3 cosh™ zy”! + x?(cosh™ z + a)y” +
xz[a — (b+ 1) cosh” ]y’ + b(2cosh™ x — a)y = 0.

Particular solutions: y; = a:_\/g, Yoy = 2V,

sinh™ xz y?”" + ay?” + aby! + b%(a — bsinh™ z)y = 0.

, bzv/3 . [ bxv3
Particular solutions: 1y, = e *%/2 cos( :1:2\/_ ), Yo = e 0%/2 Slﬂ(xT\/_)
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81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

sinh™ x y! 4 ay! + bsinh™ xzy! + aby = 0.
1°. Particular solutions with b > 0: y; = cos (1:\/5), Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(fz\/fb), Yo = €xp (x\/fb).

sinh” z y”’ + ay!” — b(2a + 3bsinh™ z)y’, + b*(a + 2bsinh™ z)y = 0.

rxrxT

Particular solutions: 31 = €%, o = zeb®.

sinh" zy” +y” + [(b— a?)sinh™ z + aly’, + b(1 — asinh™ z)y = 0.
Particular solutions: y; = eM®, 4o = e*®  where \; and Ay are the roots of the

quadratic equation A% + aX +b = 0.

sinh™(A\z)y”" + az?y” — 2azy) + 2ay = 0.

TTT
2

Particular solutions: y; =z, y = x°.

sinh” z y””’ + (asinh™ z + az + 1)y”_ + a’zy’, — a®’y = 0.

Particular solutions: y; =z, yo=e **.

sinh" x y””! 4+ (axsinh™ x + 1)y” + a(x + 2sinh™ z)y’, + ay = 0.
2 2 2

. . ax ax az
Particular solutions: y; = exp(—T)a Y2 = exp(—T) /QXP(T) -

xsinh™ x y”! +(3sinh™ z+x)y” + (axsinh™ z+2)y’ +a(sinh™ z+x)y =0.

1 1
Particular solutions: y; = — cos(:t\/a)7 Yo = — sin(x\/a).
T T

z3sinh™ xy”  + ax?y! — 2xsinh" zy’ + 2(2sinh" z — a)y = 0.
Particular solutions: y; = afl, Yo = z2.
z3sinh™ xy”  + ax?y! — 6xsinh™ zy’ + 6(2sinh" z — a)y = 0.

Particular solutions: y; =z~ 2, ys = z°.

n 2,1

z3sinh™ xy”  + ax?y” + x(a — sinh™ z)y’, + a(a — 3sinh™ z)y = 0.
Particular solutions: y; = cos(lnx), y2 = sin(lnx).
z3sinh™ xy” 4 x?(sinh™ z + a)y” +

z[a — (b+ 1) sinh™ z]y! + b(2sinh™ z — a)y = 0.

Particular solutions: y; = a:_\/g, Yoy = 2V,

tanh™ zy”  + ay!_ + aby! + b*(a — btanh™ z)y = 0.

: bzv/3 . bzv/3
Particular solutions: y; = e ?%/2 cos( :1:2\/_ ), Yo = e 0%/2 Sin(xT\/_)
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93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

tanh” zy?’ + ay! + btanh™ xzy! 4 aby = 0.
1°. Particular solutions with b > 0: y; = cos (1:\/5), Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(fz\/fb), Yo = €xp (x\/fb).

tanh™ z y”” + ay” — b(2a + 3btanh™ z)y’, + b*(a + 2btanh™ z)y = 0.

rrxr
Particular solutions: 31 = €%, o = ze®®.
2 _
tanh" xzy?’ 4+ y2 4+ [(b— a®)tanh™ x + a]y, + b(1 — atanh™ )y = 0.
Particular solutions: y; = eM®, 4o = e*?  where \; and Ay are the roots of the
quadratic equation A% + aX +b = 0.

tanh™(Az)y”’ + ax?y” — 2azy’ + 2ay = 0.

TxrxT

Particular solutions: y; =z, ys = 2.

tanh™ z y”” 4+ (atanh™ z + az + 1)y”_ + a®’zy’, — a’y = 0.

Particular solutions: 4, =z, yo =e **.

tanh” xz ¢!’ + (axtanh”™ z 4 1)y” + a(z + 2tanh” z)y), + ay = 0.

2 2 2

. . ax ax az
Particular solutions: y; = exp(—T)a Y2 = exp(—T) /QXP(T) -

xtanh” zy?’ 4 (3tanh™ z+4x)y” 4 (axtanh™ x+2)y’ +-a(tanh™ z+x)y =0.
1 1

Particular solutions: y; = — cos(:t\/a)7 Yo = — sin(x\/a).
T T

z3tanh™ zy”  + az?y! — 2z tanh™ zy’/ + 2(2tanh™x — a)y = 0.

Particular solutions: y; =z %, ys = 2.

z3tanh™ zy” + az?y! — 6z tanh™ zy/ + 6(2tanh™ x — a)y = 0.

Particular solutions: y; =z~ 2, ys = z°.

z3tanh™ zy”  + az?y! + x(a — tanh™ z)y’ + a(a — 3tanh™ z)y = 0.
Particular solutions: y; = cos(In|z|), y2 = sin(In|z|).
z3tanh™ zy”/ + z?(tanh™ = + a)y”_ +

z[a — (b+ 1) tanh” ]y’ + b(2tanh™ x — a)y = 0.

Particular solutions: y; = a:_\/g, Yoy = 2V,

coth" zy!" 4+ ay! + aby! + b?(a — bcoth™ )y = 0.

: bzv/3 . bzv/3
Particular solutions: y; = e **/2 cos( :1:2\/_ ), Yo = e 0%/2 Sin(xT\/_)
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105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

coth" xzy?" 4 ay! + bcoth™ xy! + aby = 0.
1°. Particular solutions with b > 0: y; = cos (a:\/g), Yo = sin(ac\/g).

2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(rm/—b).

coth" xzy”" + ay! — b(2a + 3bcoth™ x)y! + b2(a + 2bcoth™ z)y = 0.

rxrxT

Particular solutions: y; = €%, yo = ze®®.

coth"zy!” +y” + [(b— a?)coth™z + aly’, + b(1 — acoth™ z)y = 0.

rxTrT

Particular solutions: y; = eM®, 4o = e*?  where \; and Ay are the roots of the

quadratic equation A% + aX +b = 0.

coth(A\z)y”" + az?y! — 2azy’ + 2ay = 0.

T

Particular solutions: y; =z, ys = z°.

coth zy”” 4+ (acoth™z + ax + 1)y” + a’zy! — a’y = 0.

xrxT

Particular solutions: y; =z, y2 =e .

coth” x ¢ + (axcoth™ x + 1)y” + a(x 4 2coth™ x)y. + ay = 0.

axr

. . 2 axr? ax?
Particular solutions: y; = exp(—T), Yo = exp(fT) eXP(T) dx.

xcoth” xy?! +(3coth™ x+x)y” + (axcoth™ x+2)y. +a(coth™ x+x)y=0.

1 1
Particular solutions: y; = — cos(zv/a), y2 = —sin(zva).
x x
z3 coth™ xy”  + ax?y!/ — 2z coth™ zy’ + 2(2coth™ z — a)y = 0.

Particular solutions: y; =z %, ys = 2>

z3 coth™ = Yy .+ awzy;'m — 6z coth™ zy! 4+ 6(2coth™ x — a)y = 0.
Particular solutions: y; =272, yo = 2°.

z3 coth™ zy”  + az?y! + x(a — coth™ z)y’ + a(a — 3 coth™ z)y = 0.

rTxTrT

Particular solutions: y; = cos(lnx), yo = sin(lnx).

x3 coth™ ¢ y .+ x?(coth™ z + a)yy +
z[a — (b + 1) coth” z]y., + b(2coth™ x — a)y = 0.

Particular solutions: y; = x_\/g, Yoy = 2V
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3.1.5. Equations Containing Logarithmic Functions

1.y +aln™(Az)y?, + byl + abln™(Az)y = 0.

1°. Particular solutions with b > 0: y; = cos (x\/g), Yo = 5111(33\/5)
2°. Particular solutions with b < 0: y; = exp(—xx/—b), Yo = exp(x\/ —b).

2. "1 aln™ wy/m'w + abln™ ;L-ys’c —+ b2(a In"x — b)y =0.

ywmw

brv'3 brv/'3
Particular solutions: y; = e %%/2 cos( :1:2\/_ ), Yo = e 0%/2 Sin< $2\/_ )

3. m e taln™xy! + (bx+ c)yl, + (abxIn™ x 4+ acln™ x + b)y = 0.

ymwm

By integrating, we obtain a nonhomogeneous second-order linear equation:

Yo+ (bx +c)y = Cexp(—a / In" xdx)

(see 2.1.2.2 for the solution of the corresponding homogeneous equation).

4. Y’ +aln™(Az)y? — b[2aln™(Az) + 3bly., + b*[aIn"™ (Ax) + 2bly = 0.
Particular solutions: y; = €%, o = zeb®.
5. y” +aln"zy! + (abln"z+ c—b?)y. + c(aln™xz — b)y = 0.

Particular solutions: y; =exp(Az), y2=exp(A2z), where A; and A2 are the roots
of the quadratic equation A% + b\ + ¢ = 0.

6. "oy aln"()\w)y:’;m + biL’my; + bmm_l[aw In"(Ax) + m]y = 0.

ym:c:c

Assuming w =1yl +bx™y, we obtain a first order linear equation: w},+aln"(Az)w=0.

7. y .+ (aln" x4+ b)y” + cyl + c(aln™ +b)y = 0.
1°. Particular solutions with ¢ > 0: y1 = cos(z\/c), y2 = sin(zy/c).

2°. Particular solutions with ¢ < 0: y; = exp(—x —c),yg = exp(x\/—c).

8. n e = (n"x —a)y” + (aln™x —b)y, +bln" xy.

ymmm

Particular solutions: y; =exp(A1z), y2=exp(A2x), where \; and A are the roots
of the quadratic equation A2 + aX + b = 0.

9. o e tarin™xyl 4 (bz? — aln™ x)y. + bx(az?In™ z + 3)y = 0.

ymmm

Particular solutions: y; = cos ( %x2 NG ) , Yo =sin ( %xg Vb ) .

10. o e+ (aln™x +bx)y” + blaxIn™x + 2)y, +abln™ zy = 0.

ymww

Particular solutions: y; = exp(—%bxz), Yo = exp(—%bxz) /exp(%bxz) dx.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

e+ (axln™x +b)y” +a(br—1)In"xzy, —abln™ zy = 0.

yw:cw

The substitution w = y’, + by leads to a second order linear equation of the form
2.1.5.5: wl, +axln"zw, —aln"xw = 0.

o e+ (abxIn™x 4+ aln™x 4 by + ab?zIn™ xy, — ab’In"zy = 0.

ym:c:c

Particular solutions: y; =z, y2 = e,

m .+ az?in™(Az)y” — 2azxIn"(Az)y’, + 2aIn"™ (Az)y = 0.

ymmm

Particular solutions: 1y, =z, ys = z°.

zy"” +azy” —bbzln®z + 1)y, —ab(bzIn’z + 1)y = 0.

The substitution w = y! + ay leads to an equation of the form 2.1.5.7: aw!, —
(PzIn®z + b)w = 0.

xy  +aln™(Ax)yl + bxy! + abln™(Ax)y = 0.

1°. Particular solutions with b > 0: y; = cos(a:\/g), Yo = sin(x\/g).

2°. Particular solutions with b < 0: y; = exp(—a:\/—b), Yo = exp(fc\/—b).

xy) +axlnzy! 4 (abxlnz — b2z + a)y, + aby = 0.

Particular solutions: y; = e "%, yo =e " /x*afﬂe(tﬂr?b)x d.

n

zy! = (In"x —ax)y’ + (aln™x —bx)y, +bln" xy.
Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots

of the quadratic equation A2 4+ aX + b = 0.

xy! + (axIn™x + 3)y” + (2aIn™ x + bx)y,, + b(axIn™ z 4+ 1)y = 0.

1 1
Particular solutions: y; = — cos (:z:\/g), Yo = — sin (m\/l;)
x x

zy!' +(axIn™ z+43)y! 4+ (abxln™ x+2aln™ :I:—bzw)y‘fc +b(aIn™ z—b)y =0.

1 1
Particular solutions: y; = —, ys = —e %,
x x

zy! + [a(b— Inz)z™ + 2]y” + ax" 'y, — axz" "2y = 0.

x

Particular solutions: y; =z, yo=Ilnx—b+ 1.

22y 4+ aln™(Az)y’, + bz?y), + abln™(Az)y = 0.
1°. Particular solutions with b > 0: y; = cos (x\/5)7 Yo = sin(x\/g).

2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(w\/ —b).
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

22y 4+ x?(alnz + b)y” + 2azy’, —ay = 0.

Integrating the equation twice, we obtain a first order linear equation:

yr + (alnz +b)y = Cy + Cax.
z2y!"  — 3az[axIn®’(Az) + 1]y’ + [2a?2? In®(Az) + 1]y = 0.

Particular solutions: y; = exp [a/ln()\x) dm] , Y2 =T exp {a/ln()\x) dx} .

22y 4+ x*(alnz + bx)y”, + 2x(bx + a)y), — ay = 0.

Integrating the equation twice, we obtain a first order linear equation:

Yo+ (alnz + bx)y = C + Cax.

22y 4+ (axz?In™ x+bx)y” +[a(b—2)xzIn™ z+cly., +a(c—b+2)In" zy=0.
Particular solutions: y; = 2™, yy = ™2, where m; and msy are the roots of the

quadratic equation m? + (b —3)m +c—b+2=0.

23y + x?(alnz 4 by’ + 2azy), —ax = 0.

T

Integrating the equation twice, we obtain a first order linear equation:

zy, + (alnz +b—2)y = C; + Cax.

23y 4+ aln"(Az)y” + bz y) + abln™(Az)y = 0.
1°. Particular solutions with b > 0:  y; = cos (x\/g), Yo = 5111(33\/5)
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = €xp (m\/—b).

3y +ax’In"zy! —2zy, +2(2—aln"z)y=0.

Particular solutions: y; = ;U_l, Yo = 22,

a3y, +ax?in" zy — 6xy, +6(2— aln™z)y = 0.

Particular solutions: 3, = 272, 1y = 2°.

iyl +x*(alnz + bx)yl + 2x(bx + a)y, — ay = 0.
Integrating the equation twice, we obtain a first order linear equation:
zy, + (alnz + bx — 2)y = C1 + Cox.

23y +x?(aln”™ x + b)y” + xz(abln" x4+ c —b)y, + c(aln™ x — 2)y = 0.

Particular solutions: ¥y = 2™, yo = ™2, where my and msy are the roots of the
quadratic equation m? + (b — 1)m +c = 0.

In"zy!” +ay? + aby, + b*(a—bIn" z)y = 0.

Trxr

brv'3 brv'3
Particular solutions: 1y, = e *%/2 cos( :1:2\/_ ), Yo = e 0%/2 sin(xT\/_)
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33.

34.

35.

36.

37.

38.

In"zy!” ++(axln™ x4+ 1)y) +a(x+ 2In"x)y. + ay = 0.

. . ax? axr? ax?
Particular solutions: y; = exp(—T>, Yo = exp(_T) eXp(T> dr.
In"zy” + (aln"z+ ax+ 1)y” + a’zy), —a’y=0.
Particular solutions: y; =z, y =e *".
In"(Az)y! + ax?y’ — 2axy) + 2ay = 0.
Particular solutions: y; =z, ys = z°.
In" zyg7, + vy, + [(a — b*) In™ x + bly;, + a(1 — bIn" z)y = 0.
Particular solutions: 1, = eM?®, 1y, = e*?,  where A\; and )y are the roots of the

quadratic equation A% + b\ +a = 0.

In"zy!” +ay? —b(2a+3bIn" )y, + b*(a+ 2bIn" z)y = 0.

rTxrxr

Particular solutions: y; = eb, Yo = xeb®.

In™(Ax)y + ay” + bln"(Ax)y), + aby = 0.
1°. Particular solutions with b > 0: y; = cos (:z:\/g), Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = €xp (ac\/—b).

3.1.6. Equations Containing Trigonometric Functions

1.

"+ adtan(ax)y = 0.

ymwm

By integrating, we obtain a nonhomogeneous second-order linear equation:

11 /
t — ) =
Yee + anﬁyg Y cos € §=azx

(see 2.1.6.29 for the solution of the corresponding homogeneous equation).

"
ywww

— a®tan(az)y = 0.
Particular solution: yo = cos(ax).
The substitution y = cos(az) [ z(z) dz leads to a second order linear equation of

the form 2.1.6.29: zé’é - 3tan§zé — 3z =0, where £ = ax.

"+ a3cot(ax)y = 0.

ymwm

The substitution z = ¢ + ZL leads to a linear equation of the form 3.1.6.2: )}, —
a

a3 tan(at) y = 0.

"7

y” —a®cot(ax)y = 0.

The substitution = = ¢ + 2l leads to a linear equation of the form 3.1.6.1: y;7, +
a

a’tan(at)y = 0.
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10.

11.

12.

13.

14.

S 3a2y; + 2a3tan(az)y = 0.

yw:cw

Particular solutions: y; = cos(ax), y2 = xcos(ax).

m e+ ayl + Aa — A?) tan(Az) y = 0.

y:vaca:

Particular solution: yo = cos(Ax).
The substitution y = cos(Az) [ z(z) dz leads to a second order equation of the
form 2.2.6.29: zé’E — 3tan§zé + (aA™2 = 3)z = 0, where £ = \z.

m .+ 3a%y. — 2a® cot(ax)y = 0.

ymmm

Particular solutions: y; = sin(ax), y2 = xsin(ax).

.+ acos(2z)y’ — blacos(2z) + b%|ly = 0.

ymmm

The substitution w = e**/2(y’ — by) leads to the Mathieu equation 2.1.6.4: w”, +
[a cos(2z) + 3b%w = 0.

n e+ [acos(2x) + bly., — asin(2x)y = 0.

ymmm

Solution:
y = Chwi + Cowyws + Caw3,

where w; and ws is the fundamental set of solutions of the Mathieu equation 2.1.6.4:
4w’ + [acos(2z) + bjw = 0.

o e 1 [acos(2x) + bly., — 2asin(2z) y = 0.

ywww

By integrating, we obtain a nonhomogeneous Mathieu equation:
Yo+ lacos(2x) + bly = C.

m . 1 lacos(Ax) + bly,, — clacos(Az) + b+ ]y = 0.

ywww

The transformation £ = %)\x, w = /2 (yl. —cy) leads to the Mathieu equation 2.1.6.4:
wie + 4X"2[acos(28) + b+ 2w = 0.

m . + lacos(2z) — by’ — a[bcos(2z) + 2sin(2x)]y = 0.

y:vaca:

By integrating and substituting w = ye?®/2, we obtain a nonhomogeneous Mathieu

equation: w!, + [acos(2z) — %b2]w — CeBb/2.

"
y:vaca:

+asinzy! — b(asinz +b%)y = 0.

The substitution w = e"®/2(y!, — by) leads to an equation of the form 2.1.6.3: w”, +
(asinz + 3b%)w = 0.

y” +asin’zy/, — b(asin®z + b?)y = 0.

The substitution w = e"®/2(y’, — by) leads to an equation of the form 2.1.6.5: w”, +
(asin®z + 2b?)w = 0.
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

o e 1 [asin(Ax) + bly, + aXcos(Ax)y = 0.

yw:cw

By integrating, we obtain a nonhomogeneous second-order linear equation:
yo .+ lasin(A\x) + bly = C

(see 2.1.6.3 for the solution of the corresponding homogeneous equation).

m .+ lasin(Az) — b%ly’, + a[A cos(Az) — bsin(Az)]y = 0.

ymwm

By integrating and substituting w = yeb®/2

linear equation:

, we obtain a nonhomogeneous second-order

wll, + lasin(Az) — $b*w = Ce3bz/2

(see 2.1.6.3 for the solution of the corresponding homogeneous equation).

y .+ lasin(Ax) + bly!, — clasin(Ax) + b+ c?ly = 0.

The substitution w = e“®/2(y’, — cy) leads to an equation of the form 2.1.6.3: w”, +
[asin(Az) + b+ 32w = 0.

" — 3alasin®(bx) + bcos(bx)]y’, + asin(bx)[b? + 2a? sin?(bx)]y = 0.

ymwm

Particular solutions: 1; = exp [—% cos(bx)} , Y2 = Texp [—% cos(bx)} :

m o +atan®*zy! — b(atan®z + b))y = 0.

y:vacm

The substitution w = e**/2(y’, — by) leads to an equation of the form 2.1.6.10: w’ +
(atan®z + 2b%)w = 0.
y!  + [atan?(Az) 4 bly), — clatan®(Az) + b+ c*]y = 0.

The transformation ¢ = Az, w = e“*/?(y/, — cy) leads to an equation of the form
2.1.6.10: wfe + A *(atan® € + b+ Fc*)w = 0.

y” +acot’zy’ —blacot®z + b%)y = 0.

The substitution w = e?*/2(y/, — by) leads to an equation of the form 2.1.6.12: w/’, +
(acot?z + 2b?)w = 0.

y .+ ayl 4+ (bcos2x + c)y., + a(bcos2x 4 c)y = 0.

The substitution w = y!, + ay reduces the original equation to the Mathieu equation
2.1.6.4: wl, + (bcos2z + c)w = 0.

y .+ ay? + [bsin(Az) + cJy., + a[bsin(Ax) + cly = 0.

The substitution w = y!. + ay leads to a second order linear equation of the form
2.1.6.3: wl, + [bsin(Az) + cJw = 0.
Yy +ay” + bsin’(Az)y’, + absin’(A\z)y = 0.

The substitution w = y!, + ay leads to a second order linear equation of the form
2.1.6.5: w!’, + bsin*(\z)w = 0.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Yy +ay’ + (btan®*z + c)y), + a(btan®*z + c)y = 0.

The substitution w = y!. + ay leads to a second order linear equation of the form
2.1.6.10: w”, + (btan?z + c)w = 0.

yut ayl +A[BA42atan(Ax)]y, +A%{a[1+2tan®?(A\z)]+ 2 tan(Ax)}y = 0.

Particular solutions: y; = cos(Az), y2 = xcos(Ax).

y +ay” + (beot?z + )y, + a(beot?* z + c)y = 0.

The substitution w = y!. + ay leads to a second order linear equation of the form
2.1.6.12: w! + (beot? z + c)w = 0.

Yy +ay” +A[BA—2acot(Az)]y, +A?{a[1+2 cot?(Az)] — 2A cot(Az)}y = 0.
Particular solutions: y; =sin(Az), y2 = zsin(Azx).

o e T acos™(Ax)yY 4 by! + abcos™(Ax)y = 0.

ymwm

1°. Particular solutions with b > 0: y; = cos (x\/g), Yo = sin(x\/E).
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(w\/ —b).

m .+ acos™(Ax)y” + abcos™(Ax)y), + b?[acos™(Ax) — bly = 0.

ymwm

b b
Particular solutions: y; = e ?%/2 COS(xT\/g), Yo = e 0%/2 Siﬂ(zT\/g)

e T acos™(Ax)yl — b[2a cos™(Ax) 4 3bly., + b2[a cos™(Ax) + 2b]y = 0.

ymwm

Particular solutions: y; = b, Yo = xeb®.

m . +acos™xzy” + (abcos™x + ¢ — b?)y’ + c(acos™ x — b)y = 0.

ym:cm

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and A are the roots
of the quadratic equation A% + b\ + ¢ = 0.

m . +acos™(Ax)y” + bx™y! + bx™ '[ax cos™(Az) + m]y = 0.

y:z::cm x

Assuming w =y + bx™y yields a first order linear equation: w!, + a cos™(Az) w = 0.

ylmI;m + (a cos™ x + b)ylmlm + Cy'm + C(a cos x —|— b)y = 0.
1°. Particular solutions with ¢ > 0: y; = cos (ac\/E), Yo = sin(x\/E).

2°. Particular solutions with ¢ < 0: y; = exp(—x —c), Yo = exp(x\/—c).

177

yo . = (cos™x —a)yl + (acos™x — b)y. + bcos" xy.

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and Ay are the roots
of the quadratic equation A2 + aX + b = 0.

o e+ (acos™ x4 bx)y! 4+ b(axcos™ x 4 2)y!, + abcos™ xy = 0.

ymwm

Particular solutions: 1 = exp(—%bﬂcQ)7 Yo = exp(—%be) /exp(%be) dx.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

"
yw:cw

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

+ ax cos™ x y! + (bx? — a cos™ :l:)yw—i—ba:(a:v cos™x + 3)y = 0.

1”7
y:l!:l‘:m

+ (abx cos™ x + acos™ x + b)y. + ab?x cos™ xyl — ab®cos™ zy = 0.
Particular solutions: y; =z, y» = e "%,

"
y:mc:c

+ az? cos™(Ax)y” — 2ax cos™(Az)y!, + 2a cos™(Az) y = 0.

Particular solutions: y; =z, ys = z°.

y .+ asin”(Ax)y! — by, —absin™(Azx)y = 0.

1°. Particular solutions with b > 0: y; = exp(—a:x/g), Yo = exp (ac\/g)
2°. Particular solutions with b < 0:  y; = cos (m\/—b), Yo = sin(x\/—b).

y” 4+ asin™(Az)y”_ + absin™(Az)y’, + b*[asin™ (Az) — bly = 0.

mwm

b b
Particular solutions: y; = e ?%/2 cos< 12\/3 ), Yo = e 0%/? sin< x2\/§ )

.+ asin™(Az)y”  — b[2asin™(Azx) 4 3bly,, + b*[asin™(Ax) + 2bly = 0.

ym:c:c

Particular solutions: y; = €%, yo = ze®®.

"
ym:cm

+asin"zy” + (absin" z 4+ ¢ — b?)y’, + c(asin™ z — b)y = 0.

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and Ay are the roots
of the quadratic equation A2 + b\ + ¢ = 0.

m e+ asin™(Az)y”  + bx™y! + bz™ [ax sin" (Az) + m]y = 0.

ymmm

Assuming w =yl + bx™y yields a first order linear equation: w/, + asin”™ (Azx)w = 0.

y'm'a’vm (asin™ x4 b)y”  + cy), + c(asin™ +b)y = 0.
. Particular solutions with ¢ > 0: y; = cos(zy/c), y2 = sin(zy/c).
2°. Particular solutions with ¢ < 0: y; = exp(—x\/—c), Yo = exp(x\/—c).

"
y:vacm

= (sin" xz — a)y’”, + (asin™ xz — b)y., + bsin" xy.

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and A are the roots
of the quadratic equation A2 + aX + b = 0.

m .+ (asin™x + bx)y” + b(axsin™ x 4 2)y! + absin” xy = 0.

ymmm

Particular solutions: y; = exp(—%bﬁ), Yo = exp(—%b:ﬁ) /exp(%bﬁ) dx.

"
y:l:il?:l!

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

+ axsin” zy” + (bx? — asin” z)y’, + bz(az?sin™ z 4 3)y = 0.
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49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

"

yut . + (abxsin™ x + asin™ x + b)y” + ab?zsin™ ¢ Yl — ab?sin" zy = 0.

Particular solutions: y; =z, y2 = e,

y 4 ax?sin™(Az)y” — 2axsin”(Az)y’, 4+ 2asin™ (Az)y = 0.

Particular solutions: y; =z, ys = z°.
o e T Atan(Ax)y” — ay! — altan(Ax)y = 0.

ym:c:c

1°. Solution with a > 0: y = Cy exp(—zv/a) + Caexp(zy/a) + Cs cos(Az).
2°. Solution with a < 0: y = Cy cos(zv/—a) + Cysin(zv/—a) + Cj cos(Az).

Ve +atan(Ax)yl + byl + A(ax + b — A?) tan(Az) y = 0.

ym:c:c

Particular solution: yo = cos(Ax).
The transformation x = Y= cos(Az) / z dx leads to a second order equation
of the form 2.1.6.55:

zge + (% —3) tan § 2; + (i—z -3- QTatan2§)z:0.

n . T atan™(Ax)y” 4 by! + abtan™(Ax)y = 0.

ymmm

1°. Particular solutions with b > 0: y; = cos (1‘\/5)7 Yo = sin(x\/g).
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(:c\/—b).

m .+ atan™(Az)y”_ + abtan™(Azx)y’, + b*[a tan™(Az) — bly = 0.

yil?:L'(E

bxv'3 bxv'3
Particular solutions: y; = e **/2 cos(xT\/_) Yo = e 0%/2 sin(xT\/_)

m . +atan™(Az)y” — b[2a tan™(Azx) + 3bly’, + b?[a tan™(Ax) + 2bly = 0.

ywwm

Particular solutions: 31 = €%, o = zeb®.

m . +atan™zy” + (abtan™z 4 ¢ — b?)y’, + c(atan™ z — b)y = 0.

ymzm

Particular solutions: y; =exp(Az), y2=exp(Aaxz), where A; and s are the roots
of the quadratic equation A% + b\ + ¢ = 0.

m . +atan™(Ax)y” + bxz™y! + bx™ '[ax tan™(Az) + m]y = 0.

ymwm

Assuming w =y, + bx™y yields a first order linear equation: w!, 4+ atan™(Az) w = 0.

yut .+ (atan™ x + b)y” + cy. + c(atan™ x + b)y = 0.
1°. Particular solutions with ¢ > 0: y; = cos(z\/c), yo = sin(zy/c).

2°. Particular solutions with ¢ < 0: y; = exp(fx fc), Yo = exp(x\/fc).

1"
y:l):.l?:l!

= (tan" z — a)y” + (atan™x — b)y, + btan™ x y.

Particular solutions: y; =exp(Az), y2=exp(A2z), where A; and A2 are the roots
of the quadratic equation A2 + aX + b = 0.
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

o e+ (atan™x + bx)y! 4 b(axtan™x + 2)y’ + abtan™ xy = 0.

yw:cw

Particular solutions: y; = exp(—%be), Yo = exp(——bx ) /exp(%bxg) dx.

yo . +axtan™ cyl + (bx? — atan™ x)y., + bx(ax?tan™ x + 3)y = 0.

mwm

Particular solutions: y; = cos( 2\/_) Yo = sm( 2\/_)

y?” 4+ (abztan™ x + atan™ x + b)y” + ab’*ztan™ xy/ — ab’*tan" zy = 0.

mwm

Particular solutions: y; =z, ys = e 7.

.+ az?tan™(Az)y”  — 2ax tan™(Azx)y), + 2a tan™(Az) y = 0.

ymmm

Particular solutions: y; =z, ys = z°.

Y, —[b(a-rtan @)a"+aly”, +[b(a®+1)z"+1]y, +a[b(a tan z—1)z" — 1]y =0.

Particular solutions: y; = e®*, yo = cosz.

y! — (abtan™z + btan™t' z + a)y”_ + [b(a® + 1) tan™ = + 1]y,
+ a(abtan™t! z — btan™ z — 1)y = 0.

Particular solutions: y; = e®*, yo = cosz.

yu .+ Atan(Az)(az™ + 1) + ax™ ]y — aX?z™y!, + aX?z" "1y = 0.
Particular solutions: y; =z, y2 = cos(Az).

e — Acot(Ax)yl — ay! 4 alcot(Ax)y = 0.

ymwm
1°. Solution with a > 0: y = Cyexp(—av/a) + Coexp(zy/a) + Cysin(Az).

2°. Solution with a < 0: y = Cy cos(z/—a) + Cysin(zv/—a) + Cssin(Az).

.+ acot™(Az)y” + abcot™(Ax)y’, + b*[a cot™(Az) — bly = 0.

ymmm

b b
Particular solutions: y; = e ?%/2 COS(xT\/g), Yy = e 0%/2 Sin(xT\/g>.

y 4+ acot™(Az)y! — b[2acot™(Ax) + 3bly’, + b*[a cot™(Azx) + 2bly = 0.

mwm

Particular solutions: y; = €%, yo = zeb®.

y” +acot™zy” + (abcot™z + c — b%)y), + c(acot™z — b)y = 0.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A; and A2 are the roots
of the quadratic equation A% + b\ + ¢ = 0.

y” 4+ acot™(Az)yl, + bx™y! + bx™ [ax cot™(Ax) + m]y = 0.

mwa:

Assuming w =y + bx™y yields a first order linear equation: w!, + a cot™(Az) w = 0.
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72.

73.

74.

75.

76.

e

78.

79.

80.

81.

82.

Y, + (acot™ z + b)yl, + cyl, + c(acot™ z + b)y = 0.
1°. Particular solutions with ¢ > 0: y; = cos (1;\/5)’ Yo = sin(x\/E),

2°. Particular solutions with ¢ < 0: y; = exp(—x —c), Y = eXp(x\/—c).

e = (cot™x —a)y + (acot™x — b)y. + beot™ xy.

ywww

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A; and A are the roots
of the quadratic equation A2 +aX +b = 0.

m .+ axcot™ xy” + (bx? — acot™ x)y), + bx(ax? cot™ x + 3)y = 0.

ymww

Particular solutions: y; = cos(+2%Vb), yo =sin(L22Vb).

m .+ (abxcot™ x + acot™ x + b)y” + ab’z cot™ x y/, — ab®cot™ xy = 0.

ymwm

Particular solutions: y; =z, y» = e "%,

m .+ ax? cot™(Ax)y”  — 2ax cot™(Ax)y., + 2a cot™(Ax)y = 0.

ym:cm

Particular solutions: y; =z, ys = 2.

xyl!  + x(acos2z + b)y!, — 2(acos2z + b)y = 0.

The substitution w = zy), — 2y leads to the Mathieu equation 2.1.6.4:

wl .+ (acos2z + b)w = 0.

2yl + 2(acos? @ + by, — 2acos? @ + by = .
The substitution w = zy,, — 2y leads to a second order linear equation of the form

2.1.6.6: w”, + (acos®x + b)w = 0.

xyl! = (cos™x — ax)y. + (acos™x — bx)y, + bcos" xy.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots
of the quadratic equation A\? 4+ a)X + b = 0.

xy!'  + (axcos™x + 3)y” + (2acos™ x + bx)y., + b(ax cos™ x + 1)y = 0.

1 1
Particular solutions: y; = — cos(a:\/g), Yo = — sin(m\/g).
T T

xy!! 4+ x[asin(Az) + bly,, — 2[asin(Ax) + bly = 0.
The substitution w = zy), — 2y leads to an equation of the form 2.1.6.3: w!, +

[asin(Az) + bjw = 0.

xy! = (sin”x — ax)y! + (asin™ x — bx)y, + bsin" x y.

Particular solutions: y; =exp(Az), y2=exp(A2z), where A; and A2 are the roots
of the quadratic equation A2 + aX + b = 0.
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83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

xy'  + (axsin™ x + 3)yZ + (2asin™ x 4 bx)y., + b(axsin™ z 4 1)y = 0.

1 1
Particular solutions: y; = — cos(a:\/g), Yo = — sin(m\/l;).
T x

zy"” + x(atan?z + b)y, — 2(atan?z + b)y = 0.
The substitution w = zy, — 2y leads to an equation of the form 2.1.6.10: w! +
(atan®z + b)w = 0.

xyl' = (tan™ x — ax)y! + (atan™x — bx)y, + btan" xy.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A; and A are the roots
of the quadratic equation A? 4+ aX + b = 0.

xy'  + (axtan™ z 4 3)y” + (2atan™ x 4 bx)y., + b(axtan™ xz 4 1)y = 0.

1 1
Particular solutions: y; = — cos(ac\/g), Yo = — sin(x\/g).
T x

axy” +[1— Xa+ 1)z cot(Az)]y” — Nzy!, + A%y = 0.

Particular solutions: y; =, ys = sin(Az).

mylzI;z + m(a’ C0t2 T + b)y; - 2((1 COt2 T + b)y = 0.
The substitution w = zy, — 2y leads to an equation of the form 2.1.6.12: w! +
(acot?x + b)w = 0.

xy!'  + (axcot™ x + 3)y” + (2acot™ x + bx)y., + b(ax cot™ x + 1)y = 0.

1 1
Particular solutions: y; = — cos (CE\/B), Yo = — sin (x\/g)
x x

x?y!” = (cos™x — ax?®)y! + (acos™x — bx?)y! + bcos" zy.

Particular solutions: y; =exp(A1z), y2=exp(l2x), where \; and A are the roots
of the quadratic equation A2 + aX + b = 0.

2,011 o, (% 2\, Y (2 2\, ,/ saT
x?y! = (sin” x — ax?)y) + (asin™ x — bx?)y. + bsin" xzy.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots

of the quadratic equation A\? 4+ aX + b = 0.

22y = (tan™ z — ax?)y”_ + (atan™x — bz?)y, + btan" x y.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A\; and A are the roots

of the quadratic equation A2 4+ aX + b = 0.

22y = (cot™x — ax?)y! 4+ (acot™x — bx?)y. + beot™ xy.

Particular solutions: y; =exp(Az), y2=exp(Aaz), where A; and A2 are the roots
of the quadratic equation A2 + aX + b = 0.
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94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

a3yl + ax? cos™(Az)yL, + bry., + blacos™(Az) — 2]y = 0.

Particular solutions: y; =™, yo =22, where m; and mo are the roots of the
quadratic equation m? —m + b = 0.

wgy:,c/:,nn: + az? Sinn(Ai’?)y;/w + bwy; + b[a Sil’ln(A.’I}) — 2]y = 0.

Particular solutions: y; = ™', yo =22, where m; and mo are the roots of the
quadratic equation m? —m + b = 0.

23y + ax?tan™(Az)y! + bry! + blatan™(Az) — 2]y = 0.

Particular solutions: y; =™, yo = x™2, where m; and mo are the roots of the
quadratic equation m? —m +b = 0.

:c3y;';m + ax? cot™(Ax)y” + bxy! + blacot™(Ax) — 2]y = 0.

Particular solutions: y; = 2™!', yo =22, where m; and mo are the roots of the
quadratic equation m? —m + b = 0.

cos?zy!” + acos®xzy’ + by, + aby = 0.

TXTT

The substitution # = § + % leads to an equation of the form 3.1.6.112: sin? fyé’ég +

asin® & yé’g + byé + aby = 0.

cosxzy!” + ay’ + aby! + b%(a — bcos™ z)y = 0.

TXTT

. bz/3 " bz/3
Particular solutions: 1y, = e *%/2 cos( :1:2\/_ ), Yo = e 0%/2 sin(xT\/_)

cosxy +ay! 4+ bcos™ xy! + aby = 0.

TxrxT

1°. Particular solutions with b > 0: y; = cos (:1:\/5), Yo = sin(x\/g).

2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(x\/ —b).

cosxy!' 4+ ay! — b(2a 4 3bcos™ x)y! + b?(a + 2bcos™ z)y = 0.

rxrx

Particular solutions: y; = eb, Yo = xeb®.

cosxzy! 4y’ +[(b—a?)cos™x+ aly., + b(1 —acos™x)y = 0.

rxrxr

Particular solutions: y; = eMe Yo = e>‘2$, where A1 and Ay are the roots of the
quadratic equation A2 +aX +b=0.

cos™(Ax)y! + ax?y! — 2azy’ + 2ay = 0.

rxrxT

Particular solutions: y1 =z, ys = z°.

coszy” + (acos™x + ax + 1)y” + a’zy! — a’y = 0.

Particular solutions: y; =z, y2 =e .
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105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

cos"xy! + (axcos™ x4+ 1)y + a(x+ 2cos” x)y., + ay = 0.

TXTT

a:r2 ax2 ax2

Particular solutions: y; = exp(fT), Yo = exp(—T) /exp(T> dx.

xcos"xy + (3cos™x+ )y + (axcos™ x4+ 2)y. + a(cos™ x4+ x)y = 0.

T

1 1
Particular solutions: y; = — cos(zv/a), y2 = —sin(zva).
x x

z3 cos™ x y .+ awzy;'w — 2z cos" xy! 4+ 2(2cos" x — a)y = 0.
Particular solutions: y; = xil, Yo = 22

3 cos™xy!! + ax?y! — 6xcos"xy), + 6(2cos™x —a)y =0.
Particular solutions: y; =z~ 2, ys = z°.

3 cos™ xy!! + ax?y! + x(a — cos” x)y. + a(a — 3cos™ x)y = 0.

Particular solutions: y; = cos(ln|z|), y2 = sin(ln |z]).

z3cos™xy!! + x?(cos™x + a)y +

xzla — (b+ 1) cos™ x|y, + b(2cos™ x — a)y = 0.

Particular solutions: y; = x*\/g, Yoy = 2V,

sin? z yo .+ 3sinxcosxzy! + [cos2x + 4v(v+ 1) sin? x|y’
+2v(v+1)sin2zy = 0.

Solution:

y = C1yi + Cayrys + Csy3,

where y1, y2 form a fundamental set of solutions of the Legendre equation 2.1.2.148,
with argument z of functions y; and ys substituted by cosx.

sinzy” +asin®zy” + by’ + aby = 0.

T

The substitution w = y,, + ay leads to a second order equation of the form 2.1.6.108:
sin® z w4+ bw = 0.

"

sinzy!”" + ay! + aby + b*(a — bsin™ z)y = 0.

Particular solutions: 1 = e bx/2 c0s< bz2\/§ >, Yo = e bx/2 sin(%).

sin"xy' 4 ayl 4+ bsin" xzy! + aby = 0.

T

1°. Particular solutions with b > 0: y; = cos (1:\/5), Yo = sin(x\/B).
2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(w\/ —b).

sin®zy!”! + ay! — b(2a + 3bsin" z)y’, + b*(a + 2bsin™ z)y = 0.

T

Particular solutions: 31 = €%, 1y, = zeb®.
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116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

sinzy!” 4y +[(b—a®)sin™ x + aly, + b(1 —asin™ z)y = 0.

T

Particular solutions: y; = eM?T Yo = e*®  where \; and Ay are the roots of the

quadratic equation A% +aX +b = 0.

sin” (Az)y”! + ax?y! — 2axy’ + 2ay = 0.

T

Particular solutions: y; =z, ys = z°.

sinzy!” 4+ (asin" z + ax + 1)y’ + a’zy, — a’?y = 0.

TTrT

Particular solutions: y; =, y2 = e **.

sin” xy?' 4+ (axsin™ x + 1)y 4+ a(x + 2sin™ x)y! 4+ ay = 0.
2
x

. . a az? az
Particular solutions: y; = exp(—T)a Y2 = exp(—T) /exp(—) -

xsin"xy' 4 (3sin” x + x)y! + (axsin” x + 2)y, + a(sin” z 4+ x)y = 0.

TXTT

1 1
Particular solutions: y; = — cos(a:\/a), Yo = — sin(x\/a).
x x

z3sin" xy? + ax?y! —2xsin"zy! + 2(2sin" x —a)y = 0.
Particular solutions: y; = x_l, Yo = 22,

z3sin" xzy! 4+ ax?y! —6xsin" xy/ + 6(2sin" z —a)y =0.
Particular solutions: y; =z 2, ys = z°.

z3sin" zy”  + az?y” + x(a —sin" z)y’ + a(a — 3sin" z)y = 0.

Particular solutions: y; = cos(lnx), ys =sin(lnz).

z3sin™ xy?”! +a?(sin”™ x+a)y” +x[a—(b+1)sin” z]y, +b(2sin" z—a)y =0.

rrxr
Particular solutions: y; = x*\/g, Yo = 2V,

tan™ xy” 4+ ay” + aby! + b*(a — btan™ x)y = 0.

rxrT

b b
Particular solutions: y; = e **/2 cos( V3 ), Yo = e 0%/2 sin( V3 )

2 2

tan" xy?’ + ayl + btan™xy! + aby = 0.

xTXTT

1°. Particular solutions with b > 0: y; = cos (:1:\/5)7 Yo = sin(x\/g).

2°. Particular solutions with b < 0: y; = exp(—x\/—b), Yo = exp(x\/ —b).

tan™ xy” + ay” — b(2a + 3btan™ z)y’ + b*(a + 2btan™ z)y = 0.

T

Particular solutions: 31 = €%, 1y, = zeb®.
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128. tan"xzy! +y” + [(b— a®)tan™ z + aly), + b(1 — atan™ z)y = 0.

xTTT

Particular solutions: y; = eM®, 3o = e*®  where \; and Ay are the roots of the

quadratic equation A% + aX +b = 0.

129. tan™(Az)y?  + axz?y! — 2azy’ + 2ay = 0.

T

Particular solutions: y; =z, ys = z°.

130. tan™ zy”" + (atan™z + ax + 1)y” + a’zy’, — a’y = 0.

rxrxT

Particular solutions: vy, =z, ys =€

131. tan"xzy!’ + (axtan™x 4 1)y + a(x + 2tan™ z)y), + ay = 0.

xTTT

. : az? azx? ax?
Particular solutions: y; = exp(—T>, Yo = exp(—T) exp(T> dex.

132. ztan™xzy!’ 4+ (3tan™ x + x)y2 + (axtan™ x 4+ 2)y. + a(tan™ x 4+ x)y = 0.

TxrT

1 1
Particular solutions: y; = — cos(zv/a), y2 = —sin(zva).
x x

133. 3 tan" xzy! + ax?y” — 2ztan™zy’ + 2(2tanx —a)y = 0.

T

Particular solutions: y; =271, yp = 2%

134. z?tan" zy!! + ax?y! — 6xtan™ zy’ + 6(2tan™x — a)y = 0.

T

Particular solutions: y; =272, ys = 2°.

135. z®tan™ zy!  + ax?y! + x(a — tan" x)y’, + a(a — 3tan™ z)y = 0.

Particular solutions: y; = cos(In|z|), y2 = sin(ln |z]).

136. @ tan™ oy, + @*(tan” @ + )y, +
z[a — (b+ 1) tan™ 2]y’ + b(2tan™ = — a)y = 0.
Vb Vb

Particular solutions: y; =27 V°, ys=aV".

137. cot™xy”! + ay! + aby) + b*(a —beot™ z)y = 0.

T

b b
Particular solutions: y; = e ?%/2 cos( x2\/§ ), Yy = e 0%/? Sin( x2\/§ )

138. cot™ xy! + ay + bcot™xy! + aby = 0.
1°. Particular solutions with b > 0: y; = cos (a:\/g), Yo = bln(x\/g)
2°. Particular solutions with b < 0: y; = exp(—2v=b), y2 =exp(zv-b).

139. cot™zy”! + ay! — b(2a + 3bcot™ x)y’, + b*(a + 2bcot™ x)y = 0.

T

Particular solutions: 31 = €%, o = zeb®.
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140.

141.

142.

143.

144.

145.

146.

147.

148.

cot"xzy! +y” +[(b—a?) cot™z+ aly, +b(1 —acot™z)y = 0.

Particular solutions: y; = eM?®, yy = 2%, where A\; and Ao are the roots of the
quadratic equation A% + a4+ b = 0.

cot™(Ax)y! =+ ax?y! — 2axy’ + 2ay = 0.

T

Particular solutions: 3 =z, ¥y = 2%

cotzy!” 4+ (acot™x + ax + 1)y + a’zy), — a’y = 0.

Particular solutions: y; =z, y2 =e .

cotxy 4+ (axcot™x + 1)y + a(x + 2cot™ x)y. + ay = 0.

a:r2

2
Particular solutions: y; = exp(fT), Yo = exp(—%) /exp(—) dx.

xcot"xyl! + (3cot™ x4 x)y! + (axcot™ x4+ 2)y, + a(cot™ x 4+ x)y = 0.

1 1
Particular solutions: y; = — cos(:t\/a), Yo = — sin(x\/a).
T T

3 cot™ xy! + ax?y! — 2z cot"zy), + 2(2cot™z —a)y =0.

Particular solutions: y; =z~ %, yp = 2%

3 cot" xy!! + ax?y! —6xcot™xzy) +6(2cot™ z —a)y =0.

Particular solutions: y; = 51372, Yo = 3,

3 cot™xy! + ax?y! + x(a — cot™ z)y! + a(a — 3cot™ z)y = 0.

Particular solutions: y; = cos(lnx), y2 = sin(lnx).

x3 cot™ x T x?(cot™ x + a)yy +
z[a — (b4 1) cot™ z]y., + b(2cot™ x — a)y = 0.

Particular solutions: y; = a:_‘/g, Yo = a:‘/g.

3.1.7. Equations Containing Inverse Trigonometric Functions

" k

y .+ ayl + byl 4+ cy = arcsin” x.

This is a special case of equation 5.1.5.9.

"7
ymmm

1°. Particular solutions with a > 0: y; = cos(zv/a), w1 =sin(zv/a).

+ arcsin® z yr +ay. +a arcsin® z y=0.

2°. Particular solutions with a < 0: y; = exp(—x —a), Y= exp(x —a).

The substitution w = y2, + ay leads to a first order linear equation: w) +
arcsin® zw = 0.
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10.

11.

12.

"

sk ” n,,/ n—1 sk _
yo . +arcsin® xy! + ax™y! + ax (x arcsin® x + n)y = 0.

The substitution w = y? + az™y leads to a first order linear equation: w! +
arcsin® zw = 0.

177

sk ” sk ’ 2 sk —
yy . +arcsin® xy” + aarcsin” xy! + a*(arcsin® x — a)y = 0.

3 3
Particular solutions: 1y — e—az/Q COS( CL\2/_ x>’ Yo = e*am/Q sin( CL\2/_ x)

177

Y.+ arcsin® x yo . —a(2 arcsin® z 4+ 3a)y’, + a? (arcsin® z + 2a)y = 0.

Particular solutions: y; = e** 5 = ze®".
)

yo .+ arcsin® yo .+ (a arcsin®z + b — az)y; + b(arcsink z—a)y=0.
Particular solutions: y; = eMe Yo = e*®  where A\; and Ay are the roots of the

quadratic equation A% +aX +b=0.

"

y!" = (arcsin® z — a)y” + (aarcsin®z — b)y’, + barcsin® z y.

The substitution w = y/, + ay, + by leads to a first order linear equation: w! =
arcsin® z w.

y! + xzarcsin® zy” + (ax? — arcsin® z)y’, + az(z? arcsin® z + 3)y = 0.
2 2
r4\/a z4\/a
Particular solutions: y; = cos( 2\/_ ), Yo = sin( 2\/_ )
yo .+ (arcsink x4+ ax)y? + a(x arcsin® x 4+ 2)y, +a arcsin®z y = 0.

. . ax? ax? ax?
Particular solutions: y; = exp(—T), Yo = exp(fT) exP(T) de.
yo .+ 2 arcsin® Yo —2x arcsin”® Yy +2 arcsin® z y=0.

Solution:

y=Chiz+ Cox® + Cs <x2 /x_3¢ dxr — x/x_Qw dx),
where ) = exp(— [ 22 arcsin® z dz).

"

2
Yoo

+ (azx arcsin® a:—l—arcsink ac—l—a)y:’c'm +a3x arcsin® y; —a? arcsin® x y=0.

Particular solutions: y; =z, y2 =e .

"

k 2 / k —
Ypow T @rccos® xy -+ ay, + aarccos”xy = 0.

1°. Particular solutions with a > 0: y; = cos(zv/a), y1 =sin(z/a).
2°. Particular solutions with a < 0: y; = exp(fx fa), Yy = exp(as fa).

The substitution w = y2, + ay leads to a first order linear equation: w) +

arccos® zw = 0.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

y .+ arccos® x yo .+ ax™yl + ax™ !(zarccos®  + n)y = 0.
The substitution w = g/, + az™y leads to a first order linear equation: w! +

arccos® zw = 0.

7 k

k ” k ’ 2 —
Yowe T arccos®xy  + aarccos*xy, + a (arccos®x — a)y = 0.

, 3 3
Particular solutions: 1y, = e %*/2 cos(%x), Yo = e 9%/2 Sin(%x)

y .+ arccos® x yr . —a(2 arccos® x + 3a)y. + a?(arccos® x + 2a)y = 0.

Particular solutions: y; = e, yo = xe®”.

" k

y! + arccos® zy” + (aarccos® z + b — a?)y’, + b(arccos®* z — a)y = 0.

Particular solutions: y; = eM?®, yy = 2%, where A\; and Ao are the roots of the
quadratic equation A% + a4+ b = 0.

7 k k

Yzzw x — b)y), + barccos® z y.

= (arccos® x — a)y! + (aarccos
7

.+ ayl, + by leads to a first order linear equation: w!, =

The substitution w = y

arccosk Trw.

"7
yw:cw

2 2
x%\/a x%\/a
Particular solutions: y; = cos( 2\/— >, Yo = sin( 2\/_ >

+ x arccos® x yo .+ (az? — arccos® x)y., + ax(x? arccos® x + 3)y = 0.

y! + (arccos® x + ax)y” + a(zarccos® z + 2)y’ + aarccos® zy = 0.
. ) ax? ax? azx?
Particular solutions: y; = exp(—T>, Yo = exp(—T) exp(T> dex.
y” + x?arccos® zy” — 2z arccos® zy’ + 2arccos®zy = 0.

Solution:

y = Cx + Cox® + Cs <z2 /x’gw dx — x/x’%ﬁ dx),
where 1 = exp(— [ 2% arccos® z dx).

" 2

k —
Yoo arccos” x y=0.

k k 2 2 k ’
—i—(am arccos” x+arccos a:—l—a)ywm—ka T arccos” x Yy, —a
Particular solutions: y; =z, y2 = e **.
"

y:vaca:

1°. Particular solutions with a > 0: y; = cos(zv/a), w1 =sin(zv/a).

+ arctan® z yr . +ay., +a arctan® z y = 0.

2°. Particular solutions with a < 0: y; = exp(—x —a), Y1 = exp(x —a).

The substitution w = y2, + ay leads to a first order linear equation: w) +
arctan® zw = 0.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

"

Yo + arctan® z you .+ ax™yl + ax" (z arctan® z + n)y = 0.

The substitution w = y” + az™y leads to a first order linear equation: w! +
arctan® zw = 0.

"

y + arctan® zy” + aarctan®zy’ + a®(arctan®z — a)y = 0.

a\2/§ x), Yo = e /2 sin( a\2/§ 3:)

Particular solutions: y; = e~ /2 c0s<

"

y + arctan® zy” — a(2arctan® z + 3a)y’, + a?(arctan”® z + 2a)y = 0.

Particular solutions: y; = e**, yo = xe®”.

"

y .+ arctan® x yr + (a arctan®* x + b — az)y; + b(arctan®* z — a)y = 0.

Particular solutions: y; = eM®, yp = e*?  where \; and Ay are the roots of the
quadratic equation A% + aX +b = 0.

"

y = (arctan® z — a)y” + (aarctan® z — b)y’ + barctan*z y.

1"

.+ ayl, + by leads to a first order linear equation: w! =

The substitution w = y
arctan® z w.

"
y:vaca:

2 2
Particular solutions: y; = cos( < 2\/6 ), Yo = sin( v 2\/6 )

+ x arctan® x Y+ (ax? — arctan® x)y., + ax(z? arctan® = + 3)y =0.

"

Y.+ (arctan® = 4 ax)yy + a(x arctan® = + 2)y. +a arctan®* zy = 0.
. . ax? ax? azx?
Particular solutions: y; = exp(—T)7 Yo = eXp(_T) eXP(T) dr.

1”7

2 k k ko —
yr .+ x?arctan® xy! — 2xarctan®xy’ + 2arctan®zy = 0.

Solution:

y=Chrz+ Coz® + Cs (ac2 /x_?’z/} dxr — x/x_zw da:),
where 1) = exp(— [ 2% arctan® z dz).

177

y .+ (ax arctan® z + arctan® « + a)yy.

+ a?z arctan® z y/ — a? arctan®* z y = 0.
ar

Particular solutions: y; =z, y =e~

"
ymmm

1°. Particular solutions with a > 0: y; = cos (ac\/a), Y1 = sin(x\/ﬁ).

+ arccot® z Yy +ay., +a arccot® xy = 0.

2°. Particular solutions with a < 0: y; = exp(—x —a), Yy = exp(x —a).

The substitution w = y2, + ay leads to a first order linear equation: w) +
arccot® zw = 0.
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

y .+ arccot® z Yy +ax™yl + ax™ 1(x arccot® x + n)y = 0.
The substitution w = y//, + az™y leads to a first order linear equation: w) +

arccot® z w = 0.

"7

y"" + arccot®* zy” + aarccot® zy’ + a%(arccot* z —a)y = 0.

3 3
Particular solutions: y; = e—ax/2 cos( a\2/_ x), Yo = o ar/2 Sin( a\z/_ $>

"7
ymz:ﬂ

+ arccot* z y” — a(2arccot® z + 3a)y’, + a®(arccot® z + 2a)y = 0.

Particular solutions: y; = e, yo = xe®”.

y!" + arccot®* zy” + (aarccot® z + b — a?)y’, + b(arccot®* x — a)y = 0.
Particular solutions: y; = eM®, 4o = e*®,  where A\; and Ay are the roots of the

quadratic equation A% +aX +b = 0.

y = (arccot® z — a)y” + (aarccot® z — b)y’ + barccotF z y.
11

"+ ayl, + by leads to a first order linear equation: w!, =

The substitution w = y
arccot” z w.

"
ymmm

2 2
Particular solutions: y; = cos( v 2\/6 ), Yo = sin( v 2\/6 >

+ zarccot® zy” + (ax? — arccot® x)y’, + az(x? arccot® z + 3)y = 0.

"7

yo .+ (arccot® x + ax)y’ + a(x arccot® z + 2)y. + aarccot* zy = 0.
az? az? az?
Particular solutions: y; = exp(—T), Yo = eXp(_T) /eXp(T) dr.

"

y + x?arccot® x y” — 2z arccot® zy/, + 2arccot* zy = 0.

Solution:

y=Chrz+ Coz® + Cs <x2 /x_3¢ dxr — x/x_Qw da:),
where ¢ = exp(— [ 22 arccot® z dx).

177

2
ymwm

+(ax arccot® x+arccot” a:—i—a)y:'c’w—i—azaz arccot® z y.—a arccot® z y=0.

Particular solutions: y; =z, y2 =e **.

n

TYrax + (a$2 + b)y;’m + 4amy; + 2ay = aI'CSiIlk xT.

Twice integrating yields a first order linear equation:

Y, + (ax? +b—2)y = Oy + Cox + /(/ arcsin® xdm) dx.

xy 4+ (x arcsin® = + 3yl +(2 arcsin® = + ax)y. +a(x arcsin® = + 1)y =0.

1 1
Particular solutions: y; = — cos(ac\/a), Yo = — sin(ac\/a).
T x
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

xzy!! + (zarccos® x+3)y” + (2arccos® z+ax)y’ +a(x arccos® z+1)y = 0.

1 1
Particular solutions: y; = — cos(zv/a), y2 = —sin(zva).
T x

zy!" +(zarctan® x+3)y” + (2arctan® z+ax)y’ +a(xarctan® z+1)y =0.

1 1
Particular solutions: y; = — cos(zv/a), y2 = —sin(zva).
x x

zy!" + (xarccot® xz+3)y” + (2arccot” z+ax)y’, +a(x arccot z +1)y = 0.

1 1
Particular solutions: y; = — cos(a:\/a), Yo = — sin(x\/a).
x x

3y + [(a + 6)x? + bly”, + 2(2a + 3)zy’, + 2ay = arcsin® z.

Twice integrating yields a first order linear equation:
2yl + (az® + b)y = Cy + Coz + /(/ arcsin® a:dx) dz.

@3y’ 4 x? arcsin® zy” — 2xy’, + 2(2 — arcsin® z)y = 0.

Particular solutions: y; =z %, ys = 2.
ady!  + x? arcsin® z y”/, — 6xy’, + 6(2 — arcsin® z)y = 0.
Particular solutions: y; = 11372, Yo = 3,

3,11 2 sk ” sk ’ sk _
x>yl + x?arcsin” z y!/ + x(arcsin” x — 1)y + (arcsin” z — 3)y = 0.

Particular solutions: y; = cos(lnx), yo = sin(lnx).

:c3y;’:'w —|—:c2(arcsin’c x4+ 1)y + :B(arcsink x—a—1)y, — (arcsink x—2)y=0.

Particular solutions: y; = a:_\/a, Yo = Ve,

x3y" +x?(arcsin® z+a)y”’ +2z(a arcsin® z+b—a)y’, +b(arcsin® z—2)y =0.
Particular solutions: y; = ™', ys = 2™, where n; and ny are the roots of the
quadratic equation n? + (a — 1)n +b = 0.

3y’ + x?arccos® xy” — 2xy’ + 2(2 — arccos® z)y = 0.

Particular solutions: y; =z %, ys = 2.

ady!"  + x? arccos® x y/, — 6xy!, + 6(2 — arccos® z)y = 0.

Particular solutions: y; =272, ys = 2°.

3,11 k

3y + x? arccos® x y! + x(arccos® x — 1)y’ + (arccos* z — 3)y = 0.

Particular solutions: y; = cos(lnx), yo = sin(lnx).
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

3,1 k

3y’ +x?(arccos® x+1)y” +x(arccos® z —a—1)y’, — (arccos® z —2)y =0.

Particular solutions: y; = 1:*\/5, Yo = Ve,

3y +ax?(arccos® z+a)y” +x(aarccos® z+b—a)y’ +b(arccos® z—2)y=0.

Particular solutions: y; = ™', 1y = 2™, where n; and ny are the roots of the
quadratic equation n? + (a — 1)n +b = 0.

3y + x?arctan® zy” — 2zy! + 2(2 — arctan® z)y = 0.

Particular solutions: y; =z~ %, yo = 2%

3y + z?arctan® zy” — 6zy’ + 6(2 — arctan® z)y = 0.

Particular solutions: y; =272, yo = 2°.

3y + x?arctan® z y” + z(arctan® z — 1)y’ + (arctan* z — 3)y = 0.

Particular solutions: y; = cos(lnx), yo =sin(lnz).

3y +x?%(arctan® z+1)y” +z(arctan® z—a—1)y’ — (arctan® z—2)y =0.

Particular solutions: y; = x_‘/a, Yo = zVe.

23y + z?(arctan® x + a)y”_ + z(aarctan®*z + b — a)y’,

+ b(arctan® z — 2)y = 0.

Particular solutions: y; = ™', yo = x™2, where n; and no are the roots of the
quadratic equation n% + (a — 1)n + b = 0.

$3y;l;m + x2 arccot” x yo . —2xyl 4+ 2(2 — arccot® x)y = 0.
Particular solutions: y; =z~ %, ys = 22
-’B3ylzl;m + x2 arccot® x y’m'z — G:I:y'm +6(2 — arccot” z)y = 0.
Particular solutions: y; =z 2, ys = z°.

3y + z?arccot® zy” + x(arccot* z — 1)y’ + (arccot® z — 3)y = 0.

Particular solutions: y; = cos(lnx), y2 =sin(lnx).

x3y! +x?(arccot® x+1)y” +z(arccot* z —a—1)y’ — (arccot® z —2)y =0.

Particular solutions: y; = x_\/a7 Yo = Ve,

3y +x?(arccot® z+a)y” +x(aarccot® z+b—a)y’ +b(arccot® z—2)y=0.

Particular solutions: y; = 2™, 1y = x™2, where n; and ny are the roots of the
quadratic equation n? + (a — 1)n + b = 0.
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3.1.8. Equations Containing Combinations of Exponential, Logarithmic,
Trigonometric, and Other Functions

1. n o4 ae"my'm'm + (2ae** tan + 3)y. + [ae**(2tan? x + 1) + 2tan x|y = 0.

ymwm

Particular solutions: y; = cosx, ¥y = xcosz.

2. m o+ aer®y” + (3 — 2ae** cot )y, + [ae**(2cot? z + 1) — 2cot ]y = 0.

ymzm

Particular solutions: y; =sinz, ¥y = xsinx.
3. y +acosh"xy! + (2acosh™ xtanzx + 3)y.,
+ [acosh™ z (2tan? x + 1) + 2tanz]y = 0.
Particular solutions: y; = cosx, ¥y = xcosz.
4. y¥ +acosh™xzy! + (3 — 2acosh™xcotx)y!,
+ [acosh™ x (2 cot? z + 1) — 2 cot ]y = 0.
Particular solutions: y; =sinz, gy = xsinx.
5.y +asinh”xy” 4+ (2asinh” ztanz + 3)y’,
+ [asinh™ z (2tan? z + 1) + 2tanz]y = 0.
Particular solutions: y; = cosx, ¥y = xcosz.
6. 2 +asinh”xy?” + (3 —2asinh™xcotx)y,,
+ [asinh™ z (2cot?z + 1) — 2cot ]y = 0.
Particular solutions: y; =sinz, ¥y = xsinx.
7. yY  +atanh™zy” + (2atanh™ xtanx 4 3)y.
+ [atanh™ z (2tan? x + 1) + 2tanz]y = 0.
Particular solutions: y; = cosx, ¥y = xcosz.
8. y +atanh” zy! + (3 —2atanh™ zcotx)y
+ [atanh™ z (2cot? z + 1) — 2 cot ]y = 0.
Particular solutions: y; =sinz, y = xsinx.
9. !V +acoth"zy? + (2acoth™xztanx + 3)y,
+ [acoth™ z (2tan? x + 1) + 2tanz]y = 0.
Particular solutions: y; = cosx, ¥y = xcosz.
10. y + acoth™xy” + (3 —2acoth™xcotx)y.,
+ [acoth™ z (2cot?z + 1) — 2cot ]y = 0.

Particular solutions: y; =sinz, ¥y = xsinx.

11. y” +aln™xy! — (2aIn™ ztanhz 4 3)y’,
+ [@1n™ x (2tanh® z — 1) + 2 tanh =]y = 0.

Particular solutions: y; = coshx, ys = xcoshuz.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

"
y:l):.l?:l!

+aln™xzy!

Particular solutions:

— (2aIn™ z cothx + 3)y.,
+ [aIn™ x (2 coth®? z — 1) 4+ 2 coth z]y =

y1 =sinhx, 1y, = xsinhx.

yr o +aln"xzy!” + (2aln” xtanx + 3)y.,

mwa:

Particular solutions:

III
mwm

Particular solutions:

III

Yowa ~+ a cos™ a:y

Particular solutions:

1"
ywmw

Particular solutions:

III
mwm

Particular solutions:

"
ywmw

Particular solutions:

III
mwcc

Particular solutions:

"
ymmm

Particular solutions:

III
m:cm

Particular solutions:

+aln" zy” +(3—2aln™ xcot x)y’ +

n ”
+acos"xy,,

+asin" xy,

+asin" zy!

+atan" zy!

n 17
+atanxy

+acot"xy!

+laln™z (2tan’xz + 1) + 2tanz]y =

Y1 = COSZT, Yz = TCOSZ.

Y1 =sinx, Yo = xsinx.

— (2acos™ x tanh x + 3)y.,

+ [acos™ x (2tanh® x — 1) + 2 tanh z]y =

y1 = coshz, yo = xcoshzx.

— (2a cos™ x cothx + 3)y,

+ [acos™ x (2 coth? z — 1) + 2 coth z]y =

y1 =sinhx, yo = xsinhx.

— (2asin™ x tanh x + 3)y,

+ [asin™ z (2tanh? z — 1) 4+ 2tanh z]y =

y1 = coshz, yo = xcoshx.

— (2asin™ x cothx 4 3)y’,

+ [asin™ z (2 coth? z — 1) + 2 coth z]y =

y1 =sinhx, yo = xsinhz.

— (2atan™ x tanh x + 3)y.,

+ [atan™ x (2tanh® z — 1) + 2 tanh z]y =

y1 = coshz, yo = xcoshzx.

— (2atan™ xz cothx + 3)y,

+ [atan™ x (2 coth?  — 1) + 2 coth z]y =

y1 =sinhx, yo = xsinhz.

— (2acot™ x tanh = + 3)y.,

+ [acot™ x (2tanh? z — 1) 4+ 2tanh x|y =

y1 = coshz, yo = xcoshx.

m . Facottxy” — (2acot™ xcothx + 3)y.,

ymmm

Particular solutions:
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+ [acot™ x (2 coth? z — 1) + 2 coth z]y =

y1 =sinhx, y2 = xsinhz.

0.

0.

[aIn™ z (2 cot? z+1)—2 cot z]y = 0.

0.

0.

0.

0.

0.

0.

0.

0.



23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

y .+ (be®® + 2a) cosh™ z y — a(be®® cosh™ x + a)y/, — 2a3 cosh™ zy = 0.
b

Particular solutions: y; =e%*, ys=e ** + "

y .+ (be®® 4 2a) sinh™ zy// — a(be®® sinh™ x + a)y/, — 2a®sinh™ zy = 0.
b

Particular solutions: y; = e%*, ys=e '+ "

y .+ (be®® + 2a) tanh™ z y”/ — a(be®® tanh™ z + a)y/, — 2a® tanh™ z y = 0.
b

Particular solutions: y; = e, yo =e " + —.
a

y  + (be®® + 2a) coth™ z y” — a(be®® coth™ x + a)y/, — 2a3 coth™ zy = 0.
b

Particular solutions: y; = e, yo =e " + —.
a

y 4+ (be® +2a)In" xy? — a(be®In" x + a)y,, —2a®*In" xzy = 0.
b

Particular solutions: y; = e, yo =€ ** + .

y .+ (aln™ x — 2be®)y” — be”(2aIn™ x — be® + 3)y.,
+ be®[aIn™ x (be® — 1) + 2be® — 1]y = 0.
Particular solutions: y; = exp(be”), y2 = xexp(be”).
y .+ (acos™x — 2be®)y! — be®(2acos™ x — be® + 3)y’,
+ be*[a cos™ x (be” — 1) + 2be” — 1]y = 0.

Particular solutions: y; = exp(be”), y2 = xexp(be®).

y .+ (be™ 4 2a) cos™ x y — a(be®® cos™ x + a)y!, — 2a® cos" xy = 0.

Particular solutions: y; = e, yo =e % + —

y .+ (asin™ x — 2be®)y” — be”(2asin™ x — be” + 3)y.,
+ be®[asin™ x (be” — 1) + 2be” — 1]y = 0.

Particular solutions: y; = exp(be”), y2 = xexp(be®).

y .+ (be®® 4+ 2a)sin" z y! — a(be®®sin™ x + a)y), — 2a®sin" zy = 0.

Particular solutions: y; = e, yo =€ ** + —

Y7, —[eX* (tan o-+a)+alyl, +[(a+1)eX 1]y, +a[e® (a tan z—1)— 1]y = 0.

Particular solutions: gy, = e**, yo = cosz.

yu .+ [tanx (aze® +1) + ae>‘”“]y;3’:c - awe*"’y; + ae*®y = 0.

Particular solutions: y; =z, y2 = cosz.
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

o e+ (atan™ x — 2be®)y” — be®(2atan™ x — be® + 3)y.,

yw:cw

+ be*[atan™ x (be® — 1) + 2be® — 1]y = 0.

Particular solutions: y; = exp(be”), y2 = xexp(be®).

y” 4 (be™ + 2a) tan™ x y” — a(be®® tan™ x + a)y’, — 2a® tan" xy = 0.
b

Particular solutions: y; = e, yo =e % + —.
a

Y +[eX (cot 2+a)+alyl, +[(a?+1)e** + 1]y, +afer* (1—a cot @) + 1]y =

Particular solutions: y; = e %, y, =sinz.
y .+ [ae*® — cot x (axe™® + 1)y — axe ey’ !+ aer®y = 0.

Particular solutions: y; =z, y2 =sinz.

n e+ (acot™ x — 2be®)y’ — be”(2acot™ x — be® + 3)y’,

ymmm

+ be®[a cot™ x (be® — 1) + 2be” — 1]y = 0.

Particular solutions: y; = exp(be”), y2 = xexp(be”).

y 4 (be™ + 2a) cot™ x y! — a(be®® cot™ x + a)y!, — 2a® cot™ xy = 0.

mwa:

Particular solutions: y; = e, ys=e " + —

y? — [cosh™ z (tanz + a) + aly”_ + [(a® + 1) cosh™ z + 1]y/,

+ a[cosh” z (atanx — 1) — 1]y =

Particular solutions: y; = e**, yo = coszx.

y? 4+ [cosh™ z (cot x + a) + aly”, + [(a® + 1) cosh™ z + 1]y,

+ a[cosh™ z (1 — acotx) + 1]y =

Particular solutions: 7y; = e ** 5 = sin x.
)

y! — [sinh™ z (tanz 4 a) + aly”, + [(a® + 1) sinh™ = + 1]y,

+ a[sinh" z (atanx — 1) — 1]y =

Particular solutions: = %" = cos .
Y1 , Y2

y .+ [sinh™ z (cot  + a) + aly”, + [(a® + 1) sinh™ = + 1]y,

+ a[sinh" z (1 —acotz) + 1]y =

Particular solutions: =e = sinz.
1 ) 2

ol [tanh™ z (tanz + a) + aly”_ + [(a® + 1) tanh™ = + 1]y,

ymmm

+ aftanh™ z (atanx — 1) — 1]y =

Particular solutions: y; = e**, yo = coszx.
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0.

0.

0.

0.

0.

0.



46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

y .+ [tanh™ = (cot x + a) + aly”, + [(a® + 1) tanh™ = + 1]y/,
+ a[tanh™ 2 (1 — acotx) + 1]y = 0.

Particular solutions: y; = e~ %, ys =sinz.
y! — [coth™ z (tanz + a) + aly”, + [(a® + 1) coth™ = + 1]y,

+ a[coth™ z (tanx — 1) — 1]y = 0.

Particular solutions: y; = e, yo = cosz.

y 4+ [coth™ z (cot x + a) + aly’, + [(a® + 1) coth™ z + 1]y’,
+ al[coth™ z (1 —acotx) + 1]y = 0.
Particular solutions: y; =e %", yo =sinzx.
y?” 4+ latan™ z (tanhxz — b) — bly”_+ [a(b® — 1) tan™ = — 1]y,
+ blatan™ x (1 — btanh ) + 1]y = 0.

Particular solutions: y; = €%®, 1y, = coshz.

y .+ (atan™ x + btanh™ x)y” + cy! + c(atan™ x + btanh™ z)y = 0.

1°. Partical solutions with ¢ > 0: y; = cos(z\/c), y2 =sin(zyc).
2°. Partical solutions with ¢ < 0: y; = exp(f:z:\/fc), Yo = exp(a:\/fc).
y 4+ latan™ x (cothz — b) — bly” + [a(b? — 1) tan™ = — 1]y,
+ blatan™ x (1 — becothx) + 1]y = 0.

Particular solutions: y; = €, y, = sinhz.

y .+ (atan™ x 4+ bcoth™ x)y” + cy’ + c(atan™ x 4 bcoth™ x)y = 0.

1°. Partical solutions with ¢ > 0: y; = cos(sc\/E), Yo = sin(x\/E).

2°. Partical solutions with ¢ < 0: y; = exp(—x —c), Yo = exp(m\/—c).

y?” 4+ lacot™ x (tanhxz — b) — bly” + [a(b*® — 1) cot™ x — 1]y,
+ blacot™ z (1 — btanhx) + 1]y = 0.

Particular solutions: 3, = €%®, 1y, = coshz.
yu . +acot™ xtanh™ xy! — by, —abcot™ xtanh™ xy = 0.

1°. Particular solutions with b > 0: y; = exp(fz\/g), Yo = €xp (x\/g)

2°. Particular solutions with b < 0: y; = cos ((E\/—b), Yo = sin(mx/—b).

y .+ [acot™ z (cothx — b) — bly” + [a(b? — 1) cot™ z — 1]y,
+ blacot™ x (1 — becothz) + 1]y = 0.

Particular solutions: y; = €”®, 1y = sinh .
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56. ylt, + (acot™ z + beoth™ z)y), + cy,, + c(acot™ z + beoth™ z)y = 0.

yw:cw

1°. Partical solutions with ¢ > 0: y; = cos(z\/c), y2 =sin(zyc).

2°. Partical solutions with ¢ < 0: y; = exp(fx fc), Yo = exp(z\/fc).

57. y  +[aln™ x (tanhz — b) — bly” + [a(b® —1)In" x — 1]y,
+ blaln™ z (1 — btanhx) + 1]y = 0.

Particular solutions: y; = €®®, 1y, = coshz.

58. y,m,;m + a In™ s tanhm T y;’m - by; —ab In™ e tanhm Ty = 0.

1°. Particular solutions with b > 0: y; = exp(—x\/l_y), Yo = exp (1:\/5)
2°. Particular solutions with b < 0: y; = cos ((E\/—b), Yo = sin(sc\/—b).

59. y” +[aln™x (cothz —b) — by’ + [a(b? — 1) In"z — 1]y,
+ blaln™ z (1 — beothzx) + 1]y = 0.

Particular solutions: y; = €”®, 1y = sinh .

60. y; ., + (aln™z +bcoth™ z)y, + cy; + c(aln™ x + bcoth™ z)y = 0.

ymmm

1°. Partical solutions with ¢ > 0: y; = cos(z\/c), y2 =sin(zyc).

2°. Partical solutions with ¢ < 0: y; = exp(—a: —c), Yo = exp(x\/—c).

61. y” —[In"z(tanz + a) + aly?, + [(a®* + 1) In" z + 1]y,
+ a[ln" z (tanxz — 1) — 1]y = 0.

Particular solutions: y; = e**, yo = coszx.

62. y” +[In"x(cotz+a)+aly’ +[(a®*+1)In"x+ 1]y,
4+ a[ln"z (1 —acotz) + 1]y = 0.

Particular solutions: y; =e %", 1o =sinx.

63. y!' + [acos™zx (tanhx — b) — bly” + [a(b® — 1) cos™ z — 1]y,
+ blacos™ z (1 — btanhx) + 1]y = 0.

Particular solutions: y; = €®®, 1y, = coshz.

64. y,., +acos" zxtanh™ zy + by, + abcos™ xtanh™ zy = 0.

ymmm

1°. Partical solutions with b > 0: y; = cos(zvb), yo =sin(zvb).
2°. Partical solutions with b < 0: y; = exp(—x\/—b), Yo = €xp (:v\/—b).

65. y + [acos™x (cothz —b) — bly” + [a(b? — 1) cos™ z — 1]y,
4+ blacos™ z (1 — becothx) 4+ 1]y = 0.

bx
)

Particular solutions: y; =e Yo = sinh x.
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66. y., + (acos™z + beoth™ z)y), + cy, + c(acos™ z + beoth™ z)y = 0.

yw:cw

1°. Partical solutions with ¢ > 0: y; = cos(zy/c), y2 =sin(z/c).

2°. Partical solutions with ¢ < 0: y; = exp(—x —c), Yo = exp(xx/—c).

67. y! + [asin™z (tanhx — b) — by’ + [a(b® — 1)sin" = — 1]y/,
+ blasin™ z (1 — btanhz) 4 1]y = 0.

bx
b

Particular solutions: y; =e 9o = cosh x.

68. y! +asin”xtanh™ xy! + by! + absin™ xtanh™ zy = 0.

1°. Partical solutions with b > 0: y; = COS(LE\/B), Yo = sin(x\/g).
2°. Partical solutions with b < 0: y; = exp(—x\/—b), Yo = exp(ac\/—b).

69. y” + [asin™z (cothz —b) — bly”_ + [a(b?® —1)sin" z — 1]y,
+ blasin™ x (1 — becothx) + 1]y = 0.

Particular solutions: 1, = €%, y, = sinhz.

70. y2' .+ (asin™ x + bcoth™ x)y” + cy! + c(asin™ x 4+ bcoth™ x)y = 0.

1°. Partical solutions with ¢ > 0: y; = cos(z\/c), y2 =sin(zyc).

2°. Partical solutions with ¢ < 0: y; = exp(—a: —c), Yo = exp(x\/—c).

71. zy!” + [az?e**(b — Inz) + 2]y + axe*®y’ — ae*®y = 0.

xT

Particular solutions: y; =z, yo =Ilnzx—b+1.

72. (e — 1)y — (ae*® + tanz)y” + (e*® + a?)y. + a(atanz — e*®)y = 0.

T

Particular solutions: y; = e**, yo = coszx.

73. acosh"xy! + [tanxz (acosh™ xz+ x) +1]y” —xy, +y=0.

T

Particular solutions: y; =z, yo = cosz.

74. acoshzy!! +[1 —cotx (acosh™x + x)]y. — xy, +y =0.

T

Particular solutions: y; =z, gy =sinzx.

75. asinh"xy!' + [tanx (asinh™x + x) + 1]y —xy, +y = 0.

rTxTrT

Particular solutions: y; =x, y2 = cosz.

76. asinh"xy!’ +[1 —cotxz (asinh™x 4 )]y’ —xy, +y=0.

Particular solutions: y; =z, ys =sinz.

77. atanh"zy!’ 4+ [tanz (atanh” z 4 x) + 1]y” —xy, +y = 0.

Particular solutions: y; =z, y2 = cosz.
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78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

atanh™ zy! +[1 —cotx (atanh™ x4 )]y —xy. +y =0.

Particular solutions: y; =z, yo =sinz.

acoth™ zy!' + [tanx (acoth™x + x) + 1]y,

rxrxT

Particular solutions: y; =z, ys = cosz.

—xzy, +y=0.

acoth” zy!” +[1—cotx(acoth” xz+ )]y’ —xy. +y=0.

Particular solutions: y; =z, y2 =sinz.

"

aln" zy

Particular solutions: y; =x, y2 = coshuz.

aln™zy"” + [cothz (z — a In™ x) — l]y;'m

rxrx

Particular solutions: y; =z, ys = sinhz.

aln™zy"”

Particular solutions: y; =z, y2 = cosz.

+ [tanhx (x —aln" x) — 1]y’ —xy, +y =0.

—zy, +y=0.

e+ [tanz (aln™ x +x) + 1)y —xy, +y =0.

aln"zy! +[1—cotx(aln™x+ x)]y) —xy, +y=0.

TXTIT

Particular solutions: y; =z, y2 =sinz.

n

n
acos"xy.

Particular solutions: y; =z, ¥y = coshuz.
acos™ xy! 4 [cothx (x — acos™x) — 1]y

Particular solutions: y; =, y2 =sinhz.

"

+ [tanhz (x — acos™ x) — 1]y..

—xzy., +y=0.

—zy, +y=0.

axcos” xy! + (2acos"x — x?Inx + bx?)y! +xy, —y=0.

Particular solutions: y; =z, yo=Ilnx—b+1.

asin” xy! 4+ [tanhx (x — asin” x) — 1]y

Particular solutions: y; =, y2 = coshuz.

1"

—xzy, +y=0.

asin"xy!” + [cothz (x —asin™x) — 1]y” —xy, +y =0.

Particular solutions: y; =, y2 =sinhz.

arsin” zy” + (2asin” x — 2®*Inx + bx?)y! + xy, —y =0.

Particular solutions: y; =z, y2 =Ilnzx —b+ 1.

4
T

atan™ zy!’ 4 [tanhx (z — atan™ x) — 1]y’

Particular solutions: y; =, y2 = coshux.
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"
T

92. atan"zy!’ + [cothz (z —atan™x) — 1]y —axy, +y =0.

Particular solutions: y; =z, ys = sinhz.
93. aztan™zy! 4+ (2atan™z — x®*Inx + bx?)y” + xzy, —y = 0.

Particular solutions: y; =z, yo=Ilnx—b+ 1.

" 4

94. acotzy! + [tanhz(x —acot"x)—1]y” —xy, +y=0.
Particular solutions: y; =, y2 = coshuz.

95. acot"xzy! 4 [cothx(x —acot™x)— 1]y’ —xy, +y=0.
Particular solutions: y; =z, y2 = sinhz.

96. axcot™xzy! + (2acot™z — x*Inx + bx?)y” + xy, —y=0.

rxrT

Particular solutions: y; =z, y2=Ilnx—b+ 1.

3.1.9. Equations Containing Arbitrary Functions

Notation: f = f(z), g = g(x), and h = h(x) are arbitrary function of argument x;
a, b, ¢, n, and \ are parameters.

1.y + fy,— (af +a®)y =0.

Particular solution: yg = €.
The substitution w =y, — ay leads to a second order linear equation: w4 aw!, +
(f +a®)w = 0.

2.y + fy,+ax(f+ a*z? —3a)y =0.
2
Particular solution: yo = exp(—%).
2
The substitution y = exp(—%) /z(x) dx leads to a second order linear equa-

tion: 2. — 3azz, + (f + 3a%2? — 3a)z = 0.

3. wyu. .+ (f—a®y,+afy=0.

Particular solution: yg=e %"

The substitution w = y’, + ay leads to a second order linear equation: w!, —aw!, +
fw=0.

4.  yl . +zfy, —2fy=0.

Particular solution: o = x°.

The substitution w = zy), — 2y leads to a second order linear equation: w? +
zfw=0.

5.y +(ax+Db)fy, —afy=0.

Particular solution: yo = ax + b.
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10.

11.

12.

13.

14.

15.

Yy 4+ (f — a®z?)y., + ax(f — 3a)y = 0.

GQI‘Q

Particular solution: yo = exp(—T>.
b

2
tion: 2, — 3axzl, + (2a%2? — 3a + f)z = 0.

The substitution y = exp( ) / z(x) dx leads to a second order linear equa-

m .+ (f —a?z®)y! — a[z" f + 3anz®* ! + n(n — 1)z 3]y = 0.

ym:c:c

a
Particular solution: yg = exp( x"“).
n+1

The substitution y = exp(%x”“) / z(x) dx leads to a second order linear
n

equation: 27, + 3ax"z! + (2a%2*" + 3ana" "' + f)z = 0.

Yoww T WYog + by, + cy = f().

This is a special case of equation 5.1.5.9.

The substitution w = y!, + ay leads to a second order linear equation: w!, + fw = 0.

yut .+ fyl, —a*(f +a)y =0.

Particular solution: yo = e®*.
The substitution w = y,, — ay leads to a second order linear equation: w! +
(f+a)wl, +a(f +a)w=0.

1°. Particular solutions with a > 0: y; = cos(zv/a), y2 =sin(zva).

2°. Particular solutions with a < 0: y; = exp(fx fa), Yo = exp(x fa).

The substitution w =y, + ay leads to a first order linear equation: w/, + fw =0.

y” 4+ fy’ 4+ azx™y, + ax™ (zf +n)y = 0.

The substitution w =y, + az™y leads to a first order linear equation: w/, + fw = 0.

y:/n,;m + fy,w/m + afy:/n + a3y =0.

The substitution w = gy, 4+ ay leads to a second order linear equation: w! +
(f —a)qu!, + a*w = 0.

Yure + FYLy + afy, + a*(f —a)y = 0.

3 3
Particular solutions: y; = e %*/2 cos( a\2/_ x>, Yo = e 9%/2 Sin<%x).

Yoww + fUse + 9y, +h =0.

The substitution w=y/, leads to a second order linear equation: w’/ + fw! +gw+h=0.
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16. yyo. + fys, — a(2f +3a)y, + a®*(f + 2a)y = 0.

Particular solutions: y; = e** 5 = ze®”.
b

17, yioe + fY, + @9y, — gy = 0.

The substitution w = xy!, — y leads to a second order linear equation: zw!, +
(xf — Dw), + z2gw = 0.

18. yt  + fyl.+ (g —a)y,, —a(af +g)y =0.

Particular solution: yo = e®*.
The substitution w = y,, — ay leads to a second order linear equation: w!, +
(f + a)w, + (af + gJw = 0.

19. yoo. + fug, + (af +b—a®)y; +b(f —a)y =0.

Particular solutions: y; = eMe Yo = e*2®  where A\; and Ay are the roots of the

quadratic equation A% + aX +b = 0.

20. y” +(f—a)y! —ad*fy=0.

Particular solution: yo = e®*.
The substitution w =y, —ay leads to a second order equation: w!/ + fw!,+afw=0.

21. yll = (f—a)yl, + (af —b)y, +bfy.

Particular solutions: y; = exp(Mz), y2 = exp(Aax), where A\; and A\ are roots of
the quadratic equation A% + a\ + b = 0.

The substitution w =1y, +ay’, +by leads to a first order linear equation: w, = fw.

22y, +(f—a)y,, +9y, —alaf +g)y=0.

Particular solution: gy = e®*.

23. y .+ (f+a)y,, + (af +9)y, +agy =0.

Particular solution: gy = e,

24. y” +axfy’ + (ax® — f)y. + ax(z®*f +3)y = 0.

2 2
Particular solutions: y; = Cos( v 2\/6 ), Yo = sin( z 2\/6 >

25. y.'  + (ax+b)fy.,. +xfy, —2fy=0.

Particular solution: yo = x° + 2az + b.

26. y' + (f+ax)yl, +a(zf+2)y, +afy=0.
a 2 a 2 2

. . x x ax
Particular solutions: y; = exp(—T>, Yo = exp(_T) /eXp(T) d.
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Particular solutions: y; =z, ys = z°.

Solution:
y=Cx + Cox® + Cs <x2 /x’g'z/z dx — :c/:c’%b dx),
where 1) = exp(— [ 22 f dx).

Yooo T (f + a@)y, + (9 + 20)y; + alzg + (1 — az®) fly = 0.

ax2

Particular solution: yg = exp(—T).

The substitution w = y!. 4+ axy leads to a second order linear equation: w!, +
Jwl + (9 — axf)w =0.

Particular solutions: y; =z, y =e *".

Yire + (az? + bz + ) fy), — 2afy = 0.
Particular solution: yo = ax? + bx + c.
Yoza +2(@f +9)Y, — 9y, — 2fy =0,

Particular solution: gy = 2. The substitution w = xy’, — 2y leads to a second order
linear equation: w/, + z(zf + g)wl, + zfw = 0.

y —x(ax+b)fy’ + (b—a?®)fy., +2afy=0.

1
Particular solution: o = x2 + ax + 5((12 —b).

Yy . — [(2¢ 4+ a) f + (2 + ax + b)glyl, + 2fy), + 29y = 0.

Particular solution: yo = x> + ax + b.
TYpow T 3Up, + z(az? + 1) fy;, — (az? —1)fy = 0.

Particular solution: yo = ax + —.
x

xy  + (ax? + b)yY. + 4axy, + 2ay = f.

Integrating the equation twice, we obtain a first order linear equation:
xy;+(a;p2+b—2)y_01—|—02x+/</fdx) dz.

xy  +axfyl, — [(ax+1)f + az + 3a?)y = 0.

Particular solution: yo = ze®®.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

xylll  +x(f — 2a)yll, + x(g + a?)y), — [a(ax 4 2)f + (azx 4 1)g]ly = 0.

Particular solution: 1y = xe®”

zyl + (xf +3)y, + (2f + ax)yl, + a(zf + 1)y = 0.

1 1
Particular solutions: y; = — cos(xv/a), y2 = — sin(zv/a).
T T

TYpre + (@f +3)yy, + (az + 2) fy;, + a(azf + f — a’z)y = 0.

1 1
Particular solutions: y; = —e %%/2 cos( a\2/§ x), yp = —e /2 sin< a\2/§ I)
- x

TYoee T (®f +3)yy, + (azf + 2f — a®z)y, + a(f — a)y = 0.

1 1
Particular solutions: y; = —, ys = —e
T T

—ax

wyll, + (@f +3)yl, + (2f + az™t )y, + az”(zf +n+ 1)y = 0.

The substitution w = zy leads to an equation of the form 3.1.9.12: w! + fw! +

az™w!, + az" N (xf +n)w = 0.

TYpee + (@2 +a+2)y;, —a(a+1)fy =0.

Particular solution: gy =x~%.

The substitution w = zy), + ay leads to a second order linear equation: w! +
wfu, — (a+ 1) fw = 0.

xyllt  + [x?(ax® +1)f + 3]yl —2fy = 0.

1
Particular solution: yo = ax + —.
x

zy!l!  + [x(ax? — 1) f + x?(ax® + 1)g + 3]y, — 2fy., — 29y = 0.

Particular solution: yo = ax + —.
x

(az—1)ygz, +x[(az—2) f —a’lyg, Jr[(2 a’z?) f+a’ly, +2a(az—1)fy=0.

Particular solutions: y; = 22, y, = e®

2yl + (xf —a® —a)y, + (a—1)fy =0.

Particular solution: yo = z' .

The substitution w = zy), + (a — 1)y leads to a second order linear equation:
zwl, — (a+ Dwl, + fw =0.

z2y” + [x(az +1)f — 6]y, + fy = 0.

1
Particular solution: yo =a+ —.
x
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48. z*y! +axfyl + [z(ax + 1)g+ 2f — 6]y, + gy = 0.

1
Particular solution: yy =a+ —.
x

49. 2%y + z[z(ax +1)f + 3]y, —2fy = 0.
Particular solution: yo =a+ —.
x

50. mzy;’:’w +z(zf +a)yl, +[(a —2)xf +bly, + (b—a+2)fy=0.

By integrating, we obtain the nonhomogeneous Euler equation 2.1.8.15:
22yl +(a—2)zy, + (b—a+2)y = Cexp(—/fdw).

51. (axz +b)xy) + (ax+ Byl +xy., +y=7F.

By integrating, we obtain a second order linear equation:

(am—i—b)xy;’m—l—[(a—Qa)x—i—ﬂ—b]y;+(x+2a—a)y:/fdx+0.

52. z(z+ Vyg, +o(f —z—3)y, — (x+1)fy =0.

Particular solution: gy = xe”.

53. z?y” +xfy,+ (a—1)(f+a*+a)y=0.

Particular solution: yo = z'~%.

The substitution w = zy), + (a — 1)y leads to a second order linear equation:
22w, — (a+ Daw), + (f + a® + a)w = 0.
3,11 2,1

54. x=%y! +axyl + bxy. 4+ cy = f(x).

The nonhomogeneous Euler equation.
The substitution ¢ = In|z| leads to an equation of the form 3.1.9.8.

Yity + (a = 3)ypr + (b— a+2)y; + cy = f(£e').

55. :c3y;';m + (a + 2):/c2ya'm'ae +xfy., +afy=0.

Particular solution: yo =z~ .

56. xz3y” 4+ [(a+ 6)x® + bly” + 2(2a + 3)zy., + 2ay = f(x).

Integrating the equation twice, we obtain a first order linear equation:
23yl + (ax? + b)y = C1 + Cox + /(/fdx) dx.

57. x3y” 4+ x?(bx?* ! — 3a)y” + 2a(a +1)(2a + 1)y = f(z).

Integrating the equation twice, we obtain a first order linear equation:

51772(19;; + (‘mizail +b)y =C1 + Cox + /(/ fa—203 d:c) dx.
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58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

Particular solutions: y; =z %, ys = 2.

xSyl 4+ 2 fyll, — 6yl +6(2— fly =0

Particular solutions: y; = 272, 1y = 2.

oSyl fyl +x(f — 1)y, + (f —3)y=0.

Particular solutions: y; = cos(lnx), y2 =sin(lnz).

"B3y:,v/:;:z: + xz(f + l)y,m/w + .’B(f —a— l)y:/c - a(f - 2)y = 0.

Particular solutions: y; = 1:*\/5, Yo = Ve,

o3yl + 2 (f+a)yl, +x(af +b—a)y, +b(f —2)y =0.

Particular solutions: y; = 2™, ys = 2™, where n; and ny are the roots of the
quadratic equation n? + (a — 1)n +b = 0.

Pyl 4+ 2*(f + a)yl, + z[g + (a — 1) fly,, + (a — 2)gy = 0.

Particular solution: yo = 2°~®. The substitution w = zy’, + (a—2)y leads to a second
order linear equation: z2w”, + zfw!) + gw = 0.

3y 4+ x2(f + 2ax)y? + x(2axf + a’x? 4+ b)y, + (a®*z®f +bf — 2b)y = 0.

Particular solutions: y; = e~z yp,=¢e

of the quadratic equation n? —n +b = 0.

—ax

where n; and ny are the roots

n
"2,

wa:,v/:/Em + ﬂc2f@/§E + (@a® +af —2xf)y = 0.

Particular solution: yo = z2e%/*.

Y+ aer®y’ — 3A%y! + 2X3y = f(x).

Integrating the equation twice, we obtain a first order linear equation:
e_my; + (a+ 2)\6_)\w)y =C1+ Coz + /(/ fe_m dx) dx.

" + (f _ a262)‘“”)y; _ ae"‘”(f + 30)\6)@ + )\2)y = 0.

ymwm
a
Particular solution: yg = exp(xe/\”’).

The substitution y = exp(%e”) / z(z) dx leads to a second order linear equa-

tion: 27, + 3aerzl + (f + 2a%e** + 3aXe?®)z = 0.

yut o+ (1 + be*®) f —a?lyl, + afy = 0.

Particular solution: g9 =e™** +b.
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69.

70.

71.

72.

73.

74.

75.

76.

e

78.

ymre + (F +a)yl, + [af + (1 4 be*®)gly., + agy = 0.

Particular solution: yg =e %" + 0.

Y .+ (be® + 2a) fy!l — a(be®®f + a)y!, — 2a°fy = 0.
b

Particular solutions: y; = e**, yy =e ** + —

yu .+ (f — 2ae)‘“’)y:’c’w — ae’(2f — ae*® + 3Ny,
+ ae*®[(ae*® — A) f + 2axe ® — N2y =

a
Particular solutions: y; = eXp( 3 AT), Yo = xexp(yem).

Yono T (f — )y, + (9 — 2aXe*)y; — ae**[(ae™® + A f + g+ A’]y = 0.
Particular solution: yg = exp( \ M)

The substitution y = exp(TeAm) / z(x) dx leads to a second order equation:

LA (f 4 20e*) 2 + (2aeM f + g+ a?e® 4 aXe’)z = 0.

T [(a—l—c—{—bea”’)f—a—{—c]ygw—f—[(62—a2—}—bceaw)f—ac]y;—f—ac(a—I—c)fy =0.

Particular solutions: y; = e, ys =e %% 4+ =

YL, + (AT + Bt + )yl + (N2 T + 28pel®)y,, + Butehvy = f(x).

Integrating the equation twice, we obtain a first order linear equation:
A / (geur+7)y—01+02x+/(/fdx> dx

Yot o + FYl, + gyl — AASf 4+ tanh(Az)(g + A%)]y = 0.

Particular solution: yo = cosh(Az).
The substitution y = cosh(Az) [ z(z) dz leads to a second order equation:

Yo+ [f + 3Xtanh(Az))z), + [g + 3A* + 2\ f tanh(Az)]z = 0.
Youa T FUZe — Al2f tanh(Az) + 3A]y,,
+ A2{[2tanh?*(Az) — 1]f + 2A tanh(Az)}y = 0.
Particular solutions: y; = cosh(A\z), y2 = x cosh(Ax).
Yoea T FUZe — Al2f coth(Az) + 3A]y,,
+ A2{[2 coth®(Az) — 1]f + 2A coth(Az)}y = 0.

Particular solutions: y; = sinh(A\z), yo = xsinh(Az).

Yoo T(tanhz—a) f —alyg, +[(a® —1)f — 1]y, +a[(1 —atanhz) f+1]y =

Particular solutions: y; = e**, 1y = coshz.
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79. y!' +[(cothx—a)f— a]y +[(a®*—1)f—1]y, +a[(l1—acothz)f+1]y=0.

Particular solutions: y; = e**, 1y = sinhz.

Particular solutions: y; =z, y2 = cosh(\x).

81. yg., + [Acoth(Az)(zf — 1) — fly,, — Nz fy, + X2 fy = 0.

Particular solutions: y; =z, yo = sinh(Ax).

82. wxzy! + [z?(a—Inz)f+2]y” +zfy., — fy=0.

Particular solutions: y; =2, y2 =Ilnx —a+ 1.

83. ! + fy, +tanx(f — 1)y = 0.

Particular solution: yo = cosx.
The substitution y = cos z [ z(z) dz leads to a second order linear equation: z!
3tanz 2z, + (f —3)z = 0.

84. yl + fyl,+cotx(l— fly =0.

Particular solution: yo = sinx.

85. Yoo T fUse + 9y, + AAS + tan(Az)(g — A?)]y = 0.

Particular solution: yo = cos(Ax).
The substitution y = cos(Az) [ z(x) dz leads to a second order linear equation:

Lo+ [f — 3\ tan(Ax))zL + [g — 3\ — 2A\f tan(\z)]z = 0.

86. y' +fy +Al2ftan(Az)+3A]y, +A2{[1+2tan®*(Az)]f+2Atan(Az)}y =0.

Particular solutions: y; = cos(Az), y2 = xcos(Ax).

87. y! +fyl +A[BA—2F cot(Ax)]y., +A%{[1+2 cot?(Ax)]f — 2\ cot(Az)}y =0.

y:l!:l?:l!

Particular solutions: y; = sin(Az), yo = zsin(Az).

88. y” —[(a+tanz)f+aly” +[(a®?+1)f+1ly. +a[(atanxz—1)f —1]y =0.

Particular solutions: y; = e®*, yo = cosz.

89. yut +[(cotx+a)f+alyl, +[(a®+1)f+1]y, +al(l—acotz)f+1]y

Particular solutions: y; =e %", 1o =sinx.

90. yg.. + [f + Atan(Az)(zf + D]y, — Nz fy, + A2 fy = 0.

Particular solutions: y; =, y2 = cos(Az).

91. gyl +[f — Acot(Az)(xf + )]y, — XN2zfyl, + A2 fy = 0.

Particular solutions: y; =z, y2 = sin(Az).
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92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

asin(Az)y? 4 by’ + 3ar?sin(Az)y’, + 2aA3 cos(Ax)y = f(x).

TXTT

Integrating the equation twice, we obtain a first order linear equation:
asin(Az)y., + [b — 2aX cos(\z)]y = Cy + Cox + /(/ fdm) dx.

sin(Az)y”. + [a+ (2A + 1) cos(Az)]y”, — (A% + 2)) sin(Az)y,
— A2 cos(Az)y = f(x).

Integrating the equation twice, we obtain a first order linear equation:
sin(Ax)y., + [a + cos(A\x)]y = C1 + Cox + /(/ fdx) dx.

(f = Dygee — [af + Atan(Az)]yg, + (A f + a®)y;, + aX[a tan(Az) — Afly = 0.

Particular solutions: y; = e**, yo = cos(Ax).

Yowa + fUz + F2U =9
Integration yeilds a second order linear equation: y + fy = f gdx+ C.

yo .+ 2fyl + fiy =0.

Solution: y = Ciw? + Cowywy + Csw3, where wy and wsy are linearly-independent
solutions of the second order linear equation 2w/, + fw = 0.

Yihe + foyl, + F2fL — Ay =0.
Integration yeilds a second order linear equation: y”, + fy. + f?y = Cexp([ fdz).

yut .+ (a—1) 2y, — [f2. — (2a+1)ff. +af3ly =0.

Integration yeilds a second order linear equation:
o 11+ (af? = £y = Cexp( [ 1 do).

Yore + (f — )y, + (f —af)y =0.
The substitution w =y, + ay), + fy leads to a first order linear equation: w/, —

aw = 0.

Yoee T FYoz + 99, + (fg + g,)y = 0.
Integration yeilds a second order linear equation: y2, + gy = C'exp(— [ f dz).

Y+ 3fy 4+ (fL+ 2% +29)y., + (2fg + g.)y = 0.

Solution:
Yy = C’lwf + Cowiws + Og’wg,

where wy and ws is the fundamental set of solutions of the second order linear equation
Wi, + fwl, + 59w =0.
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102. y o, + (f + 9)y . + (f2 + fg + M)y, + (b, + gh)y = 0.
Integration yeilds a second order equation: vy, + fy, + hy = Cexp(— [ gdz).

103. y. . + (f + 9y, + (29, + fg + h)y, + (95, + fg, + gh)y = 0.

The substitution w =y, + gy leads to a second order equation: w’ + fw) 4+ hw = 0.

Particular solution: yo = f.
The substitution y = f [ zdz leads to a second order equation: fz., + 3f.zl +
3fr 2=0.

105 fYioe + foaa¥ = 9-
Integration yeilds a second order equation: fy, — fiy. + fo y= [gdx+ C.
106. y2' = f(x)y.

The transformation z = ¢!, y = wt~2 leads to an equation of the similar form:
1
wiy = —=0f (5 )w.

3.2. Equations of the Form y”/ = ASIZO‘yﬁ(y:',g)v(y;c/gc)‘5

3.2.1. Preliminary Comments. Classification Table

The value of the insignificant parameter A is in many cases definined in the form of a
function of two (one) auxiliary coefficients a and b:

A= 90(0'7 b) (1)
and the corresponding solutions are represented in the parametric form
r = fi(1,C1, Cy, C3,a), y = fa(7,C1,Ca, C3,b), (2)

where 7 is a parameter, C7, Cs, and C5 are arbitrary constants, f; and fo are some functions.
Having fixed the auxiliary coefficient sign a > 0 (or b > 0), the coefficient b should be
expressed in terms of both A and a with the help of

b=v(A, a).

Substituting this formula into (2), we obtain a solution of the equation under consideration
(where the concrete numerical value of the coeflicient a may be chosen arbitrarily). The
case a < 0 (or b < 0), which may lead to the branch of the solution or to a different domain
of determining the variables « and y in (2), should be considered in a similar manner.

The following Table 3.1 represents all solvable equations whose solutions are outlined
in Subsections 3.2.2-3.2.4. The two-parameter families (in the space of parameters «, 3, v,
and 6), one-parameter famililies and isolated points are represented in a consecutive fashion.
Equations are arranged in accordance with the growth of §, the growth of v (for identical 6),
the growth of 5 (for identical § and ), and the growth of « (for identical §, v, and ). The
number of the equation sought is indicated in the last column in this table.
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TABLE 3.1

Solvable equations of the form y”/ = Az®yP(y’.)"(y".)°
1) Y Jé] « Equation
arbitrary arbitrary arbitrary 3.2.4.15%
arbitrary arbitrary
0 0 3.24.1
(6#2) (y#-1)
y+48+5 arbitrary arbitrary
0 3.2.4.174
Y+23+3 (v#-1) (B#-1)
3y+7 arbitrary 1
1 0 3.2.4.10
2(y+2) (v # —2) 2
3y +7 arbitrary
I 1 0 3.2.4.7
2(y+2) (v #-2)
arbitrary
6#1, 2) —1 -1 0 3.2.4.175
arbitrary
-1 0 0 3.2.4.11
(6#2)
30+4 arbitrary
3.2.4.8
20+ 3 0 (B#-%) 0
arbitrary 1
0 -5 3.2.4.87
(6#%) 2 ’
arbitrary arbitrary
1 0 3.2.4.2
(6#1) (B#-1)
arbitrary
1 -1 3.2.4.13
(6#1) 0
arbitrary
1 1 0 3.2.4.4
(64£2)
38+4 arbitrary
3 3.2.4.9
20+ 3 B#-3%) 0
-1 3 < 0 3.2.4.168
-1 3 0 0 3.2.4.164
arbitrary
0 0 3.2.4.3
(v #-1) 0
0 arbitrary —+(v+5) 0 3.2.4.171
arbitrary
0 —28-5 0 3.2.4.5
’ (5 # -2)
0 —13 1 0 3.2.4.153
0 —-13 3 0 3.2.4.155
0 -7 0 0 3.2.4.141
0 -7 1 0 3.2.4.145

* given are formulae of reducing to the generalized Emden—Fowler equation
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Solvable equations of the form y

TABLE 3.1

Continued

)
e = AxyP(yl) (y2,)

1) 2 Ié] ! Equation
0 —4 -5 0 3.2.4.127
0 —4 0 0 3.2.4.123
0 -3 -2 0 3.2.4.95
0 -3 ~1 0 3.2.4.30
0 -3 0 0 3.2.4.26
0 -3 1 0 3.2.4.91
0 -3 —- 0 3.2.4.76
0 -1 -3 0 3.2.4.42
0 -1 -3 0 3.2.4.52
0 -3 -3 0 3.2.4.133
0 -3 -3 0 3.2.4.131
0 — 0 0 3.2.4.48
0 o 1 0 3.2.4.38
0 e 2 0 3.2.4.70
0 -3 -2 0 3.2.4.64
0 -2 1 0 3.2.4.60
0 -1 -2 0 3.2.4.22
0 ~1 0 0 3.2.4.18
0 0 -z 0 3.2.2.2
0 0 o 3 3.2.3.3
0 0 -2 0 3.2.2.3
0 0 -2 1 3.2.3.4
0 0 —2 0 3.2.2.6
0 0 -% -4 3.2.3.5
0 0 -3 0 3.2.2.4
0 0 -2 -3 3.2.3.7
0 0 -2 0 3.2.2.8
0 0 - -2 3.2.3.6
0 0 -1 0 3.2.2.5
0 0 -5 -3 3.2.3.8
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Solvable equations of the form y

TABLE 3.1

Continued

)
e = AxyP(yl) (y2,)

6 gl 154 o Equation
0 0 -3 -3 3.2.3.9
0 0 -3 0 3.2.2.7
0 0 0 arbitrary 3.2.3.1
0 0 0 0 3.2.2.1
0 0 1 arbitrary 3.2.3.2
0 1 1 0 3.2.4.35
0 2 -z 0 3.2.4.165
0 2 0 0 3.2.4.161
0 3 ?;b;:rfgy) 0 3.2.4.85
0 3 -2 0 3.2.4.82
0 5 -5 0 3.2.4.105
0 5 -2 0 3.2.4.117
0 5 -2 0 3.2.4.111
0 5 0 0 3.2.4.101
3 0 -3 0 3.2.4.74
o 3 -2 0 3.2.4.114
5 3 -2 0 3.2.4.120
- 3 -2 0 3.2.4.108
+ 3 0 0 3.2.4.104
2 0 -1 0 3.2.4.157
% 4 _% 0 3.2.4.137
1 a{;’izigy -1 0 3.2.4.140
1 -3 -5 0 3.2.4.32
1 -3 1 0 3.2.4.24
1 ~1 ~1 0 3.2.4.177
1 1 ?;b;:rf% 0 3.2.4.14
1 1 -1 0 3.2.4.17
1 1 1 0 3.2.4.21
2 3 -3 0 3.2.4.159
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TABLE 3.1 Continued
Solvable equations of the form y' = A:cayﬁ(y;)V(y’m'w)é
) Y I} a Equation
2 3 -3 0 3.2.4.151
< 0 -2 0 3.2.4.109
£ —4 -5 0 3.2.4.57
5 -3 0 3.2.4.148
T 3 0 0 3.2.4.144
= -5 1 0 3.2.4.66
= 0 -5 0 3.2.4.169
= 0 1 0 3.2.4.62
o 0 -3 0 3.2.4.80
e 0 -2 0 3.2.4.121
= 0 -7 0 3.2.4.68
+ ~7 1 0 3.2.4.54
< -3 1 0 3.2.4.45
< -2 1 0 3.2.4.78
< -3 1 0 3.2.4.72
< 0 1 0 3.2.4.40
£ 1 1 0 3.2.4.50
< 3 0 0 3.2.4.126
< 3 1 0 3.2.4.130
+ 11 1 0 3.2.4.135
-+ 0 -Z 0 3.2.4.43
& 0 -3 0 3.2.4.115
= arbitrary 1(y-1) 0 3.2.4.173
3 -3 -5 0 3.2.4.100
3 -3 1 0 3.2.4.97
5 0 —2 0 3.2.4.99
5 0 -5 0 3.2.4.84
3 0 1 0 3.2.4.93
2 1 1 0 3.2.4.28
2 3 -2 0 3.2.4.98
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TABLE 3.1 Continued
Solvable equations of the form y// = A:Bayﬁ(y;)w(y’m'w)é
1) Y Ié) « Equation
2 5 1 0 3.2.4.94
2 5 0 0 3.2.4.29
z 1 1 0 3.2.4.116
i 4 1 0 3.2.4.47
2 1 1 0 3.2.4.125
% 3 —4 0 3.2.4.55
s 5 1 0 3.2.4.46
% 3 _% 0 3.2.4.79
s 5 2 0 3.2.4.73
s 5 1 0 3.2.4.41
s 5 0 0 3.2.4.51
5 5 1 0 3.2.4.129
5 3 0 3.2.4.136
2 6 1 0 3.2.4.69
o 1 1 0 3.2.4.122
% 4 _% 0 3.2.4.81
i 1 1 0 3.2.4.170
1z 5 I 0 3.2.4.67
i) 5 1 0 3.2.4.63
T 0 i 0 3.2.4.56
7 0 1 0 3.2.4.147
T ) 1 0 3.2.4.143
5 1 1 0 3.2.4.110
1 1 1 0 3.2.4.160
i) 0 1 0 3.2.4.152
5 fgb:fi‘rlﬁ 0 0 3.2.4.12
) . a(r‘gi;%r)y 0 3.2.4.139
2 -1 -1 0 3.2.4.176
5 1 0 0 3.2.4.16
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TABLE 3.1 Continued
Solvable equations of the form y' = A:cayﬁ(y;)V(y’m'w)é

) Y Ié) « Equation
2 0 -2 0 3.2.4.33
2 3 —2 0 3.2.4.25
2 3 0 0 3.2.4.19
+ 0 -5 0 3.2.4.138
< -5 -5 0 3.2.4.158
s —4 —3 0 3.2.4.75
5 —-4 1 0 3.2.4.113
< -3 1 0 3.2.4.119
< -3 1 0 3.2.4.107
2 1 1 0 3.2.4.103
3 ?ibffg 1 0 3.2.4.86
3 ~23-5 ?gb;:rfgy) 0 3.2.4.6

3 arbitrary -y =2 0 3.2.4.172
3 -9 2 0 3.2.4.106
3 —6 -3 0 3.2.4.59
3 —6 1 0 3.2.4.166
3 -4 -5 0 3.2.4.77
3 -3 2 0 3.2.4.118
3 -4 < 0 3.2.4.65
3 —4 —3 0 3.2.4.37
3 5 -5 0 3.2.4.44
3 - 2 0 3.2.4.112
3 -3 -2 0 3.2.4.96
3 -3 ~1 0 3.2.4.23
3 -3 -3 0 3.2.4.90
3 -3 1 0 3.2.4.83
3 -5 -5 0 3.2.4.53
3 -3 -5 0 3.2.4.149
3 -5 -5 0 3.2.4.150
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Solvable equations of the form y

TABLE 3.1

Continued

)
. = Az*yP(yL ) (y2r,)

>

=

Equation

[
N

3.2.4.31

3.2.4.134

3.2.4.128

3.2.4.132

| | wlor | rofor | coler

o | o |lo|o| o

3.2.4.89

I
w

3.2.4.88

3.2.4.142

3.2.4.124

3.2.4.27

3.2.4.49

3.2.4.20

3.2.4.34

3.2.4.162

—_

3.2.4.102

3.2.4.154

3.2.4.146

3.2.4.92

3.2.4.39

3.2.4.61

3.2.4.58

3.2.4.36

3.24.71

N | O W | W W[ W|W|WwW]|w

3.2.4.156

|
S)

3.2.4.167

=R W W W W W W W W W W wWwWw|wWwWlww|w|lww|lw|lw|lw|w|w

—_

o | o|lo|lo|lo|oo|]o|lo|loo|o|o|lo|lo|lo|]o|lo|lo|o| o

3.2.4.163

3.2.2. Equations of the Form y/”/ = AyP®

1. "= A.

ymmm

Solution: y = %Ax?’ + Cox? + Cia + C.
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2. (/- Ay_7/2.

yw:cw

Solution in the parametric form:

r=aC} /[C’leQ”T + Che™ 7 sin(\/gm')] =32 0 4 Cs,

Yy = bC'l2 [Clez‘” + Cye™ 7 sin(\/gm'ﬂ 17

where A = —8a~3b%/243.

3. mno _ Ay—s/z'

ym:cm

Solution in the parametric form:
x = aCy /(T3 — 37+ Co) 32 dr + Cs, y=bC%(r3 =31+ Cy) 71,
where A = —6a=3b7/2.

4. "o _ Ay_4/3.

ymmm

Solution in the parametric form:
T = aCf/R’1(27-I F R)*dr + Cs, y =bC?(27I F R)3,
where R = \/£(473 — 1), I = [TR™'dr + Co, A= +£18a3b"/3.

5. /- Ay_7/6.

ymwm

Solution in the parametric form:

z = aCy® / R'2rI TR ?dr+Cs,  y=0bC{%27I T R)?,

where R = /£(473 — 1), I = [tR™Ydr + Cy, A= F18a=3p'3/0.

» In the solutions of equations 6-7, the following notation is used:
C1J1y3(1) + CaYy (1) for the upper sign,
L Cili5(7) + C2Ky j3(7)  for the lower sign,

where Jy 3 and Y13 are Bessel functions, I3 and K3 are modified Bessel functions.

6. yl,=Ay2

ymwm

Solution in the parametric form:
z=aCy /7*12*2 dr+Cs,  y=bCi7 37272,

where A = :i:%a*?’bg.

7. "o _ Ay_1/2.

ymmm

Solution in the parametric form:
x:acl/ZdT—FCg, y:bC’fTQ/gZQ,

where A = :F%a’?’b?’m.

8. "noo_ Ay_5/4.

ymm:ﬂ

This is a special case of equation 3.2.4.171 with v = 0.
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3.2.3. Equations of the Form vy’ = Ax%y”®

rrxr

See Subsection 3.2.2 for the case o = 0.

1. o= Ax®.

ymmm

Solution: y = Af(z) + Cex?® + Cix + Cp, where

x(x+3
ot Datdaty re7r-L =23
f(z) =< +2?In|z| — a2 if a=-1;
—zln|z| +x if a =-2;
%ln|x| if a = —3.

2. "= Ax*y.

ywww

See equation 3.1.2.7.

3. (/- Am3y_7/2.

ymwm
Solution in the parametric form:

2

—1 —
x—acf(/f3/2d7+cg> : y—bcff1</f3/2d7+cg> :

where f = C1e2°7 4 Cpe 7 sin(\/gm'), A =8a=p%/253,

4. "o = Axy~5/2.

ymwm

Solution in the parametric form:
-1
T = aC‘17[/(7'3 —3T+Cz)_3/2d7‘+03] ,
-2
y=0bC3 (13 =31+ Cy)~! {/(73 — 37+ 02)73/2 dr + Og:l ,

where A = 6a—4b7/2.

» In the solutions of equations 56, the following notation is used:

R=/+(473 -1), I:/TR’1d7+C’2.

5. /- Am_4/3y_4/3.

ymwm

Solution in the parametric form:
—1
z=aCy {/ R™Y(2rI ¥ R)*dr + Cg] )
-2
y=bCy(21I F R)? [/ R 21T+ R)*dr + 03} :

where A = F18a5/3p7/3,
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(/- A:v_5/3y_7/6.

yw:cw

Solution in the parametric form:

—1
x = aC}? [/ RY2rI T R)™°2dr + Cg} ,

—2
y =bCY(2rI F R)™® [/ R™Y2rI + R)™°2dr + 03] ,

where A = F18a~4/3p13/6,

y/m/:/mn — A:L’_3/2y_5/4.
Solution in the parametric form:
-2

-1
x:aclf [/T—1/2Z—1/2f3/4 d7+03} , y:b(jl?f [/7—1/2Z—1/2f3/4 dT+C3:| 7

where z = Cy + 272 + 4B71/2) f=exp([271/2dr), A= +Ba=3/2%/4.

(/- Am—Sy—l/z'

ymwm
Solution in the parametric form:
-2

-1
xzcl[/zclwrcg] , y:bT2/3Z2[/ZdT+Cg] ,

where
A g3 7 C1J1/3(1) + CoYq3(7)  for the upper sign,
3 ’ Ci113(7) 4+ CaKy3(7)  for the lower sign,
(J1/3 and Y73 are Bessel functions, I;,3 and K3 are modified Bessel functions).

mno_ Am_3/2y_1/2.

ym:cm

Solution in the parametric form:

x:anexp(Q/PdT), x:bC3P2exp(2/PdT>,
where P = P(r,C1,Cy) is the general solution of the second Painlevé transcendent:

P! =+rP+2P%  A=+1a73/2p%2

3.2.4. Equations with |y| 4 |6] # 0

5
Ynne = AWL) (¥i)"s v # -1, 8§#2.
Solution in the parametric form:
1

Y+l N F=
x:aClwré*l/T*l/z(l:I:T 2 )6 > dr + Cs,
1
rt+l N =5
y:b017+2573/(1:|:7' 2 )5 > dr + Co,

where A = :E’Y—H25*2a7+25*3b17775.
6
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)
2.yl =AYy, (vl,)’, B# -1, §#1L

Solution in the parametric form:

1 —1/2
xr = a0{3+6/|:/(1 + Tﬁ+1) 1=6 dr 4+ Cy dr + Cs, y = b0126_27'7

1
where A = :tf—iSQ‘sflazé*Qb*’B*‘s.

» In the solutions of equations 3—-10, the following notation is used:

R=+1+7m+L, E:/(liTm+1)_1/2dT+CQ, F=RE—T.

3. yr. =AW, ~v#-L

Solution in the parametric form:
x = aCl" /T_l/ZR_l dr + Cs, y=bC7'E,

—1 1
where m = ,YT’ A= iﬂcﬂm_%dm.

Solution in the parametric form:

z = aC¥m ! /E—1/2R—1 dr+Cs,  y=0bC?" R,

1 22 Y™
h =——, A=— 3
where m 532’ 8ma [ (m—|—1)b]

—263—-5
5.yl o= AyP(y,) P, B#£ -2

Solution in the parametric form:
x=aCy" > /7*1/2E*3/QR*1 dr+Cs,  y=bCi"?E7},
where m = —3 -3, A==+4(-1)"2"(m + 1)a®™ 26>,

—26—-5 3
6. y.=AyP(y) P 0w)d, B#£ -2

Solution in the parametric form:
T = aC’f”?’/E_‘?mR_lF dr + Cs, y= bCferzTE_l,

where m = 3, A= T2(m+ 1)a=2m2pm+3,
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3v+7
7. oy =Ay(yl) (yl,) e,y £ 2

Solution in the parametric form:

T = aC{”2+m+2/E7m/2R71 dr + Cs, y = bCF,

2 1
2 2 2mb~1 1)b ] m+2 4a? m
Wherem:—w, A= i(m—i— ) i a
v+1 m+ 2 2a (m+1)(m+2)b
38+4
8. yl.=AyP(yl,) 2P,  B#-3/2

Solution in the parametric form:
2
v aC{n2+2m—1 /TmE7m72Rfl dr + Cs, y = bCYn-{-l) 7_m+1Ev7m71,

1

ﬁ _1 _m 2@2 m+3
where m EESE (m+3)a TR
5 38+4
9.y, =AY’(y,) (¥l,) 2Pt3, B # -3/2

Solution in the parametric form:

T = aC{n2+m—1 /Em+1F71/2R71 dr + 03’ y= bC£m—1)(m+2)Em+2’

1
2 3 _ 2m+1 1 2 b e
where m = — A+ , A= m a2b” Tm+1 i(m—l— )(m +2) '
f+1 (m+2)3 4a?
3v+7
10. g7 = Ay=V2(yl) (yl,) 2 HE, 4 £ -2

Solution in the parametric form:

m—1

m+3
T = GCT2+2m77/T 2 R'E"2 Fdr+Cs, y =bC 8F?,

-7 _Mblﬂ{ii( al)b}%ﬂ{iw}ﬁ~

h e — =
where m 1+~ m-+1 m + 2a?

.y, =AW, W) 6#2
Solution in the parametric form:
_6 _6
x =aCy /T 52 exp(Fr?)dr + Cs, y = bC? /’7’ 52 exp(F27%) d7 + Cs,

2

4b? a®\?
here A = F—— (2",
e Y (+ 2% )
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12.

13.

14.

15.

16.

17.

Y= AW ()%, v #£ L

Solution in the parametric form:
1= 3=y
x = aC1 /’7’ 7 exp(F72) dr + O, y = bCh /T 7 exp(F72) dr + Cs,

where A = +(y + 1)a o7~ L

- 5
Yiww = AY 'y, (ye,)"s 6 #L
Solution in the parametric form:

3-6 —1/2
z=aC} /TeXp(:FTQ) [/Tﬁ exp(F72) dr+4Cy dr+C3,  y=bC%exp(F72),

1
where A = 1—6(4:1)_6@25_2()1_5.

"

yr = AyPylyt . B # -1

Solution in the parametric form:
1-5 1-8 -1/2 2
a:zC’l/THﬁ {/7’1”’ exp(F72) dr + Cy dr + Cs, y =br 145
where A = F(8+ 1)b~ 175,

5
Yoww = AT(Y5)" (y7,)°
Solution in the parametric form:
dX(r)

T

r = aCiy’Lé_lX(T), y = b0¥+26_0‘_3 /Y(T) dr + Cs,

where X = X (1), Y =Y (7) is the general solution of the generalized Emden—Fowler
equation

Y)/(/X = BXO&Y’Y(Y)/()67 A= Ba'y+2§—a—3b1_py_6.

—1 2
Y =AW, (yr,)

Solution:
1—4 224
m(01$+02) 1-A +Cg 1f147é17 A;é27
Yy = % exp(Chrz) + Cs if A=1,
1
1
Fln(Clm—&-Cg)—&-C’g if A=2.
1

Yiwe = AY T YLYL,

Solution:

Tr =

/(ClyA“ +Co) V2dy+Cy  if A# -1,
/(Cl lny+02)_1/2dy+03 if A=-1.
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18.

19.

20.

21.

22,

23.

v = AW

yw:cw

Solution in the parametric form:

x = aCy /exp(:l:%TQ) dr + Ca, y = bC? /eXp(:FTQ) dr + Cs,

where A = Fa~*b?.

3 2
Yoo = AyL) (v,

Solution in the parametric form:
x=aCy /7_1/2 eXp(:FT2) dr + Csy, y = bCh /exp(:;:7'2) dr + Cs,

where A = +4a*b~4.

» In the solutions of equations 20-25, the following notation is used:

E= /eXp(:FTZ) dr + Cy, F =27E + exp(F7?).

— 3
Yome =AY YL (Y7L)"

Solution in the parametric form:
z =aC} /TeXP(:FTQ)Eﬂ/2 dr + Cs, y = bCT exp(F72),

where A = :i:%a4b*2.
Yorzw = AYYLYL

Solution in the parametric form:
JI:Cl/E_l/QdT—‘rCz;, y = br,
where A = F2b~2.

Lo = Ay ()

y:vaca:

Solution in the parametric form:
x:aCl/Efg/zexp(:F%TZ)dTJng, y=bC1E

where A = Fa—*b%.

_ -3 3
Y= Ay~ (yL) " (yr)”.

Solution in the parametric form:
z=0C /E*3/2F exp(Fr2)dr + Cs,  y=0bE "exp(Fr?),

where A = F8b2.
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24.

25.

26.

27.

28.

29.

-3
yu . = Ay(yl) Tyl

Solution in the parametric form:
z = aC} /E1/2 dr + Cs, y = bC?F,
where A = F8a~*b2.

y = Ay~2(y.) % (y",)>

Solution in the parametric form:
x = aCy /F_1/2 exp(F72) dr + Cs, y = bCE,

where A = +a*b~2.

» In the solutions of equations 26—-33, the following notation is used:

T+ 1

E=r(r+1) —In(vV7T+V7+1) +Cs, R= , F=RE-T.

T

-3
Yiee = A(YL)
Solution in the parametric form:
x:QaCf\/T+1+C3, y:bCfE,
where A = —%a_ﬁb‘l.
_ 3
Youa = AV U (320)

Solution in the parametric form:
arzaC&/E*U2 dr + Cs, y = bCr,

where A = 2a*b~1.

"

Yoww = AYYs (Yo

Solution in the parametric form:

)3/2

z = aC} /T*2R*1E*1/2 dr+Cs,  y="bCPR,
where A = —8a(—b)~%/2.

3 3/2
y = AyL)® (y,)*2.

Solution in the parametric form:
T = acf/R*ff/? dr+Cs,  y=0bCYE,

where A = 4a®(—b)~7/2.
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30.

31.

32.

33.

34.

35.

— -3
tro = Ay L) .

yw:cw

Solution in the parametric form:
z = aC? /7‘1/2R‘1E‘3/2 dr + Cs, y=0bCSET,

where A = —%a_ﬁbs.

— —1 3
yu = Ay 2 (yl) (y,)”

Solution in the parametric form:
T = aC’l_l /R*1E73/2F dr + Cs, y=0bCiTE",
where A = 2a2b.

— -3
Yiaw = A~V 2 (40)

Solution in the parametric form:
T = aC’f/Tf?’/QR*lEl/QF dr + Cs, y = bCSF?,
where A = a=%b7/2.

— 2
Yome =AY (Y5)"

Solution in the parametric form:
x:aCl_l/TﬁR*l dr + Cj, y=0bC17'E,
where A = 2ab.

1" :Ay—l/z ;(ygm)s

ym:cm

Solution in the parametric form:
5 2 3 —1/2 8/ 2 2
a:::I:aCl/T(T —1)(m° =31+ Cy) dr + Cs, y=bCy (1t —1)7,
where A = ¥ﬁa4b_5/2.

"

Solution in the parametric form:
-1 3 —-1/2 2
x = aCy /(7’ — 37+ Cy) dr + Cs, y = bCTT,

where A = 3a—2b~ 1.
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36.

37.

38.

39.

40.

41.

3 3
Yoww = AWE)" (Yi) ™
Solution in the parametric form:
T = i3a0571/2(72 —5) + Cs, y = bC%(13 — 31 + Cs),

_ 65
where A = 243a b~

Yle = Ay (yL) TN i)
Solution in the parametric form:

x:aOf/(TQ—l)(T3—37+Cg) 3/( — 672 +4Cy1 — 3) dr + C3,

y=bC2(r2 — 1)°(r3 — 37+ Cy) ',

where A = ;%a*1b5/2.

"

Solution in the parametric form:

)—7/3

r = aCy / (3 — 37 + C2)1/4 dr + Cs, y = +bC1O(1* — 67% + 4Cy7 — 3),
1/3
where A = %7202 ( 4b) .
a

_ 3 3
Y. = Ay 3 (yl) (Yl
Solution in the parametric form:

-1z dr + Cs,

m:j:aCf/(TQ—l)(T 34 Cy) Pt — 672 4 ACyT — 3)]
y =bC?(13 — 31+ C2)3/2,

where A = F8-9540p~10/3,

7/5
Vit = Ay(yy,)"
Solution in the parametric form:

z=aCy" / (3 — 37 + CQ)_3/2 dr + Cs, y=+bCy (7% —1)(7% = 31 + C’z)_l/z,

where A = ﬁ:% 1y <2b>2/d.

Y= Ay 2 (yl) ()0

Solution in the parametric form:

r = +aC}! / [+(7% - 1)]

y = bCP (1% — 672 4+ 4CyT — 3)2,

1/2( 37’—1—02) (74 — 672 +4CyT — 3)d7 + Cs,

3/5
_ _ -10,,2 5/2(
where A =—-15-2 b~ 57 ) .
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42. 1" —Ay‘7/3(y;)_7/3.

ymwm

Solution in the parametric form:

-3/2

z = aCl7 / (73 — 37 + Co) [£(rt — 672 + 4Co7 — 3)] " dr + s,
y = +bCLO (4 — 672 +4Cyr —3) ",
aN-1/3
where A = +72a~°p7/3 (Z) .
43. g = Ay~ (yr )T
Solution in the parametric form:
x::I:aC'fg/(Tg—Z&T—I—CQ) 32 (7% — 672 + 4CyT — 3) 1/3d7—|—03,

y = bO2(r® — 31+ Cy) (74 — 672 + 4Cor — 3)"°,

28 3/7
here A — — =2 4—1p5/2
where g b ( 3b )

» In the solutions of equations 44—47, the following notation is used:

Ps(1) = (75 — 1571 4+ 20C 73 — 4572 + 1207 + 27 — 8C3).

44. (- Ay—5/3(y/)—11/3(y// 3

ymzm
Solution in the parametric form:

1/2 —3/2

xzaC{’/(T — 374 Cy) T[E(r? = 67% 4 4Co1 — 3)] Ps(7)dr + Cs,

y = £bCy (13 — 37 + Co)** (74 — 672 + 4Cor — 3) ",
where A = F-2b10/3(2a)~%/3.

45. Y, = Ay(y,) ()"0

ymwm

Solution in the parametric form:
x:aClll/(T3—3T+C’2) 82 (7 — 67% + 4Co7 — 3 )4/3d7'+03,
Y =bC2 (3 — 37+ Co) 2 Py(r),

where A = ZK)TSa_?’b(i%)l/z (f—;b)z/g).

46. " _Ay—7/4(y/ )3(yll )3/5.

ymwm

Solution in the parametric form:

z = aC%" /( — 37+ ) [ (r — 672 + 40T — 3)]) P Bs(1)] V2 dr + s,
y = bO% (1% — 672 + 4Cyr — 3)*°,
2 \3/5
_ —13,2}-5/4 a
where A = —45-2 b~ ( 1%) .
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47. " =Ay‘l/2(y;)_4(ygm)11/7.

ymwm

Solution in the parametric form:

r = +aC}® / (% — 37 + 02)73/2(7'4 — 677 4+ 4CoT — 3)5/3P6(7') dr + Cs,

y = bCP(® — 37 + Co) [Ps(7)]?,

5 2\ 4/7
where A = 728 -37a°b"/2 (QSLI)) .

48. y = A(y,)""/%

y:mc:c

Solution in the parametric form:

x:aCir’/(TQil)lMdT—i—Cg, y = bCY (13 £ 37 + Cs),

81

where A = :N:Ta_sb?’(g—b)l/g.

a

49. 17 :Ay—5/3 :Ic(y;;,m)3

yil?:L'(E

Solution in the parametric form:

z = aC /7(7'2 + 1)1/2(7'3 +37+ 02)_1/2 dr + Cs,
where A = q:%ga‘lb*‘l/?
7/5

50. y:/v,a/c:c = Ayy:/c (y;:,:c)

Solution in the parametric form:
r = aC} / (% + 1)73/2(7'3 + 37+ 02)71/2 dr + Cs,

202\ 2/5
where A = i5b_2<%> .

51. 7 :A(yl )3(yll )8/5.

ymwm

Solution in the parametric form:

y=bC3(r? £ 1)

y=bCiT(T* £ 1)

x:ac§>/fl/2(¢2i1)5/4d7+cg, y = bC(r® £ 3 + Cy),

4 4 _gr2a%N\3/5
where A = 422—7@ b (W) .

52,y = Ay=4/3(y.)" /3.

Solution in the parametric form:

x:aCI/(TQj:l)

1/4(7'3 + 37+ C2)73/2 dr + Cs,

1 1/3
where A = i%a_sbw/?’(g—b) .

a
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y = bC¥ (1> £ 37 + Cs)

3/2
b

—1/2

)

—1

)



53.

54.

55.

56.

57.

Yilhe = Ay~ (yl) T2 (ylt,)
Solution in the parametric form:
— aC 1 2 2 1/2
z = aC} (£7°+ Cor — 1) (7% £ 1)

y=bCy (% + 1)3/2(7'3 + 37+ C’g)_l,

3b\2/3
a2p2/3
where A = ¥27 b ( ) .

a

-7 7/5
v = Ay(yl) T (y)".

Solution in the parametric form:

3/2

xzaCf/(ﬁil)f
2a% \2/5

—816
where A = +5a b( b) .

Y= Ay (yl) 5 (y)®C.

Solution in the parametric form:

z=aCy! / (% + 1)5/4(:|:7'2 + Cor — 1)71/2

where A = Fba 2b< )3/5.

noo_ Ay_s/z(y;:,m)7/4‘

ywww

Solution in the parametric form:

z=aC| / 241) i (73 £ 37 4+ Cy) 1/gd7'—|—C'3,

y=bC3(r*+1) 1(7’ :|:37'+C’2) ,

where A = 4a*1b5/2( 5 )

Y= Ay~ V2 (y) Ty

Solution in the parametric form:

z = aCl7 /(ﬂ? FCr -2+ 1) P L3 + ) P dr + oy,

y = bCIS(£r2 + Cor — 1) (12 £ 1),

1/4
_ —5;9/2
where A = —64a"°b ( 26) .

© 1995 by CRC Press, Inc.

(13 £ 37 + 02)73/2 dr + Cs,

(T3i37—|—02)5/6 dr+Cs3, y=0bC) (£ +Cor—1)(72£1)

(3 £ 37 + 02)72/3 dr + Cs,

~1/2

b



» In the solutions of equations 58—69, the following notation is used:

S = C1e2FT 4+ Che™ T sin(wT), w=kV3,
Sy = 2kC1 %R 4+ kCoe™FT [\/g cos(wr) — sin(wr)],
Ss = 4k2C e — 2k2Che kT [\/g cos(wr) + sin(wr)],
Sy = S3 — 28,83, S5 = 58954 + 32k3S3.

58. yiL, = Ay~ 2(y,)’ (v

ymmm

Solution in the parametric form:
z = acf/S;l/ngsg dr +Cs,  y=bCis2,
where A = —aSb—9/2k3.

— —6 3
59. Y. = AyTV3(yL) T (yg,)”

ymwm

Solution in the parametric form:
x = aC? / S7328,8,dr + Cy,  y=bCS1S2,
where A = 16a=3b%/2k3.

60. y. = Ay(y,) "

ymzm

Solution in the parametric form:
T = acf/sf/“ dr +Cs,  y=bC3S,,

LA

where A = 7160a*4bk6<
a

61y, = Ay~ (y,)’ (vh)".

ymmm

Solution in the parametric form:
z = aC} / S328,8, P dr + Cay y =005,
where A = % 550y~ 18/5F =6,

62. y., = Ay(y!)"".

ymwm T

Solution in the parametric form:

x=aCy? / S dr +Cs, y=bCyS; 7S,

a’ )2/7.

T 1,
where A = —a™ b <8bk3

2
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63.

64.

65.

66.

67.

68.

the = Ay ()

ymwm

Solution in the parametric form:

z = ac}5/5§/4s2‘1/254 dr + Cs,

a? )5/7

where A =17 16*4a2b*5/2k*9< e

" =Ay—13/5(y;)—9/5.

ywmw

Solution in the parametric form:
z = ac§/sf/45;3/2 dr + Cs,

ELLAN

where A = —160a_4b23/5kz6(
a

" :Ay—7/5(y/)—21/5(y// )3.

ymwm

Solution in the parametric form:

z=aC? / §228 3255 dr + s,

5 17/57.—6 b \1/5
WhereA—512a b k (2a) .

Y= Ay(yl) " (yr)"".

Solution in the parametric form:

)—9/4

z = ac?/5;3/252/5 dr + Cs,

2

where A = %a‘gb(—;—Z)l/4<?);lW>2/7.

1" :Ay—13/8(y;)3(yg€c)12/7'

ym:cm

Solution in the parametric form:

z = aC¥ / HACHA A o

a2 )5/7

here A — 175 . 922 2b711/8k79(
where 75 a oIS

moo_ Ay_7/2(y;’w)18/13.

ywww

Solution in the parametric form:

z=aC?" / S8 dr 1

208 /2.3 2a2 \5/13
where A = 5ab k(b) .

© 1995 by CRC Press, Inc.

y = bC1°S%,

Yy = bC’fS;l,

y=0bC18y*STY,

y=bCPS 28,

y = bCHSY®,

y=b02S7 7%,



_ _ -6 21/13
69. Yoo, = Ay~ (yy) T (ur) T

ymwm

Solution in the parametric form:
z = aC?! /5;3/252/555 dr+Cs,  y=bCP8 152,

2a2 \ 8/13
where A = 208 - 5%~ b'3/2}3 (%) .
» In the solutions of equations 70-81, the following notation is used:

Ty = cosh(7 + Cy) cos T, 0y = cosh 7 —sin(1 4 Cs),
Ty = tanh(7 + C2) + tanT, 2 = sinh 7 4 cos(1 4 Cs),
T3 = tanh(7 + C3) — tan, 03 = sinh 7 — cos(7 + Cs),
Ty = 31513 — 4, 04 = 30205 — 267,

70. 7 :Ay2(yl)_7/3.

ymzm

1°. Solution in the parametric form:
x:aCl/Tll/4dT+Cg, y:bCleTQ,

where A = —3a‘5b(27b) 1/3.

2°. Solution in the parametric form:

x:a01/9}/4d7+03, y = bC40,,

where A = %a‘5b<%>1/3.

Lyl = Ay (y,)  (ylL)”

ymwm

1°. Solution in the parametric form:
z = aC? /T1T2_1/2T3 dr +Cs,  y=bC3T?,

where A = 64 - 37 7a8b=16/3,

2°. Solution in the parametric form:
2 1/2,—1/2 3,3/2
x:aCl/Hl 0, " "03dr + Cs, y = bC707"",

where A = —256 - 3= 7g8p—16/3,
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72.

73.

74.

"

y = Ay(yl) PR

1°. Solution in the parametric form:

z=aCy? /T;1T§/2 dr + Cs,

where A = _%aflbfl(%)l/?)(%>2/5'

2°. Solution in the parametric form:

z = ac;2/0;3/29;/2 dr + Cs,

1/3 2.2/5
where A = chlb*l (i) (ﬂ) .
2 2a 3b

Y= Ay=2/3(yl)> ()0

1°. Solution in the parametric form:

z = aC} / TR dr 4 s,

3/5
here A = ——a%b~ 7/3( ) .
where 432 3D

2°. Solution in the parametric form:

z = aC}! /ai’/‘*oga;W dr + Cs,

_75 a2b=7/3 3/5
where A = 54 b~ (3b> .

moo_ Ay_‘r’/z(y;’m)l/z.

y:mc:c

1°. Solution in the parametric form:

m:aC’f/ T%?dr + Cs,

where A = 2a_2b7/2( 5 ) /2.

2°. Solution in the parametric form:

z = ac§/9;3/2 dr + Cs,

2\ 1/2
where A = —a2p7/? (—3) .
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y = bCy T} /*Ty,

y = bC10; /%63,

y = bOPTETS,

y = bC163,
y= bC%Tfla
y =bCPo,",



75. " :Ay—l/Z(y;)—4(y,m,m)5/2.

ymwm

1°. Solution in the parametric form:

T = aCf/Tf’/QTgT?, dr +Cs,  y=bC2T T2,

—1/2
where A = —32a-2p7/2 (g) .

2°. Solution in the parametric form:
T = ac§/9;3/20§93 dr+Cs,  y=bC207'62,

by —1/2
— —2p7/2( _ 2
where A = 16a™ b ( 2) .

76. y!l = Ay10/3(y/)7/3,

ymmm

1°. Solution in the parametric form:
x = aCf/Tl_5/4T2_3/2 dr+Cs,  y=bCIT T, Y,

) 1/3
where A = —3a°p20/3 (3) .
a

2°. Solution in the parametric form:
z= acf/e}/‘*e;f’/z dr+Cs,  y=bC1o;",

where A = %a‘16/3b20/3_

7. " =Ay—5/3(y/)—17/3(y// )3.

ymmm

1°. Solution in the parametric form:

x = aC? /T1T2_3/2T4 dr+Cs,  y=bO1T,)°T5 Y,

) 2/3
where A = icbel‘l/S(i) .
16 2a

2°. Solution in the parametric form:
z= ac%/e}/29;3/294 dr+Cs,  y=0bC107%0;",

3 b \2/3
WhereA:—Za_Qme(%) .
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78.

79.

80.

81.

"

ym = Ay(y,
. Solution in the parametnc form:
z = aC? /T11/3T211/6 dr + Cs,
5 3b\6/7 7 2a2 \2/5
o =2 (2
where e % =
2°. Solution in the parametric form:

x = acf/el‘?’”e;l/ﬁ dr + Cs,
5 o[ 3b\0/T/ 4a2 \2/5
where 4= 7 (30) " ()

— 8/5
y;';m = Ay=1/7(y!)® (y2,)®
. Solution in the parametric form:

z = aC}? /T119/12T24/3T4_1/2 dr + Cs,

—13/7 7/5
) (v :

3/5
here A — 734 2b—11/7( ) )
where 16 7b
2°. Solution in the parametric form:

T = a0119/ 0240320, 1% dr + Cs
4 3/5
where A = — 0 .73 2l)_11/7( ) .
2 b

moo_ Ay—s/Z(y:/t/m)B/lO.

ymwm

. Solution in the parametric form:

z=aC7' [ T 0TV dr 4 G,

20 2a? \3/10
where A = —a_lbs/Q(L) .

3 b
2°. Solution in the parametric form:

i /91_3/2951/3 dr + Cs,
where A = Ea_llﬁ/? (_2_(12)3/10
3 b .

Ve = Ay 2(y,) T (i) T

ymazm

. Solution in the parametric form:

x = aC%g/ng/6T§/3T4dT+Cg,

2q2 \ 7/10
where A = —540a~°b"/2 (%) .
2°. Solution in the parametric form:

x = a0119/9;3/29§/394 dr + Cs,

2q2 \ 7/10
where A = —270a°b%/2 (—%) .
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y = bCITY? T,

y = bC0, %0,

y=bCPT{ T,

y = bC0L°,

y = bCiTPT,

y = bCro;162,

y = bCyPTPTY,

y = bC{%0; 163,



» In the solutions of equations 82-8/, the following notation is used:

Ly = C17% + CorF, Ny = (14 k)Ci7F + (1 — k)Cyr 7k,
Ly =Cilnt+ Oy, No=Cilnt+ Cq + O,
L3 = Cysin(klnT) + Cocos(klnT), N3 = (C1 — kCy) sin(k1lnT)

+ (C2 + kCy) cos(kInT).

82. y” = Ay~3(y.)>.

ywww

Solution in the parametric form:

x:/Tl/zL;Ll/QdT+C’3, y =712

1 ifA>-1/8,
where k=./|[1+84|, m=<2 ifA=-1/8,
3 ifA<-1/8.

83. y_ = Ay(y.) *(y".)>

Solution in the parametric form:

x:/lede+03, y =1L,

1 ifA<1,
where k= ./|]4-1|, m{2 ifA=1,
3 ifA>1.

84. " :Ay—1/2(y// )3/2.

ymzm

Solution in the parametric form:
x::F4/72L1dT+C’3, y=T12L3,

where k =14+ 8A4-2.

» In the solutions of equations 85-100, the following notation is used:

7 C1J, (1) + CoY,(7)  for the upper sign,
T\ C1L(T) + CoK, (1)  for the lower sign,

Uy=1Z.+vZ,  Upy=Ui+7°2%  Us=+27°2Z°-2U,0s,

where J, andY, are Bessel functions, I, and K, are modified Bessel functions.

3
85. oo, =Ay’(y,)", B# -2
Solution in the parametric form:

3v—2
szl/TTZfl/QdTJng, y=br?,

1 1
A=F—1p 02

where v = ma 32

© 1995 by CRC Press, Inc.



86.

87.

88.

89.

90.

91.

3
yu . =Ay(yl) (y2,)’, v # -8

Solution in the parametric form:
x:a01/771U1 dr + (s, y=bC7"Z,

2 1
where v=———, A=+—qa""3p 773,
v+3 v?

Ve = AyTV2(yL,), 6 #3/2

ywww

Solution in the parametric form:

x = aCy /#’V*lzdf +Cs,  y=0bCiT 22,

1-6 4 . a?\¢
h R ’3b3/2< _) .
where V= sTos T3 T2

v, = Az=iy(yl,)"

ywmw

Solution in the parametric form:
z = aC, / Zdr+Cs,  y=>bC?r71/3 [TZQ - Uy /ZdT - CgUl],

where v =4, A= 24%"3

" :Ay—1/2(y// )3.

ymmm

Solution in the parametric form:
z = aC) /TZ dr+Cs,  y=bCir'322,

where v =

wlro

_ 1 —
A= Llapn

_ — 3
Y= Ay~ Y2 (y )P (yr)°.

Solution in the parametric form:
:c:Cl/7'72Z72U1U2dT+03, y:b7'74/3Z72U12,

_ 1 _ .4
where v =1, A=+3b%2

"

-3
y .= Ay(y.) .

Solution in the parametric form:
T :CLC1/ZdT+C3, y:bC%T_Q/BUQ,

- 1 — 16 ,—633
where v =5, A=—g3a""b".
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_ 3 3
92. y . = Ay 2(y,) (vl.)"

Solution in the parametric form:

r= CLCl /ZU1U2_1/2 dr + 037 Yy = b0127'2/3225

where v = %, A= -2a%3.

93. y = Ay(y!,)*>

Solution in the parametric form:
x=C /7*12*2 dr+Cs,  y=br2PZ70,

3 1/2
—1 v
4b <:F2b) '
94' "7

Y= Ay=2(yl)  (y,)* 2.

where V:%, A

Solution in the parametric form:
x = aCy / Z5PU Uy dr + s,y =bCyTYRU2,

16 2b

27 1/2
where v = %, A= :F—a?’b_5/2( 3 ) .
95. y! = Ay~3(y,) ">

Solution in the parametric form:

.r:aCl/TZUgs/2dT+Cg, yszlTQ/?’U;l,

-1 _ _ 16 —636
where v =5, A=—53a""b".

_ -3 3
96. y . = Ay *(y,) "(vl.)"

Solution in the parametric form:

z=Cy /ZU2_3/2U3 dr +Cs,  y=0br"*22U;",
where v = %, A=18b73.

97. ! = Ay(y,) " )3

Solution in the parametric form:

z=aC) /7—22—2U§/2 dr+Cs,  y=bCir*3Z7U;,

3\ 1/2
_ 1 _ 372
where v =+, A=-16a""b (:I:%) .
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— 3 3/2
98. . = Ay~2(y.)*(y",)*>.

ymwm

Solution in the parametric form:

z = aC} /725/2U;1/2 dr+Cs,  y=bC2r 231,

27 3\ /2
_ 1 _ 37—1
where v = EE A—:l:TCL b (:l:2—b) .

99. " :Ay—Z(y// )3/2.

ymmm

Solution in the parametric form:
I:c\&/T*lZ*Q d7'+03, y:bT74/3272U2’
where v =1, A=L2p2(20)7V/2

100. o' =Ay_1/2(y;)_3(y;'w)3/2-

ywmw

Solution in the parametric form:
z =aC} /T*SZ*QU,;/QUP, dr+Cs,  y=0C1r 327203,

where v =1, A=52054"37/2(2b)"1/2.

» In the solutions of equations 101-138, the following notation is used:

f=y/£@p*-1),

7'—/—(1{{J - C
RANE TR

Function p = p(7) is defined implicitly by the above elliptic integral of the first kind.
For the upper sign, the function @ coincides with the classical elliptic Weirstrass
function p = p(T 4+ Cs, 0, 1). In the solution given below, we can assume p as the
parameter instead of T and use the explicit dependence T = 7(p).

101. y” = A(y.)".

ywmw

Solution in the parametric form:
x:aCf/p71/2dT+C’3, y = bChT,
where A = +3a%b4.

3
102. y”' = Ay?y’ (y2.)".

ymwm

Solution in the parametric form:
$:a015/’7'_1/2fd7'+037 y = bCip,
where A = F24a*b~5.
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103.

104.

105.

106.

107.

108.

Y = Ayyl (y",)""%

Solution in the parametric form:
x:aCI/ “V202dr + Cs, y =bClf,
where A= —1a3b73(£3b)71/2

y = AyL)® ()2

Solution in the parametric form:
z=aCy / fVPdr+ G5, y=0CiT,
where A = +6ab2(+3b)~1/2.

_ 5
Yine = Ay~ (y)"

Solution in the parametric form:

T = aCfl /7_3/2@_1/2 dr + Cs, Yy = bCIQT_l,

where A = +3a2b.

-9 3
Yy =AY (yl)” (yl)”.

Solution in the parametric form:

2= aCi/T*ff/?(rf ) dr+ Gy y=bCOr

where A = F24a-%0°.

g = Ay(y,) "2 2y,

Solution in the parametric form:

x:aC’%/T_podT-i-C?,, y=bCi(tf —p),

where A= $—ab( a)l/Z.

Y= Ay~ 4yl (v )2

Solution in the parametric form:

:c:aCf 73 Tf—p*1/2dT+Cg, y:bC4T4
1

where A = +£-2ab3/4(£3b)71/2
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109.

110.

111.

112.

113.

114.

"o Ay_Z/B(y.fc/m)ﬁ/E’-

ymwm

Solution in the parametric form:
xzaC’f/T%p2 dr + Cs, y = b0 T30,

2 \1/5
_ —1;-2/3( 4 )
where A = +5a""b (18b .

" :Ay—l/Z(y;)—1/3(y;/m)9/5.

y:vaca:

Solution in the parametric form:

T = G’C(l_1 /T5/291/2(Tf - p) dT + 037 Yy = bclg(Tf - @)27

=

where A= :F5a_1b1/2<%)1/3(1a—82b)4/0.

"o _ Ay_15/7(y;)5,

ywww

Solution in the parametric form:
r = aC{? /711/2(T2p T 1)_1/2 dr + Cs, y = bCHr7,
where A= +3.74a2p13/7,

—23/7 3
= Ay (yl) T ()P

ym:cm

Solution in the parametric form:
r =aC;® /7’77/2(7'3f +37r%p F 1) dr + Cs, y = bCir(r?p F 1),
where A = $%a_2/7b_5/7.

Y = Ay(w,) W)Y

ym:c:c

Solution in the parametric form:

z = aCy /T*%?p TN dr+Cs,  y=bCir (P f 370 F 1),

where A= :I:% (:l:%b)g/4 ($6b) _1/2.

moo_ Ay_l5/8(yrlc)3(y,m,m)1/2'

y(l%l:m

Solution in the parametric form:
r = aCy /7_6(7'3f +3r%0F 1)_1/2 dr + Cs, y = bCSr78,

where A = +£-2-ab~1/8(F6b)"1/2
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_ — 22/15
115. y' = Ay=2/3(yl ).

ymwm

Solution in the parametric form:
x:aCf/T8(T2p$1)2dT+Cg, y:b01T3(T2p$1)37
where A= ?15&71/1562/3(18@*7/15,

116. v, = Ay~ (w,) T )P

ymwm

Solution in the parametric form:

r = GC?/T729/2(7'3]C +3r%0F ) (e F 1)1/2 dr + Cs,

y= sz _12( Sf4+3r%p T 1)27

where A = +15a~ 1p!/? (17%)1/3 (%)8/15.

_ 5
117,y = Ay=20/7(y!)>.

ymwm

Solution in the parametric form:
x—aC/ (T’pF 1) /QdT+Cg7 y=0bCIT7,
where A =+3.7"%a2b=8/7.

118. yt . = Ay (y,) "> (v,

ym:c:c

Solution in the parametric form:
r = aC? /7_7/2(7'3]" — 47?9 £ 6)dr + Cs, y=b01*1 (2 pF 1),
where A= $%a‘12/7b5/7.

119. Y, = Ay(y,) " (ylr,) ™.

ymwm

Solution in the parametric form:
x=aCMt [ 7782 (20 5 1)2 dr +Cs, y=bC37(r3f — 4120 +6),

6b\1/13 1/
where A_—E(T) (£390)"1/2.

- 3 1/2
120. y” = Ay=20/13(y! )3 (y" ) /2

ywww

Solution in the parametric form:
T = a0125/723/2(73f —4r%p+ 6)71/2 dr 4 C3, y=bCPo7'3,

where A = £-8-ab=0/13(+39p)1/2,
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_ — 27/20
121, yt = Ay=2/3(yl )0

ymwm

Solution in the parametric form:
= aCy’ /7720(72@) F1) dr+ Gy, y=bC T (2p ¥ 1),

a? >7/20

where A = 20a~1p%/3 (:I:
18b

122. y” _Ay—1/2(y/)—1/3(yu 33/20

ymmm

Solution in the parametric form:
r=aCi’ /TIO(T?’f — 4%+ 6) (T30 F 1)1/2 dr +Cs, y=0bC37m%(r3f —4r%p + 6)27

where A= jF2()@—1()1/2(1721))1/3 (ﬂ:f—;})lg/%

123. y = A(y,) "

ymww

Solution in the parametric form:
x = aC} / p 2dr+ Gy, y=0bClp *(f £2rp?),
where A = —192a"71°.

— 3
124. y! = Ay=5/2yl (y2.)".

ywww

Solution in the parametric form:
v=aCy [ s 22ty P oy =103,
where A= :I:%a‘*b’l/z.

125. y' = Ayy! (y2 )8/5

ym:cm

Solution in the parametric form:

x=Mﬁ/ﬁinMVWW+@,y=w%
3/5
where A= :F5b2(6b) .

126. ylr, = A(y,)" ()"

ymmm

Solution in the parametric form:

x = aCy’ / e 3 fT V2 dr + O,y =0bCHt o7 (f £ 2707,

where A= $8 a?b” (6())2/5'
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127,y = Ay~Y2(yl) "

yw:cw

Solution in the parametric form:
z = aCH / o(f+ 27@2)_3/2 dr 4+ Cs, y=bCi**(f + 27@2)_1,
where A = 1924~ 7b'1/2,

128. yu = Ay~S/2(y2)°.

ymwm

Solution in the parametric form:
= aCy! / (f £2r0%) P (rf +20) dr + Cs, y=bCH(f £ 2rp%) ",
where A= —%ag’bl/z.

129. v = Ay(y.)> ()"

ymwm

Solution in the parametric form:
r=aCP / p 2 f 2mgt) a4+ Gy, y = O f 4+ 20),

2a? )3/5

10
h A= —"a*p?
where a ( 3b

27

130. 27, = Ay(y})* (v.) """

ymzm

Solution in the parametric form:

z=aCy' / (f £2702) P (rf +20) V2 dr + Cs, y=0CTp(f £2r0%) /%,
2a? )2/5

h A=—-10a%b"4( —
where Oa ( 30

131. [ Ay—1/2(yl)_7/3.

ymm:ﬂ

Solution in the parametric form:

v =aCP / (f £2rp) () + 20)dr + Cs,  y=bCP(rf +20)%,
1/3
where A:—648a_5b7/2(6—b) .
a

— 3
132. gy = Ay=5/3(yl )",

y:vaca:

Solution in the parametric form:
© = aCy / o(f +2rp2) 2 dr + Cs, y=bCY(f +27p?)32,

_ 1 ,33-1/3
where A = t45-a°b /3,
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133. g/ = Ay=5/%(y.)" /3.

ymwm

Solution in the parametric form:
= aCP’ / (F £2r0%) " (1f +20) P dr + Cs, y=bCP(rf +20) 7,

G_b)l/?;'

where A= —648a*5b23/6(
a

134. o :Ay—5/3(y/)—2/3(y// )3'

ymzm

Solution in the parametric form:

T = aCl_l /(TQp:F D(f £ 27@2)1/2(77” +2p)"2dr + Cs,

y = bCT(f + 27022 (rf + 20) 2,

1 6b \ 2/3
where 4= — a1/ ()7
ere 324a b .

135. yilt, = Ay(y,) " ()"

ymwm

Solution in the parametric form:

r = aC}t / (f £ 27’@2)73/2(710 + 2030 dr + Cs,

—1/2
y = bC¥ (2o ¥ 1)(f +2rp%) %,

Er/s.

where A= —20a10b_12< 2

136. yir, = Ay®(y,)° (y,)"".

y:mc:c

Solution in the parametric form:

T = aCf?’ / (72@ F 1)_1/2(]” + 27@2)5/4(Tf + 2@)*4/3 dr + Cs,
y =bC1o(rf +20)" 17,

2a2 )3/5

_ 2,8
where A = 20a°b ( 5

137,y = Ay~ (yl) T (yl,) Y.

ywww

Solution in the parametric form:

z = aC{7 / (o F 1)(f +2r0°) 2 (rf +20)43 dr + Cs,
y=bCH (2o 1)°(f £ 2r9%) ",

2

4/5
where A:—320a_7b11/2(%> .
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138. y” _Ay—s/Z(y;/m)ll/?

TrT

Solution in the parametric form:
_ 13 2\—3/2 1/3
z = aC] (f £27p%) (Tf +2p)/°dr + Cs,

y = bOH(f +2rp%) (v f +20)"?,

where A= b3/2< 0 )1/5.

» In the solutions of equations 139-140, the following notation is used:

1 1, Lok .
—_— + —7"+Cy ifk#0, —
ey k—i—lT kT 5 if k #
U:/77 z=1< 7+ In|r|+ Cs if k=0;
=) :
In|r| — — + C if k=-—1.
T

139. i, = AyP(y,) T (¥4,)%  B#O.
Solution in the parametric form:

1-8
:c:Cl/T B exp(f%U)dTJng, y:le/B,

where k=1/3, A=—-2b5.

140. y' = Ay~ '(y,) "y, v #1

Solution in the parametric form:
2_
ZL':G,C’l/T'YlZ_l Ydr + Cs, y=eY,

2
where k= ——, A=a""1p!77.
v—1

» In the solutions of equations 141-170, the following notation is used:

R=/+(473 -1), I, =271 ¥ R, I =7 YRI - 1),
I3 =411 713, Iy = I, I3 — 817, Is = 2RI — 72,

where I = [ TR™Ydr + Cy is the incomplete elliptic integral of the second kind in the
form of Weierstrass.

141. y = A(y.) "

ymwm

Solution in the parametric form:
z = acf/T—?’/?R—l dr+Cs,  y=bCiT ',
where A = F3a~ 1088,
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142. y = Ay~ (y2,)°.

yw:cw

Solution in the parametric form:
xzaCfl/T_g/Qlfl/sz—&—C’g, y:bCfT_l,
where A = +24a%b.

143. = Ayy/, (y")"*

ymmm

Solution in the parametric form:

z = aC! /75/21;1/23*1 dr +Cs,  y=0bCOR,

2 a2\ 3/4
h A=F=p2%(F— .
where 3 (jF 3D )

144. gl = A(,)® ()"

y:vaca:

Solution in the parametric form:
z = a0113/7'_2R_3/2 dr+Cs,  y=0bC{%7"'1,

a? )1/4

h A=—-4a*b3(F—
where a (:ng

145,y = Ay(y,) "

yw:ccc

Solution in the parametric form:
.7 —3/2 p—1 _ 10 _7-1
m—acl/fl R dr + Cs, y=bC7"7I] ",
where A = F3a1°07.

146. v = Ay~*(y.)*(v",)*.

y:vaca:

Solution in the parametric form:
z=aCh /T—1/21;3/2123—1 dr+Cs,  y=bCoI",
where A = 4+24a%h71.

147. = Ay(y2,)""

ywmw

Solution in the parametric form:
T = aCI/IfR—l dr +Cs,  y=0bC?I,,

2.3/4
here A= —4a~} —1( S
where 4a™"b :I:Gb)
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148. Y, = Ay=V2(y,)  (yll,)™ "

ymwm

Solution in the parametric form:

z = aC}! /71;31,;1/2}2—1 dr +Cs,  y=bCl"7212,
5/4
h A—— a2 (2 ) .
where 6b

149. o' _Ay—l/z(y/)—5/3(y// )3'

ymwm

Solution in the parametric form:
z=aCy? /71;1/2123-1 dr+Cs,  y=bC3IZ,

120 )2/3'

where A =F—a%b~ 1/2<
7 a

150. yor, = Ay~ (yl) " (yll,)®.

ym:cm

Solution in the parametric form:

z = aC) /1;5/212133—1 dr+Cs,  y=bClI*13,

3h\1/3
here A = 749 42~ 1/2( ) .
where :F 27 a

151y, = Ay~V2(y,)  (vl2,)*".

ym:c:c

Solution in the parametric form:

x:acf7/117/41,;1/2133—1dr+03, y = bCP12,
1/7
where A= F7-2710:2p~ S/Q(Gb) .

152,y = Ay(y!,)"".

ymwm

Solution in the parametric form:

€= ac}?’/I;S/QR—l dr + Cs, —bC21; 1,
6/7
_ —1
where A = 2 b~ (66) .

153. y'” _Ay(yz)_13

ymwm

Solution in the parametric form:
_ 13 3/4 -1 _ 1116
x = aC} /Il R dr + Cs, y = bCi"Is,
where A = 43.22%¢716p13,
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154y = Ay~ "(y.)*(v")".

yw:cw

Solution in the parametric form:
z = aCy’! /1;1/2121;1/23—1 dr+Cs,  y=0bC50"",
where A = F12a5b2.

155. y = Ay (y,) "'

ymmm

Solution in the parametric form:
z = aC}! /If/4I;3/2R‘1 dr+Cs,  y="bCOL; Y,
where A = 43.225q716p!1,

156. yllr, = Ay~"(y;)" (y},)".

ymzm

Solution in the parametric form:
z = aC) /1;1/2153/2143*1 dr+Cs,  y=bCo0""L; ",
where A = F192a'%72.

157. ' :Ay—7/6(y// )2/3.

ymwm

Solution in the parametric form:
z = aC? /1;5/215,?3*1 dr +Cs,  y=bCPI 318,

2@2 )2/3

here A = 454 —3b13/6<
where a 9%

158. [ZZ— Ay_1/2(y:lb)—4/3(y// )7/3-

ywww T

Solution in the parametric form:

© = acf/1;5/21;1143—1 dr+Cs,  y=bC2 312,
2a\ 1/3
where A = 8b1/2<?a) .

159. " :Ay—3/4(yl )3(y// )8/7.

ymmm

Solution in the parametric form:
= a0167/117/41;51;1/23—1 dr+Cs,  y=bCPIY,

2

17
_ 7. 913 2 —9/4( a
where A= F7-27"a%b 12b) .
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160.

161.

162.

163.

164.

165.

"

Yorw = AY (YL,

Solution in the parametric form:

—1/2 13/7
)Ry )T

z= aCllg/If5/21§R_1 dr + Cs,
b\1/2 2 \6/7
where A = Za*lb*1 (j:3—> (a_) )
2 a 12b
Wl = AW

Solution in the parametric form:

y =bC3121,

z:acl—l/R*lerrcg, y:ba/TR*lerrcg,

where A = +6a=101.

" :Ayl/z /(y// )3.

ymwm

Solution in the parametric form:
T = aC’f/'rI*l/zd'r+C’3,

where A = F24a%b77/2.

"7

4
y = Ayyl (yr )"

Solution in the parametric form:

x = aCf/72I71/2R*1 dr + Cs,

6p=5.

— __1
where A= —+55a

3 —1
Y =AW, (yr,) .

Solution in the parametric form:

Y= bC’f'}'Q7

y = bCYR,

902(116’1_1/7'1%_3/2 dr + Cs, ysz’f/TR_1 dr + Co,

where A =9a"2bL.

" =Ay_7/2(y’)2.

ymmm

Solution in the parametric form:
z= ac§/1—3/23—1 dr + Cs,

where A = F6a1b%/2.
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166.

167.

168.

169.

170.

—6 3
Y = Ay 2 (yl) T (Yl

Solution in the parametric form:
:c:aCf/TIﬁS/QQR*l dr + Cs, y = bCST? 1t
where A = F48a3b7/2,

—9/5 4
v = Ay(yl) " ()

Solution in the parametric form:

r =aCit /721_1/4R_1 dr + Cs, y = bCy°I5,

B 2 4 _ar126N\4/5
where A= 1125(11) (a) .

— 3 —1
yrr = Ay~ () (Y T

Solution in the parametric form:
z=aC /713/21;1/23—1 dr+Cs,  y=bC1I"/?,
where A = 3—§a_2b2/5.

"o _ Ay—1/3(y;/m)9/7.

ymww

Solution in the parametric form:

z =aCy /72175/2]%71 dr + Cs, y = bCYT3173/2,

) 2\ 2/7
where A= 1a*1b1/‘3(a—) .
2 18b

= Ay ) P ()

ywmw

Solution in the parametric form:

T = aCle /7’1/217/415]%71 dr + (s, y = bC’f’ZIg,

where A = 7;‘1711’1/2(%)1/3(?—;)5”,

» In the solutions of equations 171-172, the following notation is used:

2B

1
Co+ -1+ ——71
d 2
f:@q)(/_T)7 L= 111 kE+1
vz Cot+ 72 +2Bllr|  ifk=—1.

if k£ 1,
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171.

172.

173.

174.

175.

7 —at5 7\
=Ay 4 (y)"

ymwm

Solution in the parametric form:
x:aCf/T_l/Qf?’/‘lz_l/sz—l—Cg, y:bC’fﬂ

where k= 77_17 A= %Baﬂk—l)b%(l—k)‘

y/// — Ay—'y—z(y/ )”Y(yli )3.
Solution in the parametric form:
. a/(rz—l/? +2)dr+Cs,  y=Cirf?,

where k= —vy—2, A=-23"kgl=Fkp,

-t 3/2
m=Ay 2 (y))(y) 2

yw:cw

Solution in the parametric form:

x:acf/ (V-VV2+4)

dr+Cs,  y=0bC3r/2UY2,

(O 4
where
B o+l
Vdr 771/2(02+ T 2 ) if v £ —1,
U=esp( [ —S=). V= e
TVVE 44 7_1/2(Cg+%Bln|T\) if y=—1,
A= 23/2ab_%_1B<—27a>7_1.
++48+5
Yire = AY° (L) (yll,) 7243, B, v # 1.

Solution in the parametric form:

5 _ t4B+5 L
x = aCytit /7*3/20 2040 2 Ndr + Oy, y=0bC7TU,

942 2(8+1) dr
where A=a?"1p7 A7 (T) TS B, U=exp (/ —) , z=2z(T) is the solution
TZ
of the algebraic equation
—k_ 2B ol st S0\ 2(6+1)
E—1 kkk:(c - 72 ) kT k=20 7
(z+ )z + k) 2+7+2ﬁ+3T T o

- —1 5
Y =Ay N (yl) Ty, 6 #£1, 2

Solution in the parametric form:

2—k
T = aCf_g/Tk_lUWz_l dr + Cs, y= b0126_4k‘(k:z - T)_lUl/k,

o6—1 1—k 45/ 2a%\% dr .
Wherek—672,A— 5@ b<_T) B, U=exp /7 , z=2z(T) is the
solution of the transcendental equation

1
In|kz — 7| — sz— - = ?Tk + Cs.
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176,y = Ay~ '(y.) ' (y",)>.

Solution in the parametric form:

T = iCl/eTz_l/QU_l/QdT—i—Cg, y::t%eT,
dr
where z=FAr+e" +C, U =exp|+A -~ )

_ —1
177,y = Ay 1(y;) (T

ywmw

Solution in the parametric form:

sz’l/eT/QUdT—i—C’g, y=+C12U,

d
where 2z =+A1+¢e" + s, U:exp(q:/%)

3.2.5. Some Transformations
Let us consider some transformations of the equation y/”. = Az“y” (yva)ﬁy(y;v’w)‘5

1. In the special case v = § = 0, the transformation

1 w
xr = —, = —
YT
reduces the equation
Y, = Az®y’

to an equation of the similar form

—a—2B—4
o= A 2—4yf

2. In the special case « = § = 0, the transformation

x——/ dr _ 1
T RoPRE YT

Ieduces t he equa‘ iOn
; Ayﬁ (yzz )

yfIJIJJ

to an equation of the similar form

reduces the equation
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to the generalized Emden—Fowler equation

ull, = Az®u” (u;)(S

(see Section 2.3 and Section 2.5).
4. In the special case a = 0, the substitution
v(y) = (v,)°

reduces the equation
5
Yo = AY° ()" (1)

to the generalized Emden—Fowler equation

y—1
1.5 AL
vy, =A-217050 T (v])

(see Section 2.3 and Section 2.5).

3.3. Equations of the Form y” = f(y)g(y.)h(y”)

3.3.1. Equations Containing Power Functions

1. y” = (ay®>+by+ c)_5/4.

This is a special case of equation 3.5.2.17 with f(w) = 1.

2. Yo, = (Ay™ + By™)y,.
This is a special case of equation 3.5.2.1 with f(y) = Ay™ + By™.

3. yr, = (Ay" + By™)[a(y.)® + by,].
This is a special case of equation 3.5.2.4 with f(y) = b(Ay™ + By™), ¢(y) = a(Ay™ +

By™).
— (m + 1) 3 2m+1:|
4. Mo 2 T T T (g Ay’ , -3, 1.

The substitution w(y) = (,)° leads to an equation of the form 2.4.2.4:

w2 [_ 2(m+1)

vy = (m £3)° w—|—2Awm}

5 Wiee =y [H L)+ AW T
The substitution w(y) = (y,) leads to an equation of the form 2.4.2.35:

wy, =y (w4 24w™T),
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10.

11.

12.

13.

14.

- 3 -7
Youe = Y2 [3(y2)" + A(y) "]
The substitution w(y) = (y,)* leads to an equation of the form 2.4.2.31:

wy, = y~2(6w + 24w™%).

- 3 —4
Youe = Y2 [6(y2)" + Ayy) .
The substitution w(y) = (y,)* leads to an equation of the form 2.4.2.64:

wy, =y (12w + 2Aw=5/2),

- 3 -3
Yooo = ¥ 2 [(¥2)" + Alyy) "]
The substitution w(y) = () leads to an equation of the form 2.4.2.6:

wy, =y (2w + 2Aw™?).

Yine = 2 =55 ()" + A(,) T,
The substitution w(y) = (y,) leads to an equation of the form 2.4.2.26:

wly, =y A (— 5w + 24w ™5/3).

Yine = %[~ (02)" + A@w) 7).
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.10:

w;’y = y‘%—%w + 2Aw_5/3).

Yifea = v (5 00)° + AW T,
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.12:

wly, =y 2 (Fw + 24w=?/3).

- 3 —7/3
Ve =¥ [ W) + AW T
The substitution w(y) = (y,) leads to an equation of the form 2.4.2.66:

wly, =y 2(Lw 4+ 24w75/3).

Yine = 2 =75 (u0)" + A(y,) ).
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.29:

Wy, = y‘2(—3—%w + 24w~ 7/?).

Uiee =y 2 [—5 (2)" + A].
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.14:

wl, =y 2 (— 2w+ 2Aw=1/2).
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15.

16.

17.

18.

19.

20.

21.

22,

23.

Yine =¥ [~ (w2)° + 4]
The substitution w(y) = () leads to an equation of the form 2.4.2.8:

wly, =y 2 (— 5w + 24w 1/2).

_ 3
Yoo =¥ 2[10(y3)" + AJ.
The substitution w(y) = (y,) leads to an equation of the form 2.4.2.33:

wlr, =y~ 2 (20w + 2Aw1/?).

- 3 2
Youe = ¥ 2[5 (W) + A(y)"].
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.37:

wy, =y 2 (—fw + 24w'/?).

Voo = ¥ [AWL)° — 55 (W2)°].
The substitution w(y) = (y,)* leads to an equation of the form 2.4.2.60:

w;’y =y 2(2Aw? — 2%w)

- 5 3

Yite = ¥ [A®WL)" + 55 (0)°].

The substitution w(y) = (,)? leads to an equation of the form 2.4.2.62:

wyy, =y ?(2Aw? + 2= W).

Yore =Y */*(Ay, + B).

The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.40:
wy, = y~43(2A 4 2Bw=1/?).

Y. = (Ay* + By®)(y,) "

The substitution w(y) = (,)? leads to an equation of the form 2.4.2.39:

wy, = (24y* 4+ 2By?)w".

Y. = (Ay® + B)(y}) ™"
The substitution w(y) = (y,) leads to an equation of the form 2.4.2.16:
_ 2 -5
wy, = (2Ay° +2B)w™".
Y. = (Ay™ + By=2)(y,) "
The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.28:

wy, = (24y~' + 2By~ *)w™>.
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24.

25.

26.

27.

28.

29.

30.

31.

"o (Ay_7/3 + By—10/3)(y/m)—7/3.

ymwm

The substitution w(y) = (y,) leads to an equation of the form 2.4.2.48:

- —7/3 ~10/3Y,,,~5/3
wy, = (24y /3 4 2By =10/3)qy=5/3,

"o _ (Ay_4/3 + By—10/3)(y;)—7/3.

yil?a:m

The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.49:

w?’;y = (2Ay=4/3 4+ 2By ~10/3)y=5/3,

moo_ (Ay—4/3 + By_7/3)(y;)_7/3.

ymwm

The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.24:

wy, = (2Ay=*/3 + 2By~ /3w =5/3,

moo_ (Ay—2/3 + By_4/3)(y’m)_7/3.

ymwm

The substitution w(y) = (y,)° leads to an equation of the form 2.4.2.90:

w;/y = (24y~%/3 + 2By~ 4/3)w=5/3,

m = (A+ By=2/3)(y,)" /%

ymzm

The substitution w(y) = (ygc)2 leads to an equation of the form 2.4.2.89:
wy, = (24 + 2By~ 2/3)w=5/3,

Yiee = (Ay? + B)(y,) /"

The substitution w(y) = (1) leads to an equation of the form 2.4.2.47:

_ 2 —5/3
wly, = (24y* + 2B)w=5/3,

Y = (Ay® + By)(y,) ">

The substitution w(y) = (y,)* leads to an equation of the form 2.4.2.46:

wy, = (2Ay? + 2By)w=5/3,

y = (Ay™ + ByF)yL (y’ )™

This is a special case of equation 3.5.4.15 with f(y) = Ay™ + By*.
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Solvable equations of the form

TABLE 3.2 TABLE 3.3

Solvable equations of the form

5 5
Yors = Ae¥(y)" (y7,) Yows = AY Y expl(y,)?1 ()
6 vy Equation 6 16} Equation
arbitrary arbitrary
1 3.3.2.1 0 3.3.2.4
(6#1) (6 #2)
0 3 3.3.2.9 1 arbitrary 33919
1 3.2
1 3.3.2.2 b7-1
1 -1 3.3.2.14
2 0 3.3.2.3 - -
. 3 -1 3.3.2.5
3 3 3.3.2.7
o 2 1 3.3.2.8
arpitrary
2 (v#£-1) | 3321 2 0 3.3.2.6
2 —1 3.3.2.13 3 1 3.3.2.10
TABLE 3.4
Other solvable equations of the type considered
Form of equation Equation
Y = Ay, expl(y)?] (i)’ 3.3.2.20
Vive = A(ys) exp(yy,), 7 # —1 3.3.2.15
Yl = Alyh) " exp(yl,) 3.3.2.16
Yree = AY Y oxp(yl,),  B# —1 3.3.2.17
Ynew = Ay~ exp(ys,) 3.3.2.18
Yo = Ay, exp[(y5)” + yi,] 3.3.2.19

3.3.2. Equations Containing Exponential Functions

Tables 3.2-3.4 represent the equations whose solutions are given in this subsection.

» In the solutions of equations 1-6, the following notation is used:

E= /eXp(T2)dT+CQ, G= /T_l(liT)k dr + Cy,

F =27E — exp(?),

5

Solution in the parametric form:

x =aCy ‘/7_1(}'_1/2 dr + Cs, y = In(bC¥~27),

1 1 s
wh Ry S ——— ] Y OV AN
ere k T3 2(1_6)a b~ (2a%)
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mo_ Yorl oyl
2. = AeYy_y. ..

yw:cw

Solution in the parametric form:

x:Cl/Tlefl/ZdTJng, yzln(:F )

3. moo_ Aey(y,w,w)3/2'

ywww

Solution in the parametric form:

x:C{/E”dT+G% y=12+In(vV247'E).

4.y = Ayl exp[(y))?|(y2)’, 6 #2

Solution in the parametric form:
1 _
x =aC /7’71(1 +7) %2 [In(bC?~27)] Y2 ar 4 Cs, y = aC4G,

1 1
where k = ey A= iﬂa‘s_‘gb_l.
5.y, = Ay 2yl exp|(y})%] ().
Solution in the parametric form:

Par by, y=CiF?,  A=—V2a7"

;hﬂq/Eﬂ#+mﬂrm
6.y, = Ay exp[(y})"] (v7.)"
Solution in the parametric form:

T = Cl/T_leXp(:FT) [ln(:l:%)}A/2 dr + Cs, y=C1H.

» In the solutions of equations 7-8, the following notation is used:

E=rrF D —m[C(VFvrFl)], R=2L,

T

T+1
T

F=1-

lﬂ[cz(\/F-f-\/m)].

7. (- Aey(ylm)3(ylm,w)3/2

ymwm

Solution in the parametric form:
m:aC{/ITJE_UT4ﬂdT+C@ y=—In(bC;3E),

where A = 23/243p.

2 3/2
8.y, = Ayy, exp[(y})?] (v,) "%
Solution in the parametric form:

—1/2
d7'+037 y:bch,

Tz =—+bCy /TﬁQRflE[ln(aC;?’/zE*l)]
where A = —4a=1p73/2.
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10.

11.

12.

13.

» In the solutions of equations 9-10, the following notation is used:

g C1Jo(7) + C2Yo(1)  for the upper sign,
| Cilo(7) + CaKo(T)  for the lower sign,

where Jy and Yy are Bessel functions, Iy and Ky are modified Bessel functions.

(- Aey(y/m)3'

ymzm

Solution in the parametric form:

x:201/7'_1Z_1/2 dr + Co, y:ln($%A_17'2).

"7

Y = Ayyl exp|(y))?] (¥,)>.

Solution in the parametric form:
72112
x:cl/z; {m(ij)] dr +Cs,  y=C1Z.

Yo =AY (y,) (y1)% v # L

Solution in the parametric form:

_ —1/2 p—1 U
T a/r f exp(7+1)dT+C’3, y="U,

d
where A=1a""k, U= / TT +C4, f=f(r) is the solution of the transcendental
equation
T k v+1

1 7)) ——— = —1 =—.

n(Af —7) py 57 + Oy, A 5
Y. = AYPyl exp[(y,) ]y, B # L
Solution in the parametric form:

_ . L) 172 (_L> J _ (_L>

x a/f (f 1 U exp 1 T+ Cjs, Y = aT exp G+1)

d
where A=a"9%"1k, U= / TT + C1, f= f(r) is the solution of the transcendental

equation
In(\f —7) = ——— = ——7" 4+ O, A=p[+1.

Y = Ae¥(y.) H(y",)%

Solution in the parametric form:

x=C1/W_1/2dT+Cs, Y=r1,

where W = exp(/ 2Ad—7;+0>
T — (& 2
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_ 2
14. y . = Ay~ 'y, exp[(y)) |yl

Solution in the parametric form:

x:01/7'_1/2(7'+AeT—i—C’g)_leT—i—C’g, y=C1W,

d
where W = exp</ —’—TZ'-J'—C’>
T 2

» In the solutions of equations 15-19, the following notation is used:

1 1
VzC’l—X(m—&—l)(T—i—l)e_T, M:C’l—x(7’—&—2)e_7/27

Cy — /m(ol - %HT"H) dr  ifn# -1,

W =
Cy — /ln(C1 —Aln|7])dr ifn=-1,
N=InM — 1 e TPMVdr — 1 +C
22 2 z

Solution in the parametric form:
1 _2m+1 2 __m_
x = X/e_TV 2m+2 dr+(Cs, y= X/e_TV m+1 dr + Cy,
where m = +(y—1), A=277\

16. y” = A(y.) “exp(y”

ymwm x/"

Solution in the parametric form:
1 1 2
a::T/exp(fTJr?V) dr + Cs, y:X/exp(fT+V)dT+CQ,
where m =0, A =2\

17. y . = AyPylexp(yl,), B# -1

Solution in the parametric form:
x:/Wfl/sz—l—Cg, y =27,
where n =3, A=2"PF"1\

18. y”' = Ay~ 'yl exp(y’).

ymm:ﬂ x

Solution in the parametric form:
x=/W71/2d7'+C’3, y = 27,
where n = —1, A= ).
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2
19. yl, = Ae¥y, exp|(y))" + yi,)-

Solution in the parametric form:
x:i/6_7/2M_1N_1/2dT+C y:i/e—7/2M—ldT+C
2 » 2 >
where A = .

2 )
20. y' = AeYyl expl(y,) 1(y2,)".

Solution in the parametric form:

—1/2
SU:/Tié‘Zil (lnifocl) dr + Cs, y=U,

A
where
1 1
— ¥~ 0y if6#£2, 41,
dr 2—-96 1-6
U= | —, z=< 7+ In|r|+ Cs if6 =1,
278 1
In|r| — — +Cs ité6=2.
T

3.3.3. Other Equations

1.y = Ayy,{coshlw(y,)*]} 2y,

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.4.1:

uyy, = Aylcosh(wu)] ~?u,.

2.y = Ayy.{sinhw(y’,)*]} 2y,

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.4.2:

uyy, = Ay[sinh(wu)]~?u),.

3.y, = Ayy, coshlw(y})?] (y,)*%.

y:mc:c T

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.4.3:
/ )3/2
y)

u,, = ——ycosh(wu)(u

yy—ﬁ

4.y = Ayy, sinhlw(y,)?] (v2,)%.

ymwm x

The substitution y,, = \/u(y) leads to a second order equation of the form 2.7.4.4:
' )3/2
w)

ul = ——ysinh(wu)(u

yy—\/ﬁ

5.y = Acosh(wy) (y,)%(y,)*">.
The substitution y, = /u(y) leads to a second order equation of the form 2.7.4.5:
A
v = — cosh(wy)u(u;)gﬂ.

Uy = NG
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10.

11.

12.

13.

14.

15.

16.

" = Asinh(wy) (y;)3(ygm)3/2.

ymwm
The substitution y,, = \/u(y) leads to a second order equation of the form 2.7.4.6:

y=— sinh(wy)u(u;)B/Q.

Uyy = \/5

Yilte = Alcosh(wy)] 72 ()" (yir,)".

The substitution y, = /u(y) leads to a second order equation of the form 2.7.4.7:
Uy, = %A[cosh(wy)]”u(u@)%

yilte = Alsinh(wy)]~2(y;)" (y2,)".

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.4.8:

u;'y = %A[sinh(wy)]*zu(u;)?

Yoww = Acosh™(wy) y; (y7,)"™".
This is a special case of equation 3.5.4.15 with f(y) = A cosh” (wy).
Yoww = Asinh™(wy) y; (y,,)"
This is a special case of equation 3.5.4.15 with f(y) = Asinh" (wy).
Yiee = Atanh™(wy) y2 (y5,)™
This is a special case of equation 3.5.4.15 with f(y) = Atanh"(wy).
Yipe = Acoth™(wy) y., (yi,)™

This is a special case of equation 3.5.4.15 with f(y) = A coth" (wy).

Yire = AIn"™ (wy) y,, (y7,)"
This is a special case of equation 3.5.4.15 with f(y) = Aln"(wy).

Yo, = Ax[cos(wy)] "yl

The substitution y, = /u(y) leads to a second order equation of the form 2.7.5.1:

uyy, = Aylcos(wu)] " ?u;,.

Yitrs = Ay, {sinfw(y,) ]} 7y,

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.5.2:
uyy, = Aylsin(wu)] " ?uj,.

Yo, = Alcos(wy)] ~2(vL)  (v2,)*.

The substitution y, = \/u(y) leads to a second order equation of the form 2.7.5.3:

Uy, = %A[cos(wy)]_Zu(u'y)Q.
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17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Y = Alsin(wy)]"2(y.)*(v",)>.

The substitution y, = \/u(y) leads to
. il 2
uy, = 5 Alsin(wy)]~2u(u,)”.

"

2
Youw = AYY, cos[w(y;)"] (v,
The substitution y, = /u(y) leads to
/ )3/2.

Y

)3/2

ul = ——ycos(wu)(u

yy—\/ﬁ

"7

. 2
Youe = AYY,, sinfw(y;,)"] (¥,)

The substitution y, = \/u(y) leads to
7\3/2
W

3/2

ull = —ysin(wu)(u

yy—\/ﬁ

! = Acos(wy) (y,)° (y2,)*>.

The substitution y, = \/u(y) leads to

" 3/2

Uy, = 7 cos(wy)u(uy)
Yl = Asin(wy) (42)° (ul,) .
The substitution y, = \/u(y) leads to

vo=—sin(wy)u(u, )3/2.

Uy = NG y

"

Yot . = Acos™(wy) yo (Y™

a second order

a second order

a second order

a second order

a second order

equation of the form 2.7.5.4:

equation of the form 2.7.5.5:

equation of the form 2.7.5.6:

equation of the form 2.7.5.7:

equation of the form 2.7.4.8:

This is a special case of equation 3.5.4.15 with f(y) = A cos™(wy).

"

yu . = Asin™(wy) v, (yr )™

This is a special case of equation 3.5.4.15 with f(y) = Asin™(wy).

"7

Yl . = Atan™(wy) yl (yr,)".

This is a special case of equation 3.5.4.15 with f(y) = Atan™(wy).

yu . = Acot™(wy) vl (yr )™

This is a special case of equation 3.5.4.15 with f(y) = A cot™(wy).

"7

This is a special case of equation 3.5.4.15 with f(y) = A(arcsiny)”.

"
ywwm

= A(arctany)™y’, (y/w/m)m

This is a special case of equation 3.5.4.15 with f(y) = A(arctany)™.
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3.4. Some Nonlinear Equations with Arbitrary Parameters
3.4.1. Equations Containing Power Functions

Ly, =ay™ 2 +by~72

Using the transformation given in 3.5.2.21, we reduce this equation to a nonhomoge-
neous constant-coefficient linear equation.
Solution in the parametric form (b # 0):

dr 1
=/ wpr T V=

where /3
kTv3
Y= —% + Cre ™ *T + CreF /% sin TT, k=05
2.y, = avy~S/ 4+ by T2,
The transformation z = 1/¢, y = w/t? leads to an equation of the form 3.4.1.1:
wi, = —aw ™% — bw™7/2,

3. yu .= (y+ ax? + bx + c)".

The substitution z = y + ax? + bx + ¢ leads to the equation z”/ = 2" whose solvable
cases are outlined in Section 3.2.

4.  y” = (axz +b)"(cx + d)" "2 Ay™.
The transformation & az +b i leads to a simpler equation (see
ransformation £ = w = simpler equation (s
cx+d’ (cx + d)? preted
Section 3.2):
Wi = A3 ™, where A = ad — bc.

5. " = x(ay? + bx3y + c:c4)_5/4.

yil?a:m

This is a special case of equation 3.5.2.18 with f(§) = 1.

6. y =bx® (x—a) 3y "

This is a special case of equation 3.5.1.9 with f(§) = b€~ ".

"o __ —_n—2, n,,/ —n—3,n+1
7. Yoww = QT y"y, —ax T

This is a special case of equation 3.5.2.2 with f(§) = a&™.

" __ —2n—4, n,,/ __
8. = ax y"y, — 2ax

ymwm —2n—5yn+1'

This is a special case of equation 3.5.2.3 with f(§) = a&".

9. yr, =My Sy, +ay % + by~ 72
The transformation = = [[p(7)]73/2dr, y = [p(7)] ! leads to a constant coefficient
equation: ¢/ — Aol +bp+a=0.

TTT
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10. [/ — _m—Zy:lt + £E_3y + awl/Zy—5/2.

ya:a:ax
This is a special case of equation 3.5.2.20 with f(£) = a.
11. y” = —x 2y’ + 3y + ax—3/4y~5/4

This is a special case of equation 3.5.2.19 with f(£) = a.

12,y = ay™y, + by™(y,,)".
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = by™.
" (. 1\3 /\—5
13, Yoo, = by (yy)" +alyy)

This is a special case of equation 3.5.2.9 with f(y) = by™.

m—+5

14. y” = (az>+bz+c) <+ (y,)™

ymm:ﬂ

This is a special case of equation 3.5.2.17 with f(§) = ™.

15. y”' = ax(zy, —y)".

ymmm

This is a special case of equation 3.5.2.13 with f(£) = a&".

16. y2 =azx " *(zy., —y)".

This is a special case of equation 3.5.2.14 with f(£) = a&".

17. y2 = az " *(zy, — 2y)".

ymww

This is a special case of equation 3.5.2.16 with f(£) = a&".

18. y” = az* Ty "(xy, — 29)°.

ymzm

This is a special case of equation 3.5.2.6 with f(§) = a&™™.

19. y” = az" Sy " (zy, —y)°.

y:vaca:

This is a special case of equation 3.5.2.5 with f(§) = a&™™.

20. ' = ax"y™(xyl, — 2y)l.

ymww

1

The transformation t = 271, z = yz 2 leads to the equation

oy = —a(=1)'tn A ()

which is discussed in Section 3.2.

21. xyl 4+ 3yl = ax"y".

1"

e = aw™ which is discussed in

The substitution w(z) = zy leads to the equation w
Section 3.2.
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

TYgne = — 3 Yae T a2 "2y 22y, — @),

This is a special case of equation 3.5.3.13 with f(&) = a&?".

e 3
xylt = —%y;'m + ax™" 3y (2zy!, — y)°.

This is a special case of equation 3.5.3.16 with f(&) = a&?".

Ty, + Yu, = ax” " 3 (zyl, —y)".

This is a special case of equation 3.5.3.15 with (&) = a&".

Ty, + (1 — a)yy, = bz (zy;, —y)".
This is a special case of equation 3.5.3.6 with f(£) = b&€™.

2y + 6xy + 6y, = ax*"y".

n

e = aw™ which is discussed in

The substitution w(x) = 2%y leads to the equation w
Section 3.2.

"7

The transformation z = z(t), y = (.73,/5)2 leads to a nonhomogeneous constant-coefficient
linear equation of the fourth order of the form 4.1.2.2: 2z}//, = ax + b.

YWiiea T TVl = Az,

The transformation z = z(t), y = (2})? leads to the equation of the form 4.2.1.1:
2affy, = Av~5/%

YWiee + TYsYile = kVU UL + Y, + oI + bz +c.

The transformation z = x(t), y = (x})* leads to a constant coefficient linear equation
of the fourth order: 2z}, = 2k}, + 2ma}, + ax} + bx + ¢, where “4” corresponds
to ; > 0, and “—” corresponds to z} < 0.

Yoo T 3YpYes + 0T Yy, = bz

This is a special case of equation 3.5.3.19 with f(z) = az™, g(x) = bx™.

Yy + 3ylyl +alyyl, + (v.,)%] = ba™.
This is a special case of equation 3.5.3.20 with f(z) = ba™.

2
yyor .+ Byl + 2ay)yl, + 2a(yl)” + a’yy), = ba™.

This is a special case of equation 3.5.3.33 with f(x) = e g(x) = ba™e*.

YYithe + (Y, + az™y)yy, + az(y})* = 0.
This is a special case of equation 3.5.3.21 with f(x) = az™.

(Y + @)Yy + bYLYo, + cy™y, = 0.
This is a special case of equation 3.5.3.25 with f(y) = cy™.
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35. (y+ax+b)yl + 3y, +a)yl, =cx™

This is a special case of equation 3.5.3.27 with f(z) = ca™.

36. x(yyls, + ULy, +alyyll, + (y,)?] = ba™.

This is a special case of equation 3.5.3.28 with f(z) = ba™.

37. x?yy! + x(3zy., + 2ay)y’, + 2a:1:(y;)2 + a(a — 1)yy!, = bx™.

This is a special case of equation 3.5.3.33 with f(z) = 2%, g(z) = bz o2

38. y2yll. — 3yylyl, +2(y)° = aa™y?.
This is a special case of equation 3.5.3.29 with f(x) = az™.

2,111

39. 2y 4+ 3myylyl +m(m — 1)(?!;)3 = axky?—™.

This is a special case of equation 3.5.3.30 with f(z) = az®, n = m + 1.

0. 2yLy . — (y)? = Aw.)? +ay? + by +c.

Differentiating with respect to = and dividing by y.,, we arrive at a constant coefficient
linear equation: 2y = 2X\y!) + 2ay +b.

TXTTT

a1 2y, — 3L = ay )"

ymmm

This is a special case of equation 3.5.4.6 with f(§) = a&".

42. 2y; noo_ 3(y:/c/m)2 — aw2n_8y4_2n(y;)n.

ywaca:

This is a special case of equation 3.5.4.8 with f(§) = a&™.

2 — —
43. 2y;/1; " 3(y;/m) = ax™ 4y4 Zn(y;)n‘

ymwm

This is a special case of equation 3.5.4.7 with f(§) = a&™.

2 2 4
44. 2yLylt  —3(yr,)" = ax™(yl,)" + by™(y,)".

This is a special case of equation 3.5.4.3 with f(z) = az”, g(y) = by™.

45. 29y —3(y")? = ay™(y,)* + b ly™(y,)"/>.

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = by™.

46. 2ylyrt — 3(y:’c'w)2 = amn(y;)2 + ba:my_l(y;)s/z.

ywwa}

This is a special case of equation 3.5.4.4 with f(z) = az”, g(x) = bx™.

a7, 2ylyt — (y)? = Az (yl)? + ay® + 2by +c.

This is a special case of equation 3.5.4.1 with f(z) = —Az".
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

2 4 5
Yo Ymwe — 3T(Yyy)” + 3YLy0, = azy™(y,)” +by™ ()"
This is a special case of equation 3.5.4.10 with f(y) = ay™, g(y) = by™.

Con— n 3
Yyt = ax" 2" "5 (xy!l —y)"(yl,)".

This is a special case of equation 3.5.4.13 with f(£) = a&".

— — 3
yu = ax~ 4" 5 (xyl —y)"(yl,)"

This is a special case of equation 3.5.4.12 with f(£) = a&".

"

_ 3
Yezx = [aw 5 + b$3(wy:/c - y)n} (y:/c,m) :
This is a special case of equation 3.5.4.11 with f(&) = b¢".

Yiew = la(yl)™ + by(u)™ + ()] (uil)® + s(ul) (u)™
This is a special case of equation 3.5.4.14 with f(£) = a&™, g(¢) = be™, h(€) = c£*,
p(€) = €.

n

Y e + Ype = ax™ (Y, — ¥)™ (Y5,) "
This is a special case of equation 3.5.5.5 with f(£) = ag™, g(&§) = &™.

1 k
Youa = AZ™(¥)" (zy;, — ¥) (1)
The Legendre transformation = = wj, y = tw; — w leads to the equation w}), =
— At™w! (w})™(wf;)3~F which is discussed in Section 3.2.

"

Vi = a(zyl, — )™ (Yl,)" + bz (2yl, — v)™(Uy,)".
This is a special case of equation 3.5.4.16 with f(£) = a&™, g(§) = bg™.

YUy = Yoty + ay™ ™ (W) " (i) " [y, — (42)°].
This is a special case of equation 3.5.5.7 with f(&) = a&", g(§) = &™.

n 2 2,1

(v )2 = a(z?yl, — 2xy., + 2y) + byl +c.

Differentiating with respect to x, we obtain

" (Zy//// _ axQ _ b) =0

Equating the second factor to zero and integrating, we find the solution

6 b4 .
y:%+4i8+03x3+02x2+01x+00,

The integration constants C; and parameters a, b, and c¢ are related by
36C3 = 2aCy + 2bC5 + c.

This constraint is obtained by substituting the above solution into the original equa-
tion. In addition, to the first factor corresponds the solution y = Coz? + Crz + Cp,
where constants C; are related by 2aCy + 2bCs + ¢ = 0.
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3.4.2. Equations Containing Exponential Functions

1. " = a(y+ be® + c)" — be®.

ymmm

"

— n
s = aw"™ whose solvable

The substitution w = y + be” + ¢ leads to the equation w
cases are outlined in Section 3.2.

2. Yy = ae)‘yy‘f,J + be”y(y;)g.

This is a special case of equation 3.5.2.4 with f(y) = ae’V, g(y) = be!v.

3.y, =aery, +by"(y,)".
This is a special case of equation 3.5.2.4 with f(y) = ae?, g(y) = by™.

4. Yy’ =ay™y. + beAy(y;)?’.
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = be*Y.

5.y =ber(y)® +a(y,)"".

This is a special case of equation 3.5.2.9 with f(y) = be?v.

6. Yl = 2N2(y))° + ae ()"

ywmw

This is a special case of equation 3.5.2.23 with f(&) = a&™ 6.

7. "o _ _3y:/E/m —|-aem“"’ymy; + aemmym—l-l + 2y.

ymmm

This is a special case of equation 3.5.3.3 with f(§) = a&™.

8.yl +3NLYL, + N2 (yL)® = aefeA,

yil!:l‘:(l!

This is a special case of equation 3.5.3.2 with f(z) = ae?.

9.y o+ 3Lyl + A%(y,)° = azme .

ymww

n

This is a special case of equation 3.5.3.2 with f(z) = az™.
10. zy? + (1 — ax)yl, = be**®(zy, —y)".

This is a special case of equation 3.5.3.7 with f(§) = b&™.
11. yy”'  + 3y y” = ae’®.
Solution: 3% = Coa? + Chz + Cy + 20\ "3 .

12, yyin, + 3YLuL, + ae’Tyy, = bet?.
This is a special case of equation 3.5.3.19 with f(z) = ae**, g(x) = be!®.

13. yyli, + 3yLyl, + ae*®yy) = ba™.
This is a special case of equation 3.5.3.19 with f(z) = ae?®, g(z) = ba™.
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14.  yyZl .+ 3yLyl, + ax™yy, = be .
This is a special case of equation 3.5.3.19 with f(z) = az™, g(x) = be*?.

15. gy +3ylyl. +alyy, + (v.)%] = be*=.
This is a special case of equation 3.5.3.20 with f(z) = be**.

16, yylli, + (3y, + 2ay)yy, + 2a(y,)” + a®yy,, = be*.
This is a special case of equation 3.5.3.33 with f(z) = e®®, g(x) = be(A T,

17. yy”' + (3y. + ae*®y)y” + a,e)‘“”(y’m)2 =0.

This is a special case of equation 3.5.3.21 with f(z) = ae’?.
18. (y+a)y”  +by.y” + cery, =0.

This is a special case of equation 3.5.3.25 with f(y) = ce?.
19. (y+az+b)y”  + 3y, +a)y”, = ke ™.

Solution: (y + az + b)* = Cox? + Cra + Cy + 2kX 3.

3

20. y?yll, — ByyLyl, +2(y.)" = ae**yP.

Solution: In|y| = Coz? + Cha + Co + ar~3e.

2—m

21 y2ylll, + 3myyLyll, + m(m —1)(y,)° = ae**y
This is a special case of equation 3.5.3.30 with f(z) = ae, n = m + 1.

22. z?yy”  + x(3zy), + 2ay)yl, + 2a:c(y:’c)2 + a(a — 1)yy!, = be*®.

This is a special case of equation 3.5.3.33 with f(z) = 29, g(x) = bx? 2e?*,

23, 2y, — (ul)" = ke (yl)" +ay® +2by +c
This is a special case of equation 3.5.4.1 with f(z) = —ke?®.

24. 2yLyl . — 3(y2,)? = ae>®(yl,)? + ber¥(y,)".

This is a special case of equation 3.5.4.3 with f(x) = ae*®, g(y) = be!V.

25. 2yLyr . —3(yr,)? = ae*(yl)® + by™(yl)".

This is a special case of equation 3.5.4.3 with f(z) = ae’”

m

, 9(y) = by

2 2 a
26. 2yly —3(yr.)" =ax™(y.,)" + bet¥(y.)".

This is a special case of equation 3.5.4.3 with f(x) = az™, g(y) = be!v.

27, 2y, yll, — 3(yl,)? = ae’(y,)? + betTy = (y,)*2.

ymac:c

This is a special case of equation 3.5.4.4 with f(x) = ae?®, g(z) = be!*.
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28. 2ylyl — .‘_’.(y‘fc’m)2 = ae)“”(y‘fc)2 + b:c"y_l(y;)5/2.

ymmm

This is a special case of equation 3.5.4.4 with f(z) = ae’*, g(x) = ba™.

29. 2yly . —3(yl,)? = az”(y,)* + be Py (yl)" 2.

This is a special case of equation 3.5.4.4 with f(z) = az™, g(x) = be*®.

30. 2ylyl — 3(y:’lc’m)2 = ae)‘y(y;c)4 + bw_le“y(y;)wz.

ywacm

This is a special case of equation 3.5.4.5 with f(y) = ae*V, g(y) = ber¥.

1. 2yLylh, — 3(yl,)” = ae¥(y,)" + bty (y}) "%

This is a special case of equation 3.5.4.5 with f(y) = ae?, g(y) = by™.

32. 2ylyl — 3(y:’c’w)2 = ay"(y:’”)‘l + baz_leAy(y;)wz.

ywww

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = be*V.

3.4.3. Equations Containing Hyperbolic Functions

1. y . = acosh™(Ay)y., + bcosh(,uy)(y’m)3.
This is a special case of equation 3.5.2.4 with f(y) = acosh”(\y), g(y) = bcosh(uy).

2.y, = ay"y, + beosh(uy)(y,)’.
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = bcosh(uy).

3. yu! . = asinh™(Ay)y’, + bsinh(uy) (y;)3
This is a special case of equation 3.5.2.4 with f(y) = asinh™(\y), g(y) = bsinh(uy).

4. y”  =bcosh(Ay)(y,)* + a(y,) >
This is a special case of equation 3.5.2.9 with f(y) = bcosh(\y).

5. nooo_ %}\2 (y;})3 + a(cosh /\y)_m_3(y’m)2m+1-

ymmm

This is a special case of equation 3.5.2.24 with f(&) = a&?™.

6. "o %)\2 (y;)?’ + a(sinh )\y)_m_3(y;)2m+l.

y:mc:c

This is a special case of equation 3.5.2.25 with f(¢) = a&?™.

7. yyt .+ 3yLyl = acosh(Ax).
Solution:  y* = Cya® + Ca + Cp + 2aA ™" sinh(Ax).

8. wyyl  +3y.yl = asinh(Az).
Solution: y* = Cyz”® + Ciz + Cp + 2\ cosh(Az).
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9. yy  +3y.y. = acosh™(Ax).
This is a special case of equation 3.5.3.17 with f(x) = acosh™(A\z).

10. y .+ 3yLy = asinh™(Ax).

mwm

This is a special case of equation 3.5.3.17 with f(z) = asinh™(A\z).

11, yy. .+ 3y,yl, = atanh™(Az).
This is a special case of equation 3.5.3.17 with f(z) = a tanh”(A\z).

12, yy 4+ 3yly? + ax"yy’, = bcosh™(Ax).
This is a special case of equation 3.5.3.19 with f(z) = az™, g(x) = bcosh™ (Ax).

13. Yy + 3y’ y;’w + ax™ yy = bsinh™(A\z).

mwm

This is a special case of equation 3.5.3.19 with f(z) = ax™, g(z) = bsinh™(A\x).

14. yy2' +3ylyl. + ax”yy, = btanh™ (Azx).
This is a special case of equation 3.5.3.19 with f(z) = az™, g(x) = btanh™ (\x).

15, yy”  +3y.y” +alyy”, + (v.,)?] = beosh™(Az).
This is a special case of equation 3.5.3.20 with f(z) = bcosh™(A\x).

16. yy  +3y.y” +alyy”, + (v.)?] = bsinh™(\z).
This is a special case of equation 3.5.3.20 with f(z) = bsinh™(A\x).

17, gy, + 33Uy, +alyyl, + (¥7)°] = btanh”(Az).
This is a special case of equation 3.5.3.20 with f(z) = btanh”(A\z).

18. wyy2'  + (3y., + aycosh™ x)y” 4+ acosh™ :/c(y:’lc)2 =0.
This is a special case of equation 3.5.3.21 with f(z) = acosh™ x.

1"

19. yy'  + (3y., + aysinh™ x)y” 4+ asinh™ m(y:’lc)2 =0.
This is a special case of equation 3.5.3.21 with f(z) = asinh" z

20. yy + (3y., + aytanh™ x)y” + atanh™ x(y., ) =o0.

mwm

This is a special case of equation 3.5.3.21 with f(z) = atanh” z

21. (y+a)yl  +by.y. + ccosh™(Ay)y, =
This is a special case of equation 3.5.3.25 with f(y) = ccosh”(\y).

22. (y+a)yl . +by.y” + csinh™(Ay)y., = 0.
This is a special case of equation 3.5.3.25 with f(y) = csinh"(Ay).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

(y +a)y”  + byl y” + ctanh™(Ay)y’, = 0.
This is a special case of equation 3.5.3.25 with f(y) = ctanh™(\y).

3 -
Y Yne + 3myyLyy, +m(m — 1)(y;)° = acosh®(Az)y*~™.
This is a special case of equation 3.5.3.30 with f(z) = acosh®(\z), n =m + 1.

VY, + 3myyLyl, +m(m —1)(y})° = asinh*(Az)y>~.
This is a special case of equation 3.5.3.30 with f(x) = asinh*(A\z), n = m + 1.

Y2y + 3myyly” +m(m — 1)(y,)® = atanh®*(Az)y> ™.
This is a special case of equation 3.5.3.30 with f(z) = atanh®(\z), n = m + 1.

29, Y1e — 3(yl,)" = acosh™(Az)(y,)* + by™ (y,)".
This is a special case of equation 3.5.4.3 with f(x) = acosh™(\x), g(y) = by™.

29yl — 3(uf,)" = az™ (y,)* + beosh™ (Ay) (v,)*.
This is a special case of equation 3.5.4.3 with f(x) = az™, g(y) = bcosh™ (\y).

29, Yies — 3(ylt,)" = atanh™(Az)(y})® + btanh™ (uy)(y})".
This is a special case of equation 3.5.4.3 with f(z) =atanh™(\x), g(y) = btanh™ (uy).

2, Y — 3(yy,)" = atanh™(Aa)(y,)* + by™(y,)".
This is a special case of equation 3.5.4.3 with f(x) = atanh™(\z), g(y) = by™.

20, Yltne — 3(Ul,)” = az™(y})” + btanh™ (Ay) ()"
This is a special case of equation 3.5.4.3 with f(x) = az™, g(y) = btanh™ (\y).

2yl yl  — ?,(;q:’ﬂ’m)2 = acosh”(/\ar:)(y'm)2 + bcoshm(p,ar;)y_l(y’z)sﬂ.
This is a special case of equation 3.5.4.4 with f(z) = acosh™(Ax), g(z) =bcosh™ (uzx).

29, Yle — 3(yl)” = acosh™ (Aa)(y,)” + by~ ()™,
This is a special case of equation 3.5.4.4 with f(z) = acosh™(A\z), g(x) = bx™.

29,y — 3(U,)” = az™(y})* + beosh™ (Aa)y = (y},) ™%,

ymmm

This is a special case of equation 3.5.4.4 with f(z) = aa™, g(x) = bcosh™ (A\x).

29,y.0%, — 3(yl,)* = atanh™(Az)(y})? + btanh™ (uz)y~* (y;,)**.
This is a special case of equation 3.5.4.4 with f(z) =atanh" (Az), g(z) = btanh™ (ux).

n — 5/2
29,y lh, — 3(y},)" = atanh” (A2)(y,)” + ba™y " ()7
This is a special case of equation 3.5.4.4 with f(z) = atanh™(A\z), g(x) = ba™.
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37.

38.

39.

40.

41.

42.

43.

2yl yl . — .‘_’.(y‘fc’m)2 = aw”(y;)2 + btanhm()\m)y_l(y'm)s/z.

This is a special case of equation 3.5.4.4 with f(z) = ax™, g(z) = btanh™ (Az).

20,0, — 3(Yl,)" = acosh™ (Ay)(y;)" + be™" cosh™ (uy) (v,)"/*.
This is a special case of equation 3.5.4.5 with f(y) = a cosh™(\y), g(y) = bcosh™ (uy).

299" . — 3(y",)? = acosh™(Ay)(y,)* + ba~y™(y.,)"/>.

This is a special case of equation 3.5.4.5 with f(y) = acosh™(\y), g(y) = by™.

20,0 — 3(uly)" = ay™(u,)" + bz~ cosh™ (Ay) (v,)"/%.
This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = bcosh™ (\y).

29" . — 3(y”,)? = atanh™(Ay)(y,)* + bz~ tanh™ (uy)(v,)"/>.

This is a special case of equation 3.5.4.5 with f(y) =atanh”(A\y), g(y) =btanh™ (uy).

29yl — 3(yll,)” = atanh™(Ay)(y})* + bz ty™ (y},)"/*.
This is a special case of equation 3.5.4.5 with f(y) = atanh”(\y), g(y) = by

2y, 9" . —3(y")? = ay™(y,)* + bz~ tanh™ (Ay)(y.,)"/>.

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = btanh™ (\y).

3.4.4. Equations Containing Logarithmic Functions

Yite = aln™(Ay)y}, +bIn™ (uy) (y5,)°.
This is a special case of equation 3.5.2.4 with f(y) = aln"(A\y), g(y) = bIn™ (uy).

Yitne = aIn™ (Ay)y;, + by™ (y,)".
This is a special case of equation 3.5.2.4 with f(y) = aln"(A\y), g(y) = by™.

m 3
Yoze = OY"Y, + 0™ (Ay)(y,)"
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = bIn™(\y).

Yy =ay ®2%(2Iny), — Iny).
This is a special case of equation 3.5.2.11 with f(£) = 2aln¢.

Yy =ay ®4(4lny), — Iny).
This is a special case of equation 3.5.2.12 with f(£) = 4aln¢.

3,11

3y  =a(lny —Inzx)(zy., —y).
This is a special case of equation 3.5.2.2 with f(§) = aln¢.
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7. 2%yl =a(lny —2Inz)(zy, — 2y).

This is a special case of equation 3.5.2.3 with f(£) = aln¢.

8. Wppe = —3Yg, T a(r+Iny)"(y, +y) +2y.
This is a special case of equation 3.5.3.3 with f(£§) = aln" &.

n

9. xy) =bxy,—y+alnx)y? .
This is a special case of equation 3.5.3.8 with f(§) = b¢.

10. yy2'  +3ylyY = aln"(bx).
This is a special case of equation 3.5.3.17 with f(z) = aln"(bx).

11, yy 4+ 3ylyl + ax™yy. = bln™(Ax).
This is a special case of equation 3.5.3.19 with f(z) = az™, g(z) = bIn" (Az).

12, yyll, + 3yLyll, + alyyl, + (¥)*] = bIn™(Ax).
This is a special case of equation 3.5.3.20 with f(x) = bIn" (\z).

13. (y+a)y  +by.y” +cln™(Ay)y., =0.
This is a special case of equation 3.5.3.25 with f(y) = cIln"(\y).

14. y?y” + 3myyly! +m(m — 1)(3/;)3 = aln®(bx)y?—™.

This is a special case of equation 3.5.3.30 with f(z) = aIn®(bz), n = m + 1.

15. 2y’y”"  —3(y” ) = ay*(Iny’, — 2Iny).

ymmm

This is a special case of equation 3.5.4.6 with f(£§) = aln¢.

16. 2y,yyl, — 3(y,)" = aln™ () (y,)” + bIn™ (uy) (y,)".
This is a special case of equation 3.5.4.3 with f(z) = aIn"(A\x), g(y) = bIn™ (uy).

17, 295y, — 3(yl,)" = aln"(A2)(yL)” + by™ (y2)*.
This is a special case of equation 3.5.4.3 with f(z) = aln"(Az), g(y) = by

m

18 2yLyl, — 3(yl,)" = ax”(y)” + bIn™ (Ay)(y})"
This is a special case of equation 3.5.4.3 with f(z) = az™, g(y) = bIn™ (\y).

19. 2yly”  —3(y”)? = aln™(Az)(y.)? + bIn™(ux)y~(y,)">.
This is a special case of equation 3.5.4.4 with f(x) = aln"(\z), g(z) = bln™ (ux).

20. 2yly’ —3(y")? =aln™x (y,)* + bamy 1 (y,)> 2.

This is a special case of equation 3.5.4.4 with f(z) = aIn" z, g(z) = bx

m
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21.

22.

23.

24.

20y — 3(y)° = az™(y,)? + bIn™(Ax)y 1 (y,)*>.

This is a special case of equation 3.5.4.4 with f(z) = az™, g(x) = bIn"" (A\x).

29,y e — 3(Wl,)? = aln™ (Ay)(y,)" + bz~ In™ (uy) (y;) /2.
This is a special case of equation 3.5.4.5 with f(y) = aln"(A\y), g(y) = bIn™ (uy).

20y —3(y)° = ay™(y),)* + bz~  In™ (Ay)(y,) "%

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = bIn™ (\y).

2y,y" . —3(y”,)° = aln"(Ay)(y,)* + bz~ 1y™(y.,)"/?.

This is a special case of equation 3.5.4.5 with f(y) = aln"(A\y), g(y) = by™.

3.4.5. Equations Containing Trigonometric Functions

Yilte = ay™y, + beos(Ay) (y})°".
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = bcos(\y).

Yilre = ay™y), + bsin(Ay) (y})".
This is a special case of equation 3.5.2.4 with f(y) = ay”™, g(y) = bsin(\y).

Yy, = ay™yl, + btan(Ay)(yL)’.
This is a special case of equation 3.5.2.4 with f(y) = ay™, g(y) = btan(\y).

"

Yy, = acos™(Ay)y, + by™ (yL)”.
This is a special case of equation 3.5.2.4 with f(y) = acos™(\y), g(y) = by™.

Yy, = asin™(Ay)y, + by™(yl)*.
This is a special case of equation 3.5.2.4 with f(y) = asin™(A\y), g(y) = by™.

Yy, = atan™(Ay)yl, + by™(y,)".
This is a special case of equation 3.5.2.4 with f(y) = atan™(A\y), g(y) = by™.

y . = acos™(Ay + e)y’, + beos(py + 5)(yé)3
This is a special case of equation 3.5.2.4 with f(y) =acos™(Ay+e), g(y) =bcos(uy+9).

y! =bcos"(Ay)(v.,)°’ +a(y,) >
This is a special case of equation 3.5.2.9 with f(y) = bcos™(A\y).

Yt = btan™(Ay)(y,)° + a(y,) ™.
This is a special case of equation 3.5.2.9 with f(y) = btan™(\y).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

= —22%(y.)% + a(cos Ady) ™3 (yl )P

yw:cw

This is a special case of equation 3.5.2.28 with f(&) = a&?™.

"o _%}\2(%”:)3 + a(sin Ay)_m_3(y;)2m+1~

ywmw

This is a special case of equation 3.5.2.29 with f(&) = a&?™.

"7

YYzax + 3y’my’m,w - GICOS()\.’I}).
Solution: y? = Cya? + C1z + G — 20X sin(\z).

yy'  + 3yly’ = asin™(Az).
This is a special case of equation 3.5.3.17 with f(z) = asin”(\x).

"

YY2za + 3y;;y,mlm = atann(Aw).
This is a special case of equation 3.5.3.17 with f(z) = atan™(\x).

177

yy 4+ 3yLy + asin(Ax)yy’, = bsin™(px).
This is a special case of equation 3.5.3.19 with f(z) = asin(Az), g(x) = bsin" (ux).

"

yy! .+ 3yl y! + asin(Ax)yy,, = bx™.
This is a special case of equation 3.5.3.19 with f(z) = asin(Az), g(x) = bx™.

"7

This is a special case of equation 3.5.3.19 with f(x) = az™, g(z) = bcos™(\x).

Yy .+ 3yLyl, + az"yy’, = bsin™(Az).
This is a special case of equation 3.5.3.19 with f(z) = az™, g(z) = bsin™ (\x).

yyo .+ 3yLyl + ax™yy!, = btan™(Ax).
This is a special case of equation 3.5.3.19 with f(z) = az™, g(x) = btan™(A\z).

YWara T 39U + alyyil, + (4,)°] = beos"(Ax).
This is a special case of equation 3.5.3.20 with f(z) = bcos™(Ax).

YWiew + 3ULYL + alyyll, + (u2)"] = btan™(Az).
This is a special case of equation 3.5.3.20 with f(z) = btan™(\x).

"

yy .+ (By., + aysin™ x)y” + asin™ :1:(y‘fc)2 =0.

This is a special case of equation 3.5.3.21 with f(z) = asin” z.

yy”  + (3y, + aytan™ )y’ + atan™z(y,)* = 0.

This is a special case of equation 3.5.3.21 with f(z) = atan” x.
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24.

25.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

(y +a)yl! . +byly. + ccos™(Ay)y., = 0.
This is a special case of equation 3.5.3.25 with f(y) = ccos™(Ay).

(y+a)y”  +by.y” +ctan™(Ay)y’, = 0.
This is a special case of equation 3.5.3.25 with f(y) = ctan™(\y).

2,111

Y2yl + 3myyLyll, +m(m —1)(y})° = acos*(Az)y> =
This is a special case of equation 3.5.3.30 with f(z) = acos*(A\z), n = m + 1.

Y2yl + 3myylyll, + m(m — 1)(y,)" = atan®(Az)y>~™.
This is a special case of equation 3.5.3.30 with f(z) = atank()\x), n=m-+1.

20,00 — 3(U),)" = acos(Az +e)(y,)” + beos(py + 6) ()"
This is a special case of equation 3.5.4.3 with f(x) =acos(Azx+¢), g(y) =bcos(uy+9).

2y, yllns — 3(yll,)" = acos(Ax) (y,)” + by™(y,)".
This is a special case of equation 3.5.4.3 with f(z) = acos(A\z), g(y) = by

m

2,y — 3(¥,)" = az™(y,)” + beos(Ay) (y5)".
This is a special case of equation 3.5.4.3 with f(z) = az™, g(y) = bcos(Ay).

29, Yltne — 3(Yl,)" = atan™(Az)(y})* + btan™ (uy) (y,)".
This is a special case of equation 3.5.4.3 with f(z) = atan™(Ax), g(y) = btan™ (uy).

2, Y0, — 3(Yl,)" = atan™(Ax)(y})" + by™ (v,)"
This is a special case of equation 3.5.4.3 with f(z) = atan™(\x), g(y) = by

m

2yl y!  —3(y")? = az™(y,)? + btan™(\y)(y),)".

This is a special case of equation 3.5.4.3 with f(z) = az™, g(y) = btan™(\y).

29y — 3(y,)° = asin™(Az)(y,)? + bsin™ (uz)y~(y,)*>.

This is a special case of equation 3.5.4.4 with f(z) = asin™(\z), g(z) = bsin"™ (ux).

29y —3(y")° = acos"(Az)(y,)? + ba™y~(y,)%>.

This is a special case of equation 3.5.4.4 with f(z) = acos™(Azx), g(z) = ba™.

20y — 3(y)° = az™(y.,)? + beos™(Ax)y~ (y,)*>.

This is a special case of equation 3.5.4.4 with f(z) = az™, g(x) = bcos™(A\x).

29y — 3(y,)? = atan™(Az)(y,)” + btan™ (uz)y ' (y.,)>/>.

This is a special case of equation 3.5.4.4 with f(z) = atan™(\x), g(z) = btan™ (ux).
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37. 2ylyl  — 3(y‘fc’m)2 = atan"()\w)(y‘fﬂ)2 + b:cmy_l(y;)s/z.

ymmm

This is a special case of equation 3.5.4.4 with f(z) = atan™(\x), g(z) = bz™.

38. 2ylyl — 3(.14:’6’:,8)2 = aa:"(y;c)2 + btanm()\:c)y_l(y;)s/z.

ywww

This is a special case of equation 3.5.4.4 with f(z) = az™, g(x) = btan™(A\z).

39. 2yly . —3(y",)? = acos™(Ay)(y,)* 4 bz~ cos™ (uy)(y.,) ">,

This is a special case of equation 3.5.4.5 with f(y) = acos™(A\y), g(y) = bcos™ (uy).

40. 2yy”  —3(y")? = acos"(Ay)(v.)* + bz~ ly™(y.) /2.

This is a special case of equation 3.5.4.5 with f(y) = acos™(A\y), g(y) = by™.

— 7
41. 20y —3(y")? = ay™(y,)* + ba~" cos™(Ay)(y,) />

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = bcos™(\y).

42. 2yly"  —3(y’,)? = atan™(Ay)(y,)"* + ba~ ' tan™ (uy)(y.,)"/>.

This is a special case of equation 3.5.4.5 with f(y) = atan™(\y), g(y) = btan™ (uy).

43. 2yly™  —3(y”.)? = atan™(Ay)(y,)* + bz ly™(y’) /.

This is a special case of equation 3.5.4.5 with f(y) = atan™(\y), g(y) = by

m

44. 290y —3(y")? = ay™(y,)* + ba— tan™(Ay)(v.,) ">

T

This is a special case of equation 3.5.4.5 with f(y) = ay™, g(y) = btan™(\y).

3.5. Nonlinear Equations Containing Arbitrary Functions

3.5.1. Equations of the Form F(z,y)y” + G(x,y) =0

rrxr

1. oy = f(y).

The substitution w(y) = (y,)” leads to a second order equation: wly, = £2f (y) w12,

In particular, with f(y) = ay™ the obtained equation is the Emden—Fowler equation
which is discussed in Section 2.3.

2. Yo =F@y "

Having integrated the equation, we have

1

Yo — g(y;)2 = /f(x) dx + C.

The substitution y = w? reduces the latter equation to the form
" 1 -3
Wor = f(x)de+ Clw™.
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10.

11.

12.

Yoo = T > (y).
The substitution ¢ = In |z| leads to an autonomous equation of the form 3.5.5.9:

Yirr — 3Ypy + 2y, = f(y).

"

Yoew = 2 f(yz™h).
The transformation ¢ = In |z|, w = yz~! leads to an autonomous equation of the form
3.5.5.9: wif, —w; = f(w).

Yo = 24 (y2?).
The transformation ¢ = =~
3.5.1.1: wif, = — f(w).

1w = yx~2 leads to an autonomous equation of the form

y = f(y + ax® + ba® + cx + k).

The substitution w = y + az® + bz 4+ cx + k leads to an autonomous equation of the
form 3.5.1.1: w? . = f(w) + 6a.
Yy = f(y + ae*®) — ar3e®.

The substitution w = y 4+ ae*® leads to an autonomous equation of the form 3.5.1.1:

Wiee = f(w).

(y + az? + bz + )y’ = f(x).

The substitution w = y 4+ az? + bx + ¢ leads to an autonomous equation of the form
3.5.1.2: wwll = f(x).

xz(x —a)dy = f(yx=?), a#O0.

T —a .
, W= 4 leads to an autonomous equation of the

The transformation & = ln‘

x x?
form 3.5.5.9: w(f, — 3wy, + 2w} = a~3 f(w).

2 2 o _ #

The transformation
dx Y
§= ) w=
ax?+br+ec ax? +bxr+c
leads to an autonomous equation of the form 3.5.5.9: wg{, + (4ac — b2)wé = f(w).

(ay + be*)y!  + be®y = f(x).

Integrating, we obtain
(ay + be® )y — %a(y;f — be"yl, + be"y = /f(x) dr + C.

"7 — F(m, y)

ymzm
1 w
The transformation x = Y= leads to an equation of the analogous form:

1 w
= (L )

© 1995 by CRC Press, Inc.



3.5.2. Equations of the Form F(z,y,y.)y" + G(x,y,y.) =0

1.

Yoee = F(U)Ys

Solution:

—1/2
Cy3tax= /{C’gy +Ch + 2/F(y) dy] dy, where F(y) = /f(y) dy

Yoow = T 3f( )@y, —v).

The transformation z =

w!, = 2f(2)+2

Integrating the latter twice, we obtain a first order autonomous equation:

2
l, w = (y; — l) leads to a second order linear equation:
x x

z 1/2

20

where z = y/x, zo is an arbitrary number.

Y = _5f( )(wym — 2y).

1
The transformation t = —, z = % leads to the equation 2}/, = f(z)z;. The substi-
x x

tution w(z) = (2,)? next yields a second order linear equation: w”, = 2f(z), whose
solution has the form

w=Cyz+Cq + 2/2(2 —&)f(&)d¢, 2o is arbitrary.

20

Y = f)y, +g9(v)(y,)>.

The substitution z(y) = (y/,)” leads to a second order linear equation: Zyy = 29(y)z +

2f(y).

_ 3
v, = o f () @y, — v)°.
2
The transformation z = ﬁ’ w = (y; — g) leads to a second order linear equation:
T T
wl, =2f(z)w+ 2.
v, = o (5 ) @yl — 20)°

This is a special case of equation 3.5.2.8.

Yo = cc*"f(%)(my; -y + w‘sg(%)(wy; —y)°.

This is a special case of equation 3.5.3.14 with k = —1.
The transformation ¢ = Inz, z = y/x followed by the substitution w(z) = (zt)2
yields a second order linear equation: w?, = 2g(z)w + 2f(z) + 2
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10.

11.

12.

13.

14.

15.

Yoww = _sf( )(wyw—2y)+w g( )(wym 2y)°.

1
The transformation t = —, z = % followed by the substitution w(z) = (z)? leads
x

x
to a second order linear equation: w), = 2g(z)w + 2f(z).

3 -5
Yoee = F(U)(Y5)" + aly,) .
The substitution z(y) = (y.)* leads to Yermakov’s equation 2.9.1.12: Zyy = 2f(y)z +
2az73.
Yoea = F(U2):

Solution in the parametric form:

T dr T rdr 1/2
x:/ , y:/ , where (p:t|:cl+2/f(T)dT:| .
Cs o(7) Cs o(7)

yl
vz, = vy (L),

The substitution w(y) = () leads to an equation of the form 2.9.1.5:

w! :y’?’F(%), where F(€) = £26- 12 f(£1/2).

/
"o __ —5/4
Yozx = f< 1/4 )

The substitution w(y) = () leads to an equation of the form 2.9.1.6:

wgy:y_3/2F<%)’ where F(€) = =€ 1/2f(££?).

Yoww = Tf (@Y, — y).
The substitution z = xy!, —y leads to a second order equation of the form 2.9.2.4 with
n=1: z2! =2 +23f(2).

- Y
Yo =2 F (0~ )

€T

/

The substitution z = zy, — y leads to a second order equation: xzz! =z, + F(z/x),

which is the special case of the equation 2.9.4.12 with n = -1, m = 1, k = -1,
F(§) = ££(8).

Yoo = f(2Y, — ).

The transformation t =1n |z|, z =2y} —y leads to a second order autonomous equation:
2y — 2z, = f(z), which is reduced, with the aid of the substitution w(z) = 4z}, the
Abel equation ww, —w = + f(z) (for some functions f, the solutions of the latter
equation are given in Subsection 1.3.1).
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_ Y
16. y' ==« 4f(y;—2;).

1
The transformation t = —, z = % yields z}), = — f(—z,). The substitution w = —z,
T x

leads to a second order equation of the form 2.9.1.1: wj;, = f(w).

- y’
17. y” = (ay®*+b )~/ < z )
The substitution w(y) = () leads to an equation of the form 2.9.1.9:
_ =3 w _ 5/2 1/2
wl), =w F(2—> where F(€) = £26%/2 f(+£1/?).
vay? +by+c

_5/4 xy! — 2y
18. y = z(ay® + bz’y + cz?) / f< z >

(ay? + b2y + cxt)1/4

1
The transformation t = —, z = % leads to an equation of the form 3.5.2.17:
x x

—5/4 —z
2 = —(az® + bz +c) f( = bthr 57 )

wy;—y>

19y, = —a ke by eyt (

The transformation ¢t = Inz, z = y/x followed by the substitution w(z) = (2)? leads
to a second order equation of the form 2.9.1.6:

w;’z — 2_3/2F(w2_1/2), where F(f) _ i§_1/2f(i\/g)
Ty, — Y )
N

The transformation t = Inz, z = y/z followed by the substitution w(z) = (z,)* leads
to a second order equation of the form 2.9.1.5:

wl, = F(w/z). where F(§) = 22672 f(+VE).

20. yin, = —x Yy, + 2y + w1/2y‘5/2f(

21. Yy = f(y, y).

This is a special case of the equation 3.5.5.9. The transformation

o= [l ™2, y=fo(r) 1)
leads to an analogous equation with respect to function ¢ = ¢(7):
ol == 2 f (e, —pT 2.
Note two important cases of transforming equations of a special form:
transformation (1)

Ve = F() P = =0 f 97,
transformation (1)

" — Ayn

yIII

30/” _ 7A80—n75/2'

TTT
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Y
y:/n,;m:_f( 27ym_2_)

1
The transformation ¢ = A= y leads to an equation of the form 3.5.5.9: z}}, =

—f(z, —z;), which admlts with the aid of the substitution w(z) = (2})?, lowering of
its order: w/, = $2w_1/2f(z Fw'/?).
View = 2X2(Y,)° + eV f (XY )y,

This is a special case of equation 3.5.2.32 with (y) = e 2.

/7
Y = 222(y")® + (cosh /\y)_3f(y7’”>y;-

y/cosh Ay

This is a special case of equation 3.5.2.32 with ¥ (y) = cosh Ay.

Y = 222(y.)® + (sinh Ay)_3f< Yyl

s )
y) =

This is a special case of equation 3.5.2.32 with ¢ (y) = sinh Ay.

y . = (sinh y)_z(y:’c)3 + (tanh y)3f(y; tanhy )y:’c
This is a special case of equation 3.5.2.32 with ¢ (y) = cothy.

Yitne = —(coshy)~2(y2)” + (cothy)® f (y},\/cothy )y,

This is a special case of equation 3.5.2.32 with ¥ (y) = tanhy.
1 142,713 -3 Ve '

Yoww = — 5N (Ys,)” + (cos Ay) f(m)yw

This is a special case of equation 3.5.2.32 with ¥(y) = cos \y.

3 . _ y’
Y7 = —1X2(y0)® & (siny) 3f(—w )y

\/sin Ay

This is a special case of equation 3.5.2.32 with ¥ (y) = sin Ay.

Yy, = (siny)~2(y,)’ + (tany)* f (y.,v/Eany )y,

This is a special case of equation 3.5.2.32 with ¢(y) = cot y.

yut . = (cos y)_z(y;})3 + (cot y)3f(y;\/cot Y )y;
This is a special case of equation 3.5.2.32 with ¢(y) = tany.

mo__ 1’[);4,1/ -3 ( ) ’ _
e = g W VT (T e v = (@)

The substitution z = (y/,)* leads to a second order equation of the form 2.9.1.14:

s (o7
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33.

34.

lay + F (@)Y +9(W)Y; + F1a(@)y + h(z) = 0.
The equation admits the first integral:

lay + £y — La@l)? — FL(2), + Flu(@)y + / o(y) dy + / h(z) dz =

"

Yorw = F(z,9,9.,).

Let F # o(x)yl, + ¥(x)y + x(z), i.e., the equation is a nonlinear one. Then, its order
can be lowered by one if the right-hand side of the equation has the following form:

F(w,%y;)sz{‘I’( w) + / 2 2w+ (P20 4 20 LT
L f" g+ Fol)E" — (FFLFL + PR —2kf A V] d } 1)

where

—exp< /f dx) V:/f_2gE_1dx,

u=fTEly+V, w=fTETNfy, - fiy+g) —kV;

b = P(u,w), f=f(z), g=g(x) are arbitrary functions, k is an arbitrary constant.
The integral in (1) may always be expressed in terms of E and V. The following
cases are possible:

1) For f#£0,

TTT

F=f2E®(u, w)+ [2[2f fiy = (P21 + [P [FP Fne = 20 Fo e + (1) ]y
+ S f = () g+ F(fudy — [9e) + K(fdy — frg— k) } + K f2EV.

2) For f =ax®>+bx+c, a##0,
F = f2E0(u,w) + [ [ffrdy — [ frng — P00+ k(fgh — frg— k)] + k(K> + AV,

where A = 4ac — b2.
3) For f=azx+b, a#k, a#—+k,

F = f7720(u,w) — f3[f2gl, — (a+ k) fgl, + k(a+k)g] — k(a® — k) f~*/*72U,
where

u= Uyt U w= oy - g (e R, U = /f’“/Hg da.

4) For f = kx + b,
F= f_3 [(I)(’LL, ’LU) - f2.g/zla: + Qkfg;: - 2k2]7

where
u=y+W, w= fy, +g, W:/f_lgdx.
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5) For f = —+1ka+0,

(kx — 2b)%g!. + k(kx — 2b)g,, + 2k*g

F=®(u,w)+ oz — 2077

+ 6kQ,

where

u=(kr—2b)"y—2Q, w=(kx—2b)""y, —2(kz—2b)"*g—6kQ, Q/%'

6) For f =ax+b, g=c=const, k=0,

1 ay—c
F= .
(az + b)? (ax—!—b’ ym)

7) For f =kx+b, g=0,

In all these cases, the transformation

t:/f_ld:t, u=flEly+V
leads to an autonomous equation:
ulfl, — 3kul, + 3k*u, — kK3u = ®(u, u) — ku),

which is reducible, with the aid of the substitution z(u) = wj}, to a second order
equation:
22 4 2(2) = Bk + 3Kz — KPu = ®(u, z — ku).
Remark. The original equation can be reduced, with the aid of point transfor-
mations, to an autonomous form only for function F of the form (1).

3.5.3. Equations of the Form

1.

F(z,y,y,)y" .+ G(z,y,y.)y" . + H(z,y,y,) =0

Yoo T Y, + by, + cy = X" f(ye 7).

The substitution w(z) = ye~** leads to an autonomous equation of the form 3.5.5.9:

w4 BN+ a)wl, + (3N 4 2aX + b)wl, + (A3 4+ a\? + b\ + c)w = f(w).

Y+ BAYLYL, + N2(yL)? = f(m)e .
Solution:

x

N = COyz? + Cix + Cy + % / (z —t)2f(t) dt,

Zo

where z( is an arbitrary number.
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10.

11.

Voo = —30s + 20+ FEDW, + ).

The transformation z = %y, w = e (y’, + y)2 leads to a second order linear equation:
wl, = 2f(z) + 6. Integrating the latter, we find the solution:

dz

2=ey, B(2) :/[/ £(2) dz] dz.

zYe. T 3Yn, = F(zy).

=tz + Cj,

where

The substitution w(x) = zy leads to an autonomous equation of the form 3.5.1.1:
Wiw = f(w).

n

xynr . = F(xyl, —y)yo,.

The substitution z = xy,, — y leads to a second order equation of the form 2.9.2.7:
z2y, = [f(2) + 1]z

zyl + (1 —a)yl, = z**f(zy, —y).

The substitution z = xy!, — y leads to a second order equation of the form 2.9.2.4:
x2l = azl + 22T (2).

TY oo + (1 — ax)yy, = e f(zy, — y).
The substitution z = zy,, — y leads to a second order equation of the form 2.9.2.17:

2! —azl = e* T f(z).

Tx

n

xy = f(zy, —y+alnx)y? .

The substitution z = zy!, — y leads to a second order equation of the form 2.9.2.22:
zzll, = [f(In(z%€?)) + 1] 2L.

Yo + 62Y;, + 6y, = f(z?y).
The substitution w(x) = 2%y leads to an autonomous equation of the form 3.5.1.1:

Wiee = f(w).

3,,/1 2.,/

3y +xlyl = f(xyl, —v).

The transformation ¢ = In|z|, z = xy., — y leads to an autonomous equation of the
form 2.9.6.2: z;; — 2z, = f(z), which is reduced, with the aid of the substitution w = z},
to the Abel equation ww!, — w = f(w) (see Subsection 1.3.1).

T Ypee T ax’yg, + by, = f(y).

The substitution ¢ = In|z| leads to an autonomous equation of the form 3.5.5.9:
Yite + (@ = 3)ypy + (0= a+2)y; = f(y)-
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12.

13.

14.

15.

16.

17.

18.

19.

3y + ax?y! + bxy! = f(z™meMV).

The transformation ¢ = Inz, Aw = Ay + mt leads to an autonomous equation of the
form 3.5.5.9:

wg/t/t+( 3)w£lt+(b—a—|—2)w£:f(eAw)+%(b_a+2).

Y
Y e = ——fv"’y;’w (—\/— ) 22y, —y).
1
The transformation ¢t = %, z = —(a:y; — %y)2 leads to a second order linear
x x

equation 2z;; = 8f(t) + 1 whose solution has the form

t
z=L 4+ Ot +C1 + 4/ (t—&)f(&)dE, to is an arbitrary number.

to

1/2

Passing on to variables x, ¢ = yx™ /¢, we obtain an equation with separation of

variables.

adylt = —3(k + 1)x?y!, + k(k+ 1)(2k + 1)y
+ f(zhy) (zyl, + ky) + 22 g(aky) (zy), + ky)®.

The transformation ¢t = Inz, z = 2¥y followed by the substitution w(z) = (z})? yields
a second order linear equation: w”, = 2g(z)w + 2f(z) + 6k? + 6k + 2.

Y
e+ 2 = (0~ ),

The substitution w(z) = zy), — y leads to an equation of the form 2.9.1.5: w!, =

3 f(w/x).

3
syl = — w‘“’y;’ﬁf( )(zwyw v)*

1

The transformation ¢ = = (a:yL — £9)? leads to a second order linear
x

v
vz
equation: 2zy, = 16f(t)z + %
YYoma + 3Y2Yse = f(2).

T

Solution: y? = Cox? + Cr2 + Cy + / (x —t)2f(t)dt, x¢ is an arbitrary number.

Zo

y(Yor, + 3ayl, + 2a%y)) = f(x).

Having integrated the equation, we obtain
2yyl, + 2ayy, — (y,)" = e~ [2 / e* f(z) dz + C|.

yyor . + 3yLyn, + f(x)yyl, = g(x).

The substitution w = yy/, leads to a second order linear equation: w!, + f(z)w = g(x).
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20. yy! 4+ 3yly’ +alyy”, + @)% = f(=).

Solution:
xT

y? = Cse % + Chx 4+ Cy + 2/ (x —t)e  “'F(t)dt,

Zo

where F(t) = [ e f(t)dt, x¢ is an arbitrary number.

2.y, + 3y, + F(@)ylyll, + F(=)(¥))" =

Solution:

y? = Csz + Cy + C4 / (z —t)e F'® dt, where F(t) = /f(t) dt

Zo

2
22, yyllh, + 3y, + 2ay)yl, + 2a(y,)” + a’yy., = f(=).
Integrating the equation twice, we obtain a first order equation with separation of
variables:

x

e“yy.. = Cow + C + / (x —t)e™ f(t)dt

Zo

23, yyll, + By, + F(@)ly, + F(2)(¥)* + 9(@)yy, + h(z) = 0.
The substitution w = yy!, leads to a second order linear equation: w!, + f(z)w! +

g(x)w + h(x) =

24. (y+a)y,.,, +byLyr, = f(z).

Having integrated the equation, we obtain
(y+a)ym, +5(b—1)(y /f )dz + C.

2
With b # —1, the substitution y = w +1 — a leads to the equation
b 1 b=3
w! = + |:/f dx—l—C]warl
(for C =0 and f(x) = Ax™, see Section 2.3).

25. (y+a)y? +by.y’ + f(y)y., =0.

Having integrated the equation, we obtain a second order equation:
1z 1 72
(v @)t + 0= D+ [ ) dy =

which is reduced, with the aid of the substitution w(y) = (y,)?, to a first order lincar
equation:

(y + a)wy + (b— 1)w+2/f(y)dy =2C.

© 1995 by CRC Press, Inc.



26.

27.

28.

29.

30.

31.

32.

33.

(y+a)y  +byly? + f(y)y, = f(x).

Having integrated the equation, we obtain
2
v+ e+ 30 -0 + [ fwdy= [@rdoc.

(y + az + b)y%, + 3(y, + a)yl, = f(z).
Solution: .
(y 4+ ax +b)? = Cox® + Crz + Co + / (x —t)2f(t)dt,
zo

where g is an arbitrary number.

T(yyll, + 3uLyl) + alyyl, + (U)%] = f(=).

Solution:
xr

y? = Cs2* "+ Coz + C1 + 2/ (z — )t~ F(t) dt,

Zo

where F(t) = [t*71f(t)dt, xo is an arbitrary number.

Y2y — 3yylyl, + 2(y)° = f(=)y®.

Solution:
xT

Inly| = Co2® + Chz + Co + + / (x — )2 f(t) dt,

xo

where xg is an arbitrary number.

Y2yl 4+ 3(n — Dyyly?, + (n—1)(n — 2)(y,)° = f(z)y*>™, n#0.

Solution:
xr

y" = Cox® + Crz + Cp + %/ (x —t)2f(t)dt,

Zo

where zg is an arbitrary number.

2,11

Y2y = =32yl +20° + v f(e®y) (vl + y) + 9(e®y) (v, + y)?.

The substitution z(z) = e®y, followed by lowering of the equation order and the
substitution w(z) = (z%,)?2, leads to a second order linear equation: w”, =2272g(z)w+
2f(z)+ 6.

Y(Futee + 32Vl + 3 F200) = 9(=), = f(2).

Having integrated the equation, we obtain

2fyylt, + flyyl — flyl) = 2/9(%) dx + C.

fyy 4+ @Bfy, +2f )y +2f. (v + . yy. =g, f=7(x), g=g(x).

Integrating the equation twice, we obtain a first order linear equation with separation

of variables: .

f@)yy, = Caz + C +/ (z —t)g(t) dt.

Zo
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3.5.4. Equations of the Form
«
F(CB, Y, y:,c)y:/c,;::c + Z Ga(ma Y, y;)(ygw) =0
«

1L 2y — (") + f()(y,)? = ay® + 2by + c.

Differentiating both sides of the equation with respect to z and dividing by ¥/, we

arrive at a fourth order linear equation: y27. . + fyl, + + fiyh = ay +b.

7

2. 2ty — (y")? — MLyl + F(z)(y,)? = e’ (ay? + 2by + ¢).

Az

Multiplying both sides by e™"*, we arrive at an equation of the form 3.5.4.17 with

flz) = e, g(z) = e F ().
3. 2Ly, —3(yl)? = F(@)(ul)? + 9(v) (¥h)".

Solution: J J
y o X
|ty =] i @

where u = u(y) and w = w(x) are the general solutions of the second order linear
equations

duy, —g(y)u=0 and 4w, + f(zx)w =

4. 2Lyt —3(yr) = f(ﬂc)(y.;,)2 + g(z)y~(y,)*>.

The substitution w(z) =

leads to a nonhomogeneous second-order linear equa-
tion: 4w, + f(z)w + g(x) = 0

5. 29,y — 3(Wika) = F) ()" + 2 e (w) (wl) .
Taking y as the independent variable, we obtain an equation of the form 3.5.4.4 for

= a(y):
2l — B(al,)? = —F()(@))? — gy ().

’
2 Y
6. 2y y..—3(y,,) = y4f(y—§>-

The substitution w(z) = leads to the second order autonomous equation of the

y
Vi

form 2.9.1.1: w!, = F(w), where F(w) = —+w’ f(w™?).

— ry
7. 2ywy:,c,a/cw 3(y:/c/m) - 4 4f< w)

The substitution w(z) = leads to the second order equation of the form 2.9.1.6:

y
Vi

wll, = 2732 F(wz~Y/?), where F(§) = —+£f(¢72).

_ xy!
8. 2ymy:,v,:,tm 3(y/m/m) s 4-f< = )

Y

Vi

wll, =2 *F(wa"), where F(€) = 1€ f(¢72).

The substitution w(z) =

leads to the second order equation of the form 2.9.1.5:
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10.

11.

12.

13.

14.

15.

16.

17.

2wyl Yl — o(yr,)® + 714,/,,31,/,,3’;c + F(x)(y})* = a'~"(ay® + 2by + c).
Multiplying both sides by 2"~!, we arrive at an equation of the form 3.5.4.17 with
f(x) =2", g(x) = 2" 'F(x).

4 5
aylylt, — 3x(yr,)” + 3uLyl, = =f(y) (yl)" + 9(¥) (L))"

Taking y as the independent variable, we obtain an equation of the form 3.5.3.23 for
x = z(y):

Il/

_ !

_ 3
Yoorw = [ F(2Y}, — y) + az™%](y,)".

The Legendre transformation = = w}, y = tw, — w leads to an equation of the form
3.5.2.9: wy, = — f(w)(w})?® — a(w}) 5.

- LY, — Y 3
v, = oo p (e Yo,

The Legendre transformation x = wy, y = tw; — w leads to an equation of the form
3.5.2.12: w), = w4 F(wiw=1/*), where F(&) = —£2f(£74).

- TYr, — Y 3
vt = f (Y ) i)’

The Legendre transformation = = wj}, y = tw, — w leads to an equation of the form
3.5.2.11: wi, = w2 F(wjw™1/?), where F(§) = —£7°f(£72).

v = [2f(Wl) + ya(wl) + R (W) + e(ul) (yi,)?.

The Legendre transformation z = wj, y = tw; — w leads to a linear equation:

"

wiy = —p(O)wyy — [£(t) +tg()]w; + g(H)w — h(t).

Yoww = FW)YL (y,)™
Solution with m # 1:

Cgix—/{2/[(1m)F(y)+Cz} = derCl}

~ [ty
Solution with m = 1:

_1
C3:|:x=/{02/€F(y)dy+Cl} ’ dy, F(y):/f(y)dy

Yy, = of(xy), — v)(Yll)? + zg(@yl, — v) (¥2,)"
The Legendre transformation x = w}, y = tw, — w leads to the equation

1
2

wiyy = — f(w)wpwgy — g(w)wy(wiy)*~*.
Lowering its order with the substitution z(w) = wj; (2, = wif,/w;), we have the
Bernoulli equation 2/, = —f(w)z — g(w)z3~*.

21y, Y, — FU) + Fouhyl, +9(u,)? =ay®*+2by+c, f=f(x), g=g(=).
Differentiating the both sides of the equation with respect to z and dividing by y.,
we arrive at a fourth order linear equation:

Ynnww + o fotine + (94 5 frn Ve + 590l = ay +b.
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3.5.5. Equations of the Form
F(2, Y Yy Yne) Ynew + G(T5 Y Yo Yry) = 0

Solution in the parametric form:

T dT1 T dTl L TQdTQ
Tr = —_

o fa VT ) TE) Je, T

2. oy =fWyLa(yl,)

Integrating the equation and substituting w(y) = %(y;)Z, we arrive at a first order
equation:

dg /
/m:/f(y)derC7 where £ =w,.

Solving this equation for w;,, we obtain an equation with separation of variables.

3 Yhee = F(W)I(W)M(YL)
The substitution w(y) = %(y;)Q leads to a second order equation:
g(:l:\/ 2w )

w;/y = f(y)w(w)h(w;), where ¢(w) = £———o—on—|

V2w

whose solvable cases for some functions f, g, and h are outlined in Section 2.7.

4 Ypro = (Y, — ¥)9(Yss)-
The Legendre transformation z = wj, y = tw; — w, where w = w(t), leads to an

1
equation of the form 3.5.5.2: wy), = —f(w)wgg(ﬁ) (wih)®.
Wiy

n

5 xyl +yl. = f(zyl, —y)g(zyl,).

The substitution w(xz) = xy., — y leads to an equation of the form 2.9.4.2: w! =

f(w)g(wy).

6. yu .= f(x)g(x?yl, — 2zy), + 2y).

The substitution w(x) = 2%y, — 22y, + 2y leads to a first order equation with sepa-
ration of variables: w!, = 22 f(x)g(w).

2

7 g = YoYe n [y,, () }f<£>g( Yow )
y/ y//

The transformation ¢t = =%, w = 2£% leads to a first order equation with separation

of variables: w; = f(t)g(w).

8. ylmI;m = F(ma ylma y’m,m)

The substitution u(z) =y, leads to a second order equation: u/, = F(x,u,ul).
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9. vy . =Fy,y,,y..)

Autonomous equation.
The substitution w(y) = (y,)° leads to a second order equation:

2 1
w;'y = i—\/@ F(y, iﬂ, ?w;)

yl yll
0. sz, = (e, Y,

! y//
The transformation ¢t = <%, w = 2% leads to a first order equation: (w — t*)w} =
Y
—tw + F(t,w).

11. o e = F (T, Tyl —y, zyl ).

ymmm

The substitution z = xy’, — y leads to a second order equation: z7 = z7'2/ +
xF(x, z,2).

12, gyt = x "k 3F (xky, wk"'ly;, wk+2y;’w).

Homogeneous equation in the extended sense.
The transformation ¢t = Inz, z = zFy leads to an autonomous equation:

Ziy = 3(k + 1)z, — (3k% + 6k + 2)2, + k(k + 1)(k + 2)2
+F(z, z; — k2, 2y — 2k + 1)z, + k(k + 1)2).

The substitution w(z) = (z])? leads to a second order equation:

w?, = £3(k + Dw™ 2w, — 6k% — 12k — 4+ 2k(k + 1) (k + 2)zw™ /2
£2w™ V2P (2, 2w'? — k2, $wl F (2k+ Dw'/? + k(k + 1)2).

€T /7 w2 ”
13. y'm';m = yac_3F<wkym, —zm R 4zmm )

Homogeneous equation in the extended sense.

/
x
The transformation ¢ = zFy™, z = 2z leads to a second order equation.

€T ’ m2 "
4.yl =yz°F (—yf”, b )

Yy Yy
This is a special case of equation 3.5.5.13.
.,L,y/ ny/l
The transformation z = —%, w = LL leads to a first order equation:
Y Y

(w+ 2z — 22w, = 2w — 2w + F(z,w).

15, yiie = F(2,9, Y, Vi)

The Legendre transformation z = w}, y = tw, — w leads to the equation

1 3
" __ ! / 1
Wiy = —F(wt, twy, —w, t, o )(wtt) .
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4 —_ — T o azx,,! ax,, !’
16. y' =e F(e**y, ey, ey ).

The substitution z = e**y leads to an autonomous equation of the form 3.5.5.9:

" " 2/ 3, /
w — 30y, + 302, —a’z =F(z, z

z T

—az, 2 =20z, +a’2).

/ "
17, Yype = yF <e‘“y, Z—“z, —y;“” >

Exponential homogeneous equation.
!

The transformation z = e**y, w = Yo leads to a second order equation:

22(w+a)2w’zlz+22(w+a)(w’z)2+z(w+a)(4w+oz)w’z+w3 =F(z, w, z(w+a)w,+w?).
18. y' =ax 3F(z™eY, zy’, z%y).

Exponential homogeneous equation.
The transformation z = 2™e¥, w = xy!, + m leads to a second order equation:

2,2 2

2
2w, + 22w (wl)” + 2w?w!, — 3zww!, + 2w —2m = F(z, w —m, zww, —w +m).
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